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Calculating the vacancy formation energy in metals: Pt, Pd, and Mo

Thomas R. Mattsson and Ann E. Mattsson
Surface and Interface Science Department, MS 1415, Sandia National Laboratories, Albuquerque, New Mexico 87185-141

~Received 5 August 2002; published 27 December 2002!

The predictive power of first-principles calculations of vacancy formation energies in metals~Pt, Pd, Mo! is
improved by adding a correction for the intrinsic surface error in current implementations of density functional
theory. The derived correction is given as a function of electron density; it can be explicitly applied to a wide
range of systems. Density functional theory, contrary to claims in previous work, underestimates the vacancy
formation energy when structural relaxation is included. This is the case whether using the local density- or the
generalized gradient approximation for the exchange-correlation energy. With corrections for the intrinsic
surface error we reach excellent agreement between calculated values using the two exchange-correlation
functionals. Our final values for the three vacancy formation energies are 1.16, 1.70, and 2.98 eV for Pt, Pd,
and Mo, respectively. The numbers are in good agreement with experimental data. We also calculate the barrier
for vacancy diffusion in Pt to 1.43 eV.

DOI: 10.1103/PhysRevB.66.214110 PACS number~s!: 61.72.Ji, 71.15.Mb, 73.90.1f
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I. INTRODUCTION

Atomic scale simulation without adjustable paramet
can now be used as a tool for understanding experimen
well as an independent source of knowledge. Because t
are many successful calculations in the literature analyz
various properties of materials, good agreement betw
density-functional-theory~DFT! ~Ref. 1! calculations and ex-
perimental results is today, more or less, taken for grant

However, DFT is not as reliable as one might imagin
even for systems as apparently simple as a monovacan
fcc Pt or Pd. We show here that there is a large discrepa
between results for the vacancy formation energy fr
density-functional-theory calculations and experimental d
We also point out the origin of the discrepancy and calcu
a crude correction for the error.

A. Vacancies in metals

Vacancy migration is the dominant mechanism beh
atomic transport, i.e., self-diffusion, in most elemental cr
tals, and is of fundamental importance in processes like s
phase transformations, nucleation and defect migration.
cancies also play an important role for surface morpholo
as shown very recently.2,3

Vacancies, created at the surface or at defects, exist
certain concentration in all materials, depending expon
tially on the formation energy of the vacancy and the te
perature. That is, the equilibrium concentrationc of vacan-
cies is governed by the formation energyEf ,

c}e(2Ef /kBT), ~1!

whereT is the temperature andkB is Boltzmann’s constant
The self diffusion coefficient is given by a similar expressi

D}e(2(Ef1Em)/kBT), ~2!

whereEm is the migration energy~or diffusion barrier!. The
entropy of formation, as well as that of migration, also ent
these expressions but the most important term, in partic
at low temperature, is the energy.
0163-1829/2002/66~21!/214110~8!/$20.00 66 2141
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Given the importance of vacancies, calculation of form
tion energies has been a natural subject of theoretical stu
Furthermore, the exponential dependence on the forma
energy in Eqs.~1! and~2! makes it necessary to calculate th
formation energy to high accuracy. A theoretical accuracy
energy of the order 0.025 eV is desired if rate predictions
to be made within a factor of three for processes occurrin
room temperature (300kB50.026 eV).

When calculating energy differences it is helpful to r
member the rule of thumb: ‘‘always try to compare simil
systems.’’ The bulk and the vacancy systems differ by
introduction of a void in the system. There is an expos
surface area in the case of a vacancy and not in the bulk c
resulting in a qualitative difference between the perfect b
and vacancy systems, in turn increasing the demands of
plicability on any theoretical method used. In order to im
prove the accuracy of DFT, attention has recently been
voted to the ability of different exchange-correlatio
functionals to treat systems with surfaces.4–6 We will show
how including these surface aspects of DFT helps in und
standing results for vacancy formation energies.

In this paper we discuss Pt, Pd, and Mo. There are
reasons to study Pt: first, it has a large electron density,
we therefore expect4 to reveal a large discrepancy betwe
straightforward DFT calculations and experimental da
Second, there are recent experiments on the vacancy e
on Pt surface morphology.3 Pd has the same density of ele
trons as Pt. So if the expectation for Pt regarding the surf
correction is correct, Pd should also show similar behav
In addition to these fcc metals we chose to study Mo, a
metal with a high melting temperature, for which there ex
previous DFT calculations,7–9 in addition to experimenta
work10,11.

Earlier calculations of the vacancy formation energy
these metals~not from first principles!, include the works of
Rosatoet al.:12 1.28 and 1.0 eV for Pt and Pd, respective
and Krauseet al.:13 1.6 and 3.67 eV for Pt and Mo. The firs
ab initio calculation of the vacancy formation energy w
made by Korhonen, Puska, and Nieminen~KPN! ~Ref. 14! in
1994. They used DFT in the local density approximati
~LDA ! and treated the wave functions with full-potenti
©2002 The American Physical Society10-1
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THOMAS R. MATTSSON AND ANN E. MATTSSON PHYSICAL REVIEW B66, 214110 ~2002!
~FP! linearized muffin tin orbitals~LMTO’s!. Computational
resources at that time did not allow for large systems
relaxation of transition-metal geometries. They conseque
did not relax the systems and used a unit cell of 32 ato
Their values for the vacancy formation energy of Pt, Pd, a
Mo are 1.45, 1.65, and 3.13 eV. Somewhat surprisingly, c
sidering the lack of relaxation and rather small unit ce
the values by KPN are rather close to the experime
values from positron annihilation measurements 1.35, 1
and 3.0 eV.10

Structural relaxation was included by Meyer and Fa¨hnle7

in their pseudopotential~PP! mixed-basis study of Mo, re
porting a vacancy formation energy of 2.960.1 eV. Later,
Korzhavyi et al.15 made calculations based on the atom
sphere approximation~ASA! and a Green’s-function method
They obtained 1.21, 1.43, and 2.50 eV for the vacancy
mation energy of the three elements; the larger effective
of the supercells in the Green’s-function formulation and
volume relaxation both reduce the formation energ
slightly compared to the results of KPN. The ASA has inh
ent problems with bcc metals, explaining the larger diff
ence for Mo.

Very recently, So¨derlindet al.8 investigated bcc transition
metals, using FP-LMTO as well as PP plane waves. For M
their results are 2.85–3.00 eV, depending on the basis
essentially confirming the findings of Meyer and Fa¨hnle. In
addition, Hoshinoet al.9 investigated, among other metal
Pd and Mo using a FP-KKR~Korringa, Kohn, and Rostoker!
method and the generalized gradient approximates~GGA!
for the exchange-correlation energy. Their results are 1.24
for Pd and 2.57 eV for Mo. That GGA gives lower valu
than the corresponding LDA calculations of KPN is e
pected.

However, none of the previous investigations of Pt and
included nuclear position relaxation. We will show in th
paper that it is crucial to include structural relaxation also
these elements and that the previously reported agree
between unrelaxed LDA calculations and experimental
sults is fortuitous, a result of the cancellation of two un
lated effects.

B. Outline of the paper

The outline of this paper is as follows: We first confir
the results of above mentioned work for the case of calc
tions without ionic relaxation~LDA !, with unprecedentedly
large supercells. Second, we allow for the relaxation of
system and quantify it. We then redo the calculations us
the GGA exchange-correlation~XC! functional PW91.16

Next, we estimate corrections for the intrinsic error that
LDA and GGA make at surfaces, and add them to the fu
relaxed calculated values for the vacancy formation ene
Finally, we calculate the vacancy migration energy for
and, via Eq.~2!, show that the results for the vacancy form
tion energy and the migration barrier for Pt are inconsist
with experimental data unless the correction for the intrin
surface error is taken into account.

II. METHOD

Formally, DFT is an exact description of the ground st
total energy and the electronic structure of a material. T
21411
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many-body Schro¨dinger equation is replaced by a set of e
fective single-particle equations, known as the Kohn-Sh
equations.1 The ~unknown! many-body interaction is put into
a separate term in the equations, the so called excha
correlation functional/potential. This term is always appro
mated, for example in the local-density approximation.1 The
choice of exchange/correlation functional is the only phy
cal approximation in the theory.

A. Implementation and calculational details

The DFT calculations reported here were done w
VASP.17 The Kohn-Sham equations1 are solved in a plane
wave basis set. The ions are described using ultra
pseudopotentials18 ~USP’s!. We use both the local densit
functional1 and the PW91 functional16 for exchange correla-
tion. The accuracy of today’s pseudopotentials is very go
when comparing the present unrelaxed results with the av
able FP-calculations~KPN and Hoshino et al.! we find the
expected agreement for all three metals.

Cutoff energies used for the plane wave coefficients a
191 eV for Pt, 249 eV for Pd, and 233 eV for Mo. Th
Brillouin zone is sampled using 43434 mesh ofk points
for the 64- and 108-atom cells and a 33333 mesh for the
125-atom cells. Given the size of the system in real sp
and the USP’s, these choices ensure that the electronic s
ture is converged. The final convergence parameter is
size of the unit cell. Table I shows the results for Pt. T
most important relaxation is included already in the 64-at
cell. We also conclude that the largest remaining error ste
from the choice of XC potential.

The formation energy for the vacancy is calculated fro

DE5Evac2
n21

n
Ebulk, ~3!

where Evac is the total energy of the cell containing a v
cancy,n is the number of atoms in the bulk cell, andEbulk
denotes the total energy for a bulk calculation using the sa
cell and parameters. For the relaxed geometries we ca
lated the total energy for several volumes and found
minimum by fitting. Also, unrelaxed vacancy geometries a
calculated at different volumes.

TABLE I. Convergence test for size of the Pt cell. Static: v
cancy energy for a fixed lattice constant of 3.90 Å, no volum
relaxation, the lattice constant is not the optimal one, the ener
are therefore written within parentheses. Relaxed: full volume
geometrical relaxation. The finite size effects on the electro
structure is small for the 125-atom cell. The finite-size effect
unrelaxed systems is for Pt significantly smaller than the effec
structural relaxation. The 64-atom cell is large enough to allow
the most important relaxation to take place.

Cell size ELDA
static ~eV! ELDA

relax ~eV! EGGA
relax ~eV!

27 ~1.28!
64 ~1.25! 0.99 0.72
108 ~1.22!
125 ~1.21! 0.95 0.68
0-2
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CALCULATING THE VACANCY FORMATION ENERGY IN . . . PHYSICAL REVIEW B66, 214110 ~2002!
Finally, the minimum energy path for Pt vacancy migr
tion, including the barrier, was calculated with the ‘‘nudg
elastic band’’ method.19 This is a straightforward way to cal
culate barriers when the initial and final geometries
known. We use four images, and spline interpolation, tak
into account the energy as well as the forces, along
chain.20

B. Estimate of the surface intrinsic error

As mentioned in Sec. I, the LDA and GGA make errors
surfaces. Fortunately, the errors per unit area are kno
From exact surface exchange energies of Pitarke
Eguiluz21 and ‘‘exact’’ RPA1 surface correlation energies o
Yan et al.22 for the jellium surface, we construct a referen
system for use in the correction scheme presented in Re
LDA and PBE data for~identical! jellium surfaces are pub
lished in Refs. 4 and 23. From these data we have defi
and parametrized a correction, per unit area, for the sur
intrinsic error. When combined with the area of the expos
surface, an energy correction is readily calculated.

Reference 6 showed how to correct the surface intrin
error resulting from an approximation to DFT in a real sy
tem. The idea is to use appropriate exact results for
surface exchange-correlation energy,sxc , for a reference
system,

Dsxc8 5sxc,ref
exact2sxc,ref8 , ~4!

where the prime stands for the type of exchange-correla
functional used. The correction is different for different fun
tionals, although the two GGA versions PW91 and PBE
similiar enough to use the same correction.

In Ref. 6 an exponential model with two parameters w
used as a reference system for the exchange part of the
ergy. The two parameters were fitted to the real system
order to obtain the required accuracy in the present treatm
we must also include the correlation energy. This fact ma
us choose a different reference system, the jellium surf
where ‘‘exact’’ data are available for both exchange and c
relation. The jellium system has one parameter that can
used to map a real system to the reference system. The
rameter is the bulk density of the jellium surface model.

There is a tradeoff between a good mapping of a r
system onto the reference system and obtaining correct
for both exchange and correlation. If better mapping is
quired, surface correlation energies for a more useful re
ence system~such as the exponential model! need to be cal-
culated. We have found, though, that real system surf
profiles are similar to jellium surface profiles,24 as can also
be seen in Fig. 3 of Ref. 5.

Interpolating the jellium surface data is straightforwa
but in many applications energies need to be extrapola
Here we derive a interpolation/extrapolation scheme tha
accurate over the full range of locally occurring bulk den
ties in real systems. The scheme is compared with a cor
tion straightforwardly extracted from the interpolatio
extrapolation formulas for the total surface exchan
correlation energy within the LDA, the PBE and ‘‘exac
work ~based on the same data we use here! of Almeida,
21411
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Perdew, and Fiolhais~APF!.23 We use the numbers presente
in Ref. 4 because the exchange and correlation energies
given separately there.

The surface exchange energy in the exponential mo
can be written as a factor depending on the bulk den
multiplied with one depending on the profile. This also tran
fers to the correction. The profile-dependent part var
68% ~28%! in the LDA ~GGA! ~Ref. 6! over the interval
2, r̃ s,6, or equivalently 0.007,n̄,0.201 (Å23), while
the bulk-density-dependent factor varies with a factor of 2
The bulk density dependence is thus by far the most imp
tant one.

The bulk-density-dependent factor is connected to
uniform electron-gas exchange energy, and by extracting
corresponding bulk-density-dependent factor from the u
form electron-gas correlation energy the nonanalytical
havior of the surface correlation energy can also be extra
as a~pre!factor in the jellium surface data. In the exchan
case the prefactor is~see Ref. 6, given in units o
Hartree/bohr2, r̃ s5r s /a0 , a0 the Bohr radius!

sx,u~ r̃ s!5
9

16p2r̃ s
3

, ~5!

and for the correlation it is

sc,u~ r̃ s!5
3

8pS 9p

4 D 1/3

r̃ s
2
S r̃ s1314~ r̃ s!

1/22
0.08

~ r̃ s!
1/2D .

~6!

It is important for the correlation energy25 of the uniform
electron gas to agree with the exact low-r̃ s limit while still
having a reasonable metallic ranger̃ s behavior. The
Lindgren-Rose´n25 formula fulfills these requirements.

By fitting the exchange energy

~sx,ref
exact2sx,ref8 !

sx,u
;c1r̃ s

a , ~7!

and similarly for correlation, for both the LDA and PBE, th
correction’s main dependence on the profile is captured.
parametersa obtained areax

LDA50.283, ax
PBE50.380,

ac
LDA520.246 and ac

PBE51.112. The remaining depen
dence~see Fig. 1! is modeled by a cosine function except f
the LDA exchange, for which a parabolic function results
a better overall fit.

The final correction formulas are~in Hartree/bohr2)

Dsx
LDA~ r̃ s!5sx,u~ r̃ s! r̃ s

ax
LDA

3~20.024920.003 93r̃ s10.000 526r̃ s
2!,

~8!
0-3
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THOMAS R. MATTSSON AND ANN E. MATTSSON PHYSICAL REVIEW B66, 214110 ~2002!
Dsx
PBE~ r̃ s!5sx,u~ r̃ s! r̃ s

ax
PBE

3@0.012410.000 691 cos~2.8421.82r̃ s!#,

~9!

Dsc
LDA~ r̃ s!5sc,u~ r̃ s! r̃ s

ac
LDA

3@0.24820.00 621 cos~2.3021.71r̃ s!#,

~10!

Dsc
PBE~ r̃ s!5sc,u~ r̃ s! r̃ s

ac
PBE

3@20.0071420.000 686 cos~2.6921.84r̃ s!#.

~11!

The individual exchange and correlation values are rep
duced to less than 2 erg/cm2 difference from the fitting data

FIG. 1. Fitting of the remaining profile dependence for e
change~X! and correlation~C! for the LDA and PBE; see the text
Full line: exact data; dashed line: fit.
21411
-

which is within the accuracy of the exact exchange a
‘‘RPA1’’ correlation numbers themselves. That the correc
LDA and corrected PBE numbers are the same, as see
Table II, is the expected behavior.

In Figs. 2–4 we compare this interpolation/extrapolati
scheme with the corresponding quantities obtained by
use of the APF extrapolation/interpolation schemes. In
slowly varying limit for the surface jellium system,r s→0,
the LDA and PBE, by constuction, both approach the ex
value, and the relative correction shall thus approach z
Our parametrization behaves better than APF’s in this
gime. Also the difference between LDA and PBE shall go
zero asr s→0, Fig. 4 shows that in this respect our para
etrization is also correct. A second advantage of the pre
formulation is that the exchange and correlation part of
energy can be corrected separately.

In Fig. 5, finally, the total~exchange and correlation! cor-
rection is presented as a function of bulk density. Figure
can be used to adjust any LDA or PBE/PW91 calculat
with respect to the intrinsic surface error, the correction
not limited to vacancies.

FIG. 2. Comparison between the relative LDA correction o
tained by the extrapolation/interpolation formulas of Almeida, P
dew, and Fiolhais~APF! ~Ref. 23!, and the scheme in this work. In
the slowly varying limit for the surface jellium system,r s→0, the
LDA approaches the exact value and the relative correction s
approach zero.
s
lues for

use as
ues in
e
o each

PKZB.
TABLE II. Surface exchange-correlation energies, in erg/cm2, within the LDA and PBE and these value
corrected according to the extrapolation/interpolation scheme presented here. The LDA and PBE va

r̃ s50.8 and 1.0 are from Ref. 23 while the rest of these values are from Ref. 4, the same values we
input in out extrapolation/interpolation scheme. Note that these latter values differ slightly from the val
Ref. 23. For comparison values obtained by the RPA1 and the RPA1 extrapolation/interpolation schem
presented in Table X of Ref. 23 are shown. Since corrected LDA and PBE give values very close t

other we believe that the RPA1 extrapolation/interpolation scheme gives too large values for smallr̃ s , a
trend that is also present in the corresponding extrapolation/interpolation schemes for LDA, PBE, and

r̃ s n̄ (Å23) sxc
LDA sxc

PBE sxc
LDA,corrected sxc

PBE,corrected sxc
RPA1 sxc

RPA1,*

0.8 3.147 91 706 90 617 92 556 92 492 93 398
1.0 1.611 40 928 40 276 41 386 41 316 41 718
2.0 0.201 3 354 3 265 3 413 3 414 3413 3 414
3.0 0.060 764 743 783 783 781 782
4.0 0.025 261 252 267 267 268 268
5.0 0.013 111 107 113 113 113 113
6.0 0.007 53 52 56 55 54 54
0-4
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CALCULATING THE VACANCY FORMATION ENERGY IN . . . PHYSICAL REVIEW B66, 214110 ~2002!
With the corrections of Eqs.~8!–~11! the remaining prop-
erty to calculate is thus the exposed surface area for va
cies in the different metals. To this end, we resort to sca
the vacancy area in Al, as determined in Ref. 5. The locali
character of thed electrons makes it more difficult to est
mate the exposed surface area in transition metals by fitt
By scaling the results for Al by the lattice constants we o
tain a first estimation of the surface effect, without introdu
ing additional fitting steps. The corrections are giv
in Table III.

III. RESULTS

First we discuss the effects of structural relaxation a
find that structural relaxation is important. Next, we calcul
vacancy formation energies, including the correction for
intrinsic surface error. Finally, we present an analysis of
vacancy migration in Pt showing that the uncorrected val
are inconsistent with each other and experimental data.
cluding the surface correction resolves this inconsistency

FIG. 3. Comparison between the relative PBE correction
tained by the extrapolation/interpolation formulas of Almeida, P
dew, and Fiolhais~APF! ~Ref. 23!, and the scheme presented in th
work. Also the PBE approaches the exact result in the slowly va
ing limit for the surface jellium system,r s→0.

FIG. 4. The relative difference between PBE and LDA corre
tions obtained by the extrapolation/interpolation formulas
Almeida, Perdew, and Fiolhais~APF! ~Ref. 23!, and by the scheme
presented in this work. In the slowly varying limit for the surfa
jellium system,r s→0, the difference shall approach zero.
21411
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A. Effect of structural relaxation

Two kinds of relaxation are involved in a vacancy calc
lation: volume and structural relaxations. First a look at v
ume relaxation: a void causes electrons to partly fill it,
lower their kinetic energy. This rearrangement of electro
in turn, reduces the density from the optimal bulk value
other parts of the system. Reducing the volume of the s
compensates for this effect. In calculations, this effect
large for small unit cells, since the reduction in bulk volum
caused by the vacancy is a significant fraction of the c
volume. However, for large cells we find that this volum
relaxation is irrelevant.

For Pt ~LDA ! the unrelaxed vacancy formation energi
are 1.21, 1.31, and 1.38 eV for lattice constants 3.90, 3

FIG. 5. The resulting correction as a function of the bulk dens
for LDA and PBE deducted from the extrapolation/interpolati
formulas of Almeida, Perdew, and Fiolhais~APF! ~Ref. 23!, and by
the scheme presented in this work. These corrections can be ex
itly used to correct LDA and PBE/PW91 GGA calculations for t
intrinsic surface error.

-
-

-

-
f

TABLE III. Surface intrinsic error for Al, Pt, Pd, and Mo for the
local density~LDA ! and generalized gradient~GGA! approxima-
tions of the exchange-correlation energy. The previously fitted
dius for Al ~Ref. 5! ~1.2 A! is used as references by scaling it wi
respect to the different lattice constants. In the case of Mo the ra
is scaled withA3/2 taking into account the difference in neare
neighbor distance in a bcc metal. The electron density is a func
of the lattice volume and the number of electrons per unit cell. T
treatment ignores the different vacancy formation volumes in
ferent elements. For the fcc metals Pt and Pd this is not a sourc
error since the formation volume is 0.67 for Al~Ref. 5!, very close
to the vacancy formation volumes of Pd and Pt~0.68 and 0.69!
~Ref. 15!. The formation volume for bcc Mo is, on the other han
slightly lower, 0.50~Ref. 8!. However, the decrease in area sca
with r 2, not r 3. We estimate this effect as being less than 20%
the correction, that is 0.02~0.06! eV in the LDA ~GGA!.

Element Nelect. alatt ,~A! Bulk
density,A23

DELDA

~eV!
DEGGA

~eV!

Al 3 4.04 0.182 0.06 0.15
Pt 10 3.91 0.669 0.20 0.50
Pd 10 3.85 0.701 0.21 0.50
Mo 6 3.15 0.384 0.11 0.29
0-5
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THOMAS R. MATTSSON AND ANN E. MATTSSON PHYSICAL REVIEW B66, 214110 ~2002!
TABLE IV. Vacancy formation energy for Pt, Pd, and Mo using the local density~LDA ! and generalized
gradient~GGA! approximations. For Pt and Pd the unit cell is 125 atoms; for Mo it is 128 atoms. S
volume relaxation only; relax: volume and structural relaxation; corrected: relaxed results including c
tion for the DFT intrinsic surface error. Experimental data from different methods: positron annihil
measurements~Ref. 10!, thermopower, thermal conductivity, thermal diffusivity, specific heat, as quote
Kraftmakher~Ref. 11!, see Sec. III D. All energies are in eV.

Element ELDA
static ELDA

relax ELDA
corrected EGGA

static EGGA
relax EGGA

corrected Expt. ~eV!.

Pt 1.30 0.95 1.15 1.00 0.68 1.18 1.24, 1.32, 1.35, 1.45
Pd 1.66 1.50 1.71 1.32 1.20 1.70 1.5, 1.7, 1.85
Mo 3.01 2.89 3.00 2.78 2.67 2.96 1.6, 2.24, 3.0, 3.0, 3.6
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and 3.92 A. When including volume relaxation the vacan
formation energy is 1.30 eV, taken at the optimum latt
constants 3.911 and 3.907 A for the bulk and vacancy,
spectively. The unrelaxed value at 3.91 A is 1.31 eV. T
effect of the volume relaxation is less than 1%.

For Pd~LDA ! the corresponding series is 1.50, 1.59, 1.
and 1.77 eV for lattice constants 3.82, 3.84, 3.86, and 3.8
The volume optimized vacancy formation energy is 1.67
The optimal bulk lattice constant is 3.857 A; an interpolati
of the unrelaxed values gives 1.675 eV for the vacancy
mation energy. The volume relaxation effect is again v
small.

For Mo ~LDA ! we obtain 2.59, 2.92, 3.12, and 3.30 e
for lattice constants 3.07, 3.09, 3.11, and 3.13 A. The volu
optimized value is 3.014 eV for the vacancy formation e
ergy. For the optimal bulk lattice constant 3.10 A, the un
laxed interpolated vacancy formation energy is 3.017
The volume relaxation is also minute for Mo.

Structural relaxation, on the other hand, is a local effe
Removing an atom draws neighboring atoms toward the
cancy. The relaxation is significant for the first atoms b
small already for the second and third shell of atoms s
rounding the vacancy. Table IV shows that the relaxat
energy is largest in Pt and smallest in Mo. We note that
fully relaxed value for Mo~LDA ! is 2.89 eV, which agrees to
1.4% with the results of So¨derlindet al.8 ~2.85 eV!. We con-
clude that, compared to structural relaxation, volume rel
ation is irrelevant for the large unit cells in this work.

B. Vacancy formation energy

The main results of this work are the vacancy format
energies in Table IV. We make five observations in the tab
First, structural relaxation can reduce the vacancy forma
energy by more than 30%. It is therefore important to inclu
structural relaxation when calculating vacancy formation
ergies from first principles. Second, the LDA consisten
gives higher values for the vacancy formation energy th
the GGA does, and the difference is significant, up to 3
40 %. Third, the calculated, relaxed values, are consiste
smaller than the measured. Fourth, the differences betw
the LDA and GGA vanish completely, for all three elemen
when the intrinsic surface errors are corrected for. Fifth,
surface-corrected values are, for both the LDA and GGA
agreement with the majority of available experimental da
As a final estimate of the vacancy formation energies for
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three elements we calculate the mean of the LDA and G
numbers: 1.16, 1.70, and 2.98 eV for Pt, Pd, and Mo, resp
tively.

C. Vacancy migration energy of Pt

The calculated energies~LDA ! along the transition path
for Pt vacancy diffusion are shown in Fig. 6, from which w
observe that the barrier for diffusion isDELDA

Pt 51.43 eV.
Measurements of self-diffusion give, as shown in Eq.~2!, the
sum of the formation energy and the migration energy. Si
we have calculated both quantities we can calculate the
tivation energy for self-diffusion by addingDELDA

Pt to the
uncorrected vacancy formation energies of Table IV: 0
eV. The result is 2.38 eV. When comparing with the me
sured activation energy by Neumann and To¨lle, 2.64 eV,26,27

it is clear that the error in the formation energy propagate
the activation energy for self-diffusion. This short exerci
suggests that the barrier is calculated more accurately
the vacancy formation energy. The reason is that the ba
is calculated by comparing two more similar systems th
when calculating the vacancy formation energy. Although

FIG. 6. LDA calculation of the reaction path for vacancy diffu
sion in Pt; the curve is a spline interpolation of four intermedia
images in the chain. The forces are converged to 0.03 eV/A on e
degree of freedom. The barrier is 1.43 eV.
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CALCULATING THE VACANCY FORMATION ENERGY IN . . . PHYSICAL REVIEW B66, 214110 ~2002!
exposed surface area changes during the diffusion proc
this change is smaller than the surface area introduced w
creating a vacancy.

Nevertheless, the corrected vacancy migration energy
be calculated by estimating the difference in the expo
surface area between the transition state and the minim
energy state.28 The correction is 0.08 eV~less than the 0.20
eV for the vacancy formation energy! and the vacancy mi-
gration energy is 1.5160.02 eV, with the estimated erro
stemming from two different models of the exposed area
the transition state. When adding the likewise correc
value for the formation energy in Table IV we obtain, for th
activation energy for self diffusion in Pt~LDA !, 1.5111.15
52.66 eV, in excellent agreement with experiments.

D. Comparing with experimental data

The calculated vacancy formation energies are low
bounds to measured data for the vacancy formation ener
Simulations, for example of Al~Refs. 5 and 28!, and Cu,29

have shown that the formation enthalpy increases with t
perature. In the case of Al the formation enthalpy chan
from 0.69 to 0.78 eV from low temperature to the melti
point. A first estimate of the effect is possible from straig
forward thermodynamic considerations.11 An increase in the
vacancy formation energy as a function of temperature
expected for all elements.

There are many technical questions regarding the m
surements of vacancies, and a critical discussion of the
and cons of different techniques is well beyond the the sc
of this work. However, a few brief comments regarding d
ferent experimental approaches are necessary. The mos
portant difference between various techniques is betw
equilibrium and nonequilibrium~quenching! experiments,
with nonequilibrium experiments often harder to analyze d
to the uncontrolled relaxation mechanisms active dur
quenching. A second major difference is that the vaca
concentration is very small at low temperatures, mak
measurements at lowT difficult for techniques based on how
bulk properties of materials change with the number
vacancies.

Positron annihilation experiments are widely regarded
the most important equilibrium technique at lowT. The mea-
surements are done in equilibrium and the theory of posit
interaction with matter is mature.30 At high T, measurements
of heat capacity~specific heat!, electrical resistivity, and dif-
ferential dilatometry~thermal expansion not caused by t
lattice but by increased number of vacancies!, are the main
techniques. The temperature dependence of the vacancy
mation energy has been a subject of debate, in particular
to distinguish the lattice anharmonicity from the contrib
tions of different point defects.11 Often different experimen-
tal methods result in a large range of values. Assessing
reliability of the methods is a formidable task. Calculatio
from first principles provide additional independent inform
tion that can be used to evaluate experimental techniq
Given the agreement between the LDA and GGA, the la
supercells, and the structural relaxation, we believe that
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present calculation can do that. Next we will, element
element, compare our calculated values with available
perimental data.

Vacancies in Pt have been studied experimentally ex
sively ~see Refs. 10 and 11 and references therein!. The ex-
perimental number for the formation energy varies from 1
and 1.35 eV in positron measurements,10 1.6 eV ~nonlinear
specific heat at highT) and 1.45 eV~thermopower!, and 1.45
~thermal conductivity!, to 1.3–1.7 eV~in different resistivity
measurements!, as quoted in Ref. 11. In addition, a temper
ture dependence analysis11 of specific-heat data gives 1.2
eV for the formation energy at zero temperature dedu
from the high-T data. Our calculated numbers, including t
correction for the intrinsic surface error, are 1.15~1.18! eV
for the LDA ~GGA!, thus slightly below the measured one
For Pt, we conclude that the calculated numbers, the m
sured values from positron experiments, and the specific
are in agreement. The other techniques all give numbers
are higher in energy, in agreement with the calculated nu
bers being a lower bound.

In the case of Pd there is less experimental data availa
Positron annihilation reports 1.85 eV,10 measurements o
thermal conductivity 1.7 eV, and thermal diffusivity exper
ments 1.5 eV, as referenced in Ref. 11. Our calculated va
are 1.71~1.70! eV for the LDA ~GGA!. Since these number
constitute a lower bound to the formation energy we conte
that the thermal diffusivity measurements are low and a
assessment of the measurements warranted.

Molybdenum is a bcc metal with high melting temper
ture and its vacancy formation energy has been reporte
many studies. Positron measurements report 3.0, 3.0, an
eV,10,31 resistivity 2.7–3.24 eV, and specific heat 2.24 e
with 1.6 eV when extrapolated to zero temperature.11 Our
calculated values are 3.00~2.96! eV for the LDA ~GGA!.
Since our calculations are independent of experimental d
and by no means fitted to a particular type of experimen
we conclude that positron measurements are the prefe
method to determine the vacancy formation energy in M

IV. CONCLUDING REMARKS

We have shown that the historical quantitative agreem
between DFT/LDA and experimental data for Pt and Pd i
result of cancellation of twounrelatedeffects. The impor-
tance of relaxation in vacancy calculations is clarified. Wh
including relaxation as well as a correction for the intrins
surface error, the results for vacancy formation and diffus
are internally consistent. The calculated vacancy format
energies are, for both the LDA and GGA, close to measu
positron annihilation data.

Identifying the intrinsic surface error as an important fa
tor in calculations of vacancy formation energies offers
sight into DFT. In addition, the analysis improves our und
standing of vacancies in metals, with the LDA and GG
giving similar results our ability to explain and predict v
cancy properties becomes better. Vacancies in Al, Cu,5 Pt,
Pd, and Mo are all described well by structural relaxati
and the correction for the intrinsic surface error. The detai
electronic structure of other bulk defects, like grain boun
aries and dislocations, will govern whether the energy is
0-7
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fected by the correction or not. Other areas where the int
sic surface error can play a role include surface energ
adhesion energies,24 and wetting, growth and nucleation o
surfaces, since adsorbate interaction and step energies c
affected, adsorption energies for molecules, and dissocia
energies. Until functionals that correctly account for the e
nescent character of wavefunctions at surfaces are de
oped, and widely used, this post-processing scheme offe
way to correct for the intrinsic surface error.
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