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Surface-induced resistivity of thin metallic films bounded by a rough fractal surface
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We have extended the modified formalism of Sheng, Xing, and Wang@J. Phys.: Condens. Matter11 L299
~1999!# to allow the calculation of the conductivity of a thin metallic film bounded by a rough fractal surface.
We utilized the so-calledk-correlation model proposed by Palasantzas and Barnas@Phys. Rev. B48, 14 472
~1993!; 56, 7726~1997!#, to describe the height-height autocorrelation function corresponding to a self-affine
roughness. This extension permits the calculation of the conductivity of the film as a function of the r.m.s.
roughness amplituded, of the lateral correlation lengthj, of the mean free path in the bulkl, and of the
roughness exponentH. We found that the degree of surface irregularity, represented by the roughness exponent
H characterizing the surface, does influence the conductivity of the film, as first discovered by Palasantzas and
Barnas. However, this influence manifests itself for large bulk mean free pathsl'1000 nm and for large
correlation lengthsj'5 nm, in which case the conductivity of the film forH51 exceeds by about 30% the
conductivity forH50.2, an effect which is smaller than that reported by Palasantzas and Barnas. For corre-
lation lengthsj below 1 nm and mean free pathsl'100 nm, the influence of the roughness exponentH on the
conductivity is reduced to below 10%, and for smaller mean free paths and correlation lengths the conductivity
becomes insensitive toH. We also found that Mathiessen’s rule is severily violated in the case of thin metallic
films. The resistivity of the film coincides roughly with the surface-limited resistivity only in the case of
ultrathin films t,5 nm. For thicker films 100 nm.t.5 nm, the resistivity of the film exceeds by some 20 to
30 % the value dictated by Mathiessen’s rule. And conversely, the apparent surface-induced resistivity esti-
mated assuming the validity of Mathiessen’s rule, exceeds by nearly one order of magnitude the true surface-
induced resistivity, except in the case of ultrathin filmst,5 nm.

DOI: 10.1103/PhysRevB.66.205401 PACS number~s!: 68.35.Bs, 73.50.Bk
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I. INTRODUCTION

One of the fundamental problems in solid state phys
that has attracted the attention of researchers for ove
years, relates to the effect of electron-surface scattering
the transport properties of thin metallic and semiconduct
films. A central issue is how the surface of the structu
affects its electrical transport properties, when one or m
of the dimensions characterizing the structure are com
rable to or smaller than the mean free path of the cha
carriers, what is known as ‘‘size effects.’’

The theoretical work concerning size effects focused
many decades on the Fuchs-Sondheimer~FS! theory, in
which the electron motion is modeled by a Boltzmann tra
port equation~BTE! and the effect of the rough surface
incorporated into the boundary conditions that must be
isfied by the electron distribution function obeying a BTE v
a specularity parameterR, that represents the fraction of ele
trons 0<R<1 that are specularly reflected upon collidin
with the rough surface.1 It is well known that this approach i
inadequate for very thin, high purity samples where the fi
thicknesst is much smaller than the bulk mean free pathl.
On the one hand, for ultra pure thin films, the conductivity
the film is expected to exhibit a stepwise increase with
creasing film thickness, as a consequence of the quantiza
of the electronic energy levels induced by confinement of
electron gas between two parallel potential barriers, whic
known as quantum size effects~QSE’s!. Observations con-
0163-1829/2002/66~20!/205401~9!/$20.00 66 2054
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sistent with these expectations have been reported in Pt fi
evaporated onto glass slides.2 The modeling of electron mo
tion via a BTE with FS boundary conditions does not a
count for QSE. Moreover, the resistivity of ultrathin CoS2

films observed at 4 K has been reported to increase shar
as the thickness of the film decreases below 10 nm, in a
that cannot be accounted for by the classical model no m
ter what reflectivity R is used in theFS formalism.3 On the
other hand, in the limitl→` the FS conductivity diverges a
ln(l/t), implying that when the conductivity of the film is
limited only by electron-surface scattering, there is no dis
pation, an unphysical result that arises from the omission
quantum effects in the classical theory.

To overcome these shortcomings, a number of quan
transport theories have been published over the last two
cades, that permit the calculation of the increase in resisti
arising from electron-surface scattering in a metal fi
bounded by a rough surface.4–12 This work on size effects
has recently been extended to compute the influence of
height-height autocorrelation function~ACF! on the conduc-
tivity of the film when the surface of the film exhibits
self-affine roughness, employing the so-calledk-correlation
model.13 In addition to being of theoretical interest, the effe
of a fractal surface on the surface-induced resistivity o
metal film might also be of practical and of technologic
interest, for the surface of gold films deposited on mica s
strates under different conditions of evaporation, has b
reported to conform to a self-affine model.14
©2002 The American Physical Society01-1
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The pioneering work of Palasantzas and Barnas~PB!
~Ref. 13! utilizes the formalism developed by Fishman a
Calecki,4 where the conductivity of the film is calculate
assuming that only the surface roughness contributes to e
tron scattering. Of course, in metallic films bulk scattering
always present. Therefore, it seems highly desirable to
tend the work of PB using a theoretical formalism that
lows the calculation of the resistivity of metallic films with
out ignoring bulk scattering. The inclusion of bulk scatteri
into the theoretical description of size effects arising fro
electron scattering by a rough surface that is self-affine, a
permits an estimation of the error involved in the calculat
of the surface-induced resistivity when bulk scattering is
nored.

We have recently published a modified version of the f
malism of Sheng, Xing, and Wang,11 the so-called mSXW
formalism,12 that permits the calculation of the surfac
induced resistivity of thin metallic films of arbitrary thick
ness, characterized by a bulk mean free pathl, when the
height-height ACF is described by a Gaussian or by an
ponential. In the present paper we present a calculation o
resistivity of a thin metallic film bounded by a self-affin
rough surface, following thek-correlation model propose
by PB, using the mSXW formalism. The paper is organiz
as follows. In Sec. II we present the mSXW theory, a
adapt it to include the calculation of the surface-induced
sistivity when the metallic surface exhibits a self-affi
roughness. In Sec. III we present the results of this work,
is, how the resistivity of the film depends on the differe
relevant parameters of the problem. In Sec. IV we prese
discussion of the results, and a comparison between ou
sults and those obtained previously by PB. We also prese
Sec. IV an assessment of the validity of Mathiessen’s rule
Sec. V we present a summary of this work.

II. THEORY

A. Modified theory of Sheng, Xing, and Wang

Sheng, Xing, and Wang~SXW! published a calculation o
size effects applicable to films of arbitrary thicknesst. The
calculation proceeds by computing the Green’s function c
responding to a free electron gas confined between two
allel flat surfaces located atz50 andz5t, in the absence o
electron scattering in the bulk and in the absence of elect
surface scattering. The result isVG0(ki)5kz cot(tkz), where
ki5(kx ,ky) stands for the in-plane electron wave vect
Electron scattering is switched on in two steps.~a! First,
electron scattering in the bulk is switched on, by replac
the real wave vectorkz5AkF

22ki
2, by the complex wave

vectorqz5Akz
21 i (kF / l ), wherekF is the Fermi wave vec-

tor. The effect of this is to introduce a dissipation mechani
into G0(ki), for otherwise the electron states would have
infinite lifetime and the conductivity would be infinity.~b!
Electron-surface scattering is switched on, and the elec
self-energyQ(ki) arising from scattering by the rough su
face is calculated by means of the Dyson equation, leadin

Q~ki!52Im E d2qi

~2p!2 F~ki2qi!@VG~qi!#, ~1!
20540
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where Im(C) stands for the imaginary part of the comple
numberC; F(ki2qi) is the Fourier transform of the averag
height-height autocorrelation function,VG(ki) stands for the
product of the potentialV that keeps the electrons confine
within the film and the Green’s functionG(ki) describing
electrons contained in the film, evaluated at eitherz50 or
z5t, in the limiting caseV→`.11

SXW use the Green’s function~where kz has been re-
placed byqz), and the Kubo transport formalism to compu
the reflectivityR(ki) and the change of conductivitysF /sB
in terms ofR(ki), with the result

R~ki!5S 12kzQ~ki!

11kzQ~ki!
D 2

~2!

and

12
sF

sB
5

3

2

l

t

1

X0Nc
(
n51

Nc

un~12un
2!

3
@12R~un!#@12Ed~un!#

12R~un!Ed~un!
, ~3!

with un5cosun5(np)/(tkF), Xc5(tkF)/p, NC5 int(XC)
represents the number of occupied subbands, where inx)
stands for the integer part ofx,

X05
3

2 F12
1

3 S Nc

Xc
D 2S 11

1

Nc
D S 11

1

2Nc
D G ,

and Ed(un)5exp@2t/(unl)#, which is Eq. ~11! in Ref. 11.
HeresF5(rF)21 stands for the conductivity of the film, an
sB5(rB)21 stands for the conductivity of the bulk, e.g., th
conductivity that would be measuredin the absence of
electron-surface scattering: sB5@nq2l /(\kF)#, where n
stands for the carrier concentration andq stands for the elec-
tron charge.

SXW use in their work the white noise approximatio
that is, they assume that the height-height ACFf (x,y) is
proportional to a Dirac delta functiond(x,y), and therefore
the Fourier transformF(ki) is a constant. A consequence
this approximation, is the fact that the information conce
ing the surface roughness is incorporated into a single c
stantQ(ki)5Q0 , the self-energy of the electron gas whe
the ACF is described by a Dirac delta function. Although t
SXW theory exhibits the distinctive feature of being the on
quantum transport theory that reproduces the classical
formalism in the case of thick and dirty films, the use of t
white-noise approximation leading to the constantQ0 se-
verely restricts the predictive power of the theory.

To remove this limitation we have recently published
modified version of SXW theory~mSXW!, where we have
calculated the electron self-energy arising from electron s
face scattering, for a Gaussian and for an exponential re
sentation of the ACF, by performing the convolution ind
cated by Eq.~1!. In the case of an exponential ACFf (x,y)
5d2 exp@2Ax21y2/j#, the self-energy turns out to be12
1-2
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SURFACE-INDUCED RESISTIVITY OF THIN . . . PHYSICAL REVIEW B66, 205401 ~2002!
Q~ki!5
2d2j2

t (
n51

Nc S np

t D 2

3
E@p/2,r 2~ki ,qn!#

@11j2~ki2qn!2#A11j2~ki1qn!2
, ~4!

where qn
25kF

22(np/t)2, with r 2(ki ,qn)54j2kiqn /
@11j2(ki1qn)2#, andE(p/2,r 2) stands for the elliptic in-
tegral of the second kind.

B. Self-affine roughness

Following PB we assume that the Fourier transformF(k)
of the height-height ACF corresponding to a self-affi
rough surface is given by thek-correlation model13

F~ki!5
2pd2j2

~11Aki
2j2!11H , ~5!

where d is the r.m.s roughness amplitude,j is the lateral
correlation length,H is the roughness exponent related todf ,
the local fractal dimension,df532H, A is a normalization
constant given by the self-consistent solution of

A5
1

2H
@12~11AkC

2j2!2H# ~6!

with 0,H<1, andkC5p/a0 is the upper cutoff wave vec
tor in Fourier space, witha0 denoting the distance along th
~x,y! plane chosen to limit the validity of the fractal descri
tion of the surface, to account for the granularity of the
oms at short distances.13

Introducing Eq.~5! into Eq.~1! and using a Mittag-Leffler
expansion ofVG0(ki)5qz cot(tqz), leads to

Q~ki!52
~dj!2

pt
Im E

0

2p

du

3E
0

kC qidqi

@11Aj2~ki
21qi

222kiqi cosu!#11H

3(
S np

t D 2

kF
22qi

22S np

t D 2

1 i
kF

l

.

Performing the integration overqi for a smooth function
f (qi) and using the approximation12

2Im E
0

kC qi f ~qi!dqi

kF
22qi

22S np

t D 2

1 i
kF

l

'2Im E
0

` qi f ~qi!dqi

kF
22qi

22S np

t D 2

1 i
kF

l

5
p

2
f ~qn!

~7!

leads to
20540
-

Q~H,ki!5
2d2j2

t (
n51

Nc S np

t D 2 g~H,ki ,qn!

@11Aj2~ki1qn!2#11H ,

~8!

where the functiong(H,ki ,qn) stands for the generalize
elliptic integral

g@H,z~ki ,qn!#5E
0

p/2 du

~12z sin2 u!11H ~9!

with z(ki ,qn)54Aj2kiqn /@11Aj2(ki1qn)2#.
The function defined in Eq.~9! can be written in terms of

the hypergeometric functionF(a,b,c;z) ~Ref. 15!

F~a,b,c;z!5
G~c!

G~b!G~c2b!
E

0

1

t21/2~12t !c2b21

3~12tz!2adt, Re~c!.Re~b!.0. ~10!

The transformation sinu5At applied to Eq.~9! leads to

Q~H,ki!5
pd2j2

t (
n51

Nc S np

t D 2 F~11H,1/2,1;z!

@11Aj2~ki1qn!2#11H .

~11!

The calculation outlined proceeds from first principle
without invoking either a classical transport equation~such
as BTE! or any other quantum transport equation. It is si
ply based upon Kubo’s linear response theory that relates
conductivity to the Green’s function, and on Dyson’s equ
tion as a method of evaluating the effect of electron scat
ing by a rough surface through the calculation of the elect
self energy arising because of electron-surface scatterin
seems appropriate to point out that the mSXW formali
outlined and the approximations on which it is based up
have been subjected to a very stringent test. We publis
what we believe to be ‘‘...the first paper in which the tem
perature dependence and the thickness dependence o
resistivity predicted by theory, that uses as input the inf
mation contained in the surface roughness measured o
nanometric scale in an independent experiment, agrees
proximately with the resistivity measured on a set of th
metallic films. The theory contains no adjustable param
eters... .’’ ~Ref. 16, p. 4696!.

There is additional evidence that has been published s
porting Kubo’s linear response theory. There are two ot
theories that rely also on Kubo’s formalism, the work
Trivedi and Aschroft~TA!, Ref. 9, and the work of Te-
sanovic, Jaric, and Maekawa~TJM!, Ref. 10. Using the sur-
face roughness measured with a STM on a 70 nm thick g
film deposited on mica, we published an analysis of the b
resistivity data available on gold films deposited on mic
using all four models: TJM, TA, mSXW Gaussian an
mSXW exponential. The outcome of such an analysis is
teresting: ‘‘...The first remarkable result—considering th
none of the theories containany adjustable parameter—i
that all four models provide an approximate description
both the temperature and the thickness dependence o
data between 4 K and 300 K. The agreement between theo
and experiment is about 15% or better in the TJM case,
1-3
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MUNOZ, FINGER, ARENAS, KREMER, AND MORAGA PHYSICAL REVIEW B66, 205401 ~2002!
about 10% or better in the TA case and it is better than 7%
the mSXW case, regardless of whether we use a Gaussia
an exponential representation of the ACF.’’~p. L382, Ref.
17!. That theory reproduces the experimental data to wit
15% or better in the TJM case, to within 10% or better in t
TA case, and to within 7% or better in the mSXW cas
without-adjustable parameters, in spite of the fact that
changes in resistivitydisplayed in Fig. 6 of Ref. 16 and Fig
1 of Ref. 17span roughly one order of magnitude, consti-
tutes quite a strong evidence that the TJM, TA, and mSX
theories based upon Kubo’s linear response formalism
form very well, with the mSXW formalism performing bette
probably because it includes two parametersd andj ~instead
of just one,d! to describe the surface roughness.

Because the present extension of the mSXW theory
be considered just an extrapolation of the case where
height-height autocorrelation function is described by an
ponential~which corresponds toH50.5), to the case wher
the autocorrelation function conforms to a self-affine roug
ness model, we verified that such an extrapolation rep
duces the known results corresponding to the expone
autocorrelation function. We verified that in the limitkC
→` and H50.5, A52H51, the self-energyQ(ki) calcu-
lated with Eq.~11!, coincide with that given by Eq.~4!, for
the parametersH, d, j, andt used in this work.

III. RESULTS

The calculations reported here were performed on the
sis of Eqs. 2, 3, and 11, using the parameters correspon
to CoSi2 . The mean free pathl 5100 nm is that determined
by Hensel and co-workers by measuring t
magnetoresistance,18 and the hole concentrationnh53.0
31028 m23 is that determined in an independent experim
by Badoz and co-workers by measuring the Hall effect.19 The
distancea0 that defines the cutoff wave vector was chosen

FIG. 1. Conductivity of a film 3 nm thick, characterized by
lateral correlation lengthj50.2 nm, plotted versus r.m.s. roughne
amplituded, for different bulk mean free paths, and different roug
ness exponentsH. Squares:H50.2; circles:H50.4; triangles:H
50.6; inverted triangles:H50.8; diamonds:H51.0.
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a05a/&50.377 nm wherea50.533 nm is the lattice con
stant measured on CoSi2 .20

A. Influence of the r.m.s. roughness amplitude

The influence of the r.m.s. roughness amplituded is de-
picted in Fig. 1, for different roughness exponents and d
ferent bulk mean free paths, for a filmt53 nm thick charac-
terized by a lateral correlation lengthj50.2 nm. The
conductivity of the film increases with increasingd, and it
increases by nearly one order of magnitude when the m
free path increases froml 510 nm tol 5100 nm; from there
on further increasing the mean free path tol 51000 nm pro-
duces a further increase in conductivity of about a factor
2, and further increasing tol 510 000 nm only increases th
conductivity by about 15%. For the small correlation leng
j50.2 nm, the roughness exponentH has little effect on the
conductivity of the film. The way in which the conductivit
increases with increasingd is somewhat affected by th
mean free path. Atl 510 nm the increase in conductivit
with increasingd tends to saturate at aboutd52.0 nm; for
larger l the conductivity keeps increasing with increasingd.

B. Influence of the lateral correlation length

The influence of the lateral correlation lengthj is depicted
in Fig. 2, for different roughness exponents and differe
bulk mean free paths, for a filmt53 nm thick characterized
by a r.m.s. roughness amplituded50.2 nm. The conductivity
of the film increases with increasingj, and the way in which
it increases for different mean free paths is similar. When
mean free path increases froml 510 nm to l 5100 nm, the
conductivity of the film increases by about a factor of
from there on increasing the mean free path tol 51000 nm
produces a further increase in conductivity of about a fac
of 2, and further increasing the mean free path tol

FIG. 2. Conductivity of a film 3 nm thick, characterized by
r.m.s. roughness amplituded50.2 nm, plotted versus the latera
correlation lengthj, for different bulk mean free paths, and differe
roughness exponentsH. Squares:H50.2; circles: H50.4; tri-
angles:H50.6; inverted triangles:H50.8; diamonds:H51.0.
1-4
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SURFACE-INDUCED RESISTIVITY OF THIN . . . PHYSICAL REVIEW B66, 205401 ~2002!
510 000 nm produces a further increase in conductivity
about 10%. For small correlation lengths the roughness
ponentH has little effect on the conductivity of the film. A
the correlation length increases beyondj51.0 nm, the effect
of the roughness exponentH becomes more pronounced an
the conductivity of the film increases with increasingH. For
large correlation lengthsj55.0 nm and a mean free pathl
510 nm, the difference between the conductivity of the fi
for H50.2 andH51.0 is about 3%; forl 510 000 nm the
difference between the conductivity of the film forH50.2
andH51.0 increases to about 30%.

C. Influence of the roughness exponent

The influence of the roughness exponentH is depicted in
Fig. 3, for different different bulk mean free paths, for a fil
t53 nm thick characterized by a r.m.s. roughness amplit
d50.2 nm and different lateral correlation lengths. The co
ductivity of the film increases with increasingj and increases
with increasing roughness exponent, provided that the m
free path is large. Ford50.2 nm andj50.2 nm, the conduc-
tivity of the film is insensitive to the roughness exponentH,
and it increases by about a factor of 2 when the mean
path increases froml 510 nm to l 510 000 nm. For d
50.2 nm andj50.6 nm, the conductivity of the film begin
increasing with increasing roughness exponentH; the in-
crease betweenH50.2 and H51.0 is about 3% forl
510 nm and about 18% forl 510 000 nm. Ford50.2 nm
and j50.6 nm, the conductivity of the film increases b
about a factor of 4 when the mean free path increases f
l 510 nm to l 510 000 nm. Ford50.2 nm andj51.8 nm,
the conductivity of the film exhibits a more pronounced
crease with increasing roughness exponentH and a large
mean free path; the increase in conductivity betweenH
50.2 andH51.0 is about 3% forl 510 nm and about 25%
for l 510 000 nm. Ford50.2 nm andj51.8 nm, the con-
ductivity of the film increases by about a factor of 5 wh

FIG. 3. Conductivity of a film 3 nm thick, characterized by
r.m.s. roughness amplituded50.2 nm, plotted versus the roughne
exponentH, for different bulk mean free paths, and different late
correlation lengthsj. Squares:l 510 nm; circles:l 5100 nm; tri-
angles:l 51000 nm;inverted triangles:l 5 10 000 nm.
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the mean free path increases froml 510 nm to l
510 000 nm. Ford50.2 nm andj55.0 nm, the conductiv-
ity of the film exhibits yet a more pronounced increase w
increasing roughness exponentH and a large mean free path
for l 510 000 nm, the increase in conductivity betweenH
50.2 and H51.0 is about 30%. Ford50.2 nm andj
55.0 nm, the conductivity of the film increases by abou
factor of 6 when the mean free path increases froml
510 nm tol 510 000 nm.

D. Influence of the thickness of the film

The influence of the thickness of the film is displayed
Fig. 4, for a film characterized by a lateral correlation leng
j50.2 nm, a roughness exponentH50.2, and different
mean free paths as well as different roughness amplituded.
The conductivity exhibits certain characteristic jumps w
increasing thickness, which correspond to QSE mentione
the Introduction, that manifest themselves as new chan
of conduction opening up as the thickness increases, w
translates into a new term being added to the sum in Eq.~3!
each time the increase in thickness exceeds half a Fe
wavelengthlF ~in CoSi2 lF50.65 nm). What is interesting
is that this manifestation of QSE is severely attenuated w
the mean free path is shortl 510 nm. However, as illustrated
in Fig. 4, how much does the conductivity increase w
increasing thickness, depends not only on the bulk mean
path, but depends also on how large the r.m.s. roughn
amplituded is.

E. Influence of the cutoff wave vector

To explore the influence of the cutoff wave vector, we p
in Fig. 5 the conductivitysF of a film t53 nm thick char-
acterized byd5j50.5 nm, H51.0, and a mean free pathl
5100 nm, computed as a function of the distancea0 chosen
to define the cutoff wave vector. It is interesting to note th
the distance between two neighboring atoms of Co along
~111! plane isa/&50.377 nm, wherea50.533 nm is the
lattice constant measured on CoSi2 .20 However, choosing
a050.377 nm leads tokC58.33 nm21 for the cutoff wave
vector, which is smaller than the Fermi wave vectorkF
59.61 nm21 for CoSi2 . Therefore this crude estimation o
the cutoff wave vector would lead to the exclusion of part

l

FIG. 4. Conductivity of a film characterized by a lateral corr
lation lengthj50.2 nm and a roughness exponentH50.2, plotted
versus film thicknesst, for different bulk mean free paths, and di
ferent r.m.s. roughness amplitudesd.
1-5
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MUNOZ, FINGER, ARENAS, KREMER, AND MORAGA PHYSICAL REVIEW B66, 205401 ~2002!
the occupied subbands that participate in the conduction
cess, something that seems difficult to justify, in spite of
fact that the roughness of the surface obviously does
conform to a fractal model, because the surface roughne
short distances is no longer random, for the granularity of
atoms becomes dominant over an atomic scale of distan
We propose instead that for metallic films, the distance c
sen to define the cutoff wave vector needed to account
the granularity of the atoms that make up the surface, sho
be allowed to vary betweena050 corresponding to pointlike
atoms, to an upper limitaF5p/kF , which for CoSi2 corre-
sponds toaF50.327 nm. Within these limits, increasing th
cutoff spacing from 0 toaF , induces an increase of about 3
in the conductivity of the film.

IV. DISCUSSION

A. Influence of the roughness exponent
on the conductivity of the film

The results reported in this paper confirm the fact t
when a thin metallic film is bounded by a rough surface t
is self-affine, then the degree of surface irregularity, rep
sented by the roughness exponentH characterizing the sur
face, does influence the conductivity of the film, as first d
covered by PB. However, the inclusion of the bulk mean f
path into the theory, seems to reduce the influence of
roughness exponentH. In fact, in agreement with the resul
reported by PB, the effect of the roughness exponentH on
the conductivity of the film becomes more noticeable wh
the lateral correlation length is large, provided that the m
free path is also large. For small correlation lengths and
small mean free paths, the roughness exponent has little
fluence on the conductivity of the film. In the case of lar
correlation lengthsj'5 nm and large mean free pathsl
'1000 nm, the conductivity of the film forH51.0 exceeds
that for H50.2 by about 30%, which is smaller than th
effect reported by PB. There are two reasons that might
plain why the influence of the roughness exponentH re-
ported here is smaller than that reported by PB.

FIG. 5. ConductivitysF of a film t53.0 nm thick plotted versus
the spacinga0 chosen to describe the granularity of the surface,
a film bounded by a rough surface that is self-affine, whose hei
height autocorrelation function is described byd5j50.5 nm, a
roughness exponentH51.0, and a bulk mean free pathl
5100 nm. The dotted vertical line corresponds toaF5p/kF

50.327 nm.
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The first reason, is related to the predictions of the mSX
formalism concerning the scale of distances over which c
rugations take place, and their relative contributions to s
effects. According to arguments that have been publish
the mSXW theory is able to select the scale of distance o
which corrugations take place, leading toR'1 for corruga-
tions taking place over distances that are long when co
pared tolF , and R,1 for corrugations taking place ove
scales of distances that are comparable tolF to within an
order of magnitude~Ref. 16, Fig. 4, p. 4692!. The fact that
within the theory corrugations taking place over long sca
of length contribute less to size effects, is expected to lea
a film resistivity that isless sensitive to the fractal nature o
the rough surface, than if the theory did not exhibit the abil
ity to select scales of distances that are comparable tolF ~to
within an order of magnitude!, as the corrugations that dom
nate size effects. However, there is a subtle point that ne
to be mentioned, in connection with the electron sampl
corrugations taking place over long distances.

A thin metalic film is a film such that the film thicknesst
is smaller than the electron mean free pathl. In the case of
electrons confined within a thin metalic film, for the ele
trons to sample corrugations taking place over long d
tances, comparable to the electron mean free path, the
tron traveling within the film has to collide with the roug
surface traveling at large anglesp/2.u.p/4, whereu is the
angle between the momentum of the electron approach
the rough surface and the normal to the~average! surface.
But then, since the single crystal thin metalic films cons
ered in the theory are in realitymade out of grains of finite
lateral dimensions that range typically between a few n
nometers and a few hundred nanometers, electrons traveling
at large angles will find a grain boundary before they ha
the chance ‘‘to see’’ a corrugation taking place over a la
distance. Consequently, the resistivity of the film in this ca
will be dominated by grain boundary scattering rather th
by the properties of the rough surface measured over v
large distances,regardless of whether the surface is fract
or not. This has been demonstrated by van Attekum a
co-workers,21 in a nice piece of work in which the resistivit
of gold films evaporated onto polished Pyrex and silic
oxide substrateswas found to decrease by about one order
magnitude upon annealing the samples, and TEM studies of
the samples proved that the decrease in resistivity upon
nealing,was directly correlated to a drastic increase of th
lateral dimension characterizing the grains making up t
samples (Ref. 21, Figs. 1 and 4).

Returning to the discussion of why the present resu
differ from those published by PB, the second reason t
could explain this discrepancy might be related to the f
that PB used a formalism proposed by Fishman and Cal
~FC! based on the Born approximation,4 and to the fact that
FC ignore the effect of bulk scattering and assume that
conductivity of the film is limited only by electron-surface
scattering. Because of this assumption, it seems interest
to calculate the resistivity of the filmrS5(sS)21 limited
only by electron-surface scattering using the mSXW form
ism in the limit of large mean free paths, and to compare t
resistivity with that obtained forl 5100 nm. This compari-

r
t-
1-6



no
T
t

y
a

in
n
lm
al
a

s
ff
at

th
it
a
is

d
as
th

-
%

s
in

on

ing
r-

g
r-
her,
n’s
n-
non
at-
al-
n-
the

n a
in

r-
-

ig.

he

ivity
tio

tio

ty

lf-

t-

SURFACE-INDUCED RESISTIVITY OF THIN . . . PHYSICAL REVIEW B66, 205401 ~2002!
son will elucidate a fundamental question, whether or
Mathiessen’s rule is violated, and if so, to what extent.
perform such a comparison we need to determine wha
long mean free path is.

B. Influence of the bulk mean free path
on the resistivity of the film

In Fig. 6 we display the resistivity of a metallic film
bounded by a self affine rough surface characterized bd
5j50.5 nm, H51.0 and different thickness, plotted as
function of the bulk mean free pathl. From Fig. 6 it seems
clear that the resistivity of the film decreases with increas
mean free path, for a mean free path of several tens of
As the mean free path grows larger, the resistivity of the fi
decreases less with increasing mean free path, until it fin
levels off for large mean free paths, such that further incre
ing the mean free path beyond a ceratin value produce
further change in the resistivity of the film. This leveling o
of the resistivity as a function of increasing mean free p
defines the resistivityrS of the film limited by electron-
surface scattering only. From Fig. 6 it seems clear that
mean free path needed to definerS is thickness dependent;
increases as the thickness of the film increases. The new
interesting result displayed in Fig. 6, is that when the film
thicker than a few tens of nm, the mean free path neede
definerS reaches macroscopic dimensions. In the worst c
for a film t5100 nm thick, increasing the mean free pa
from l 53.03107 nm to l 51.03108 nm produces a de
crease in the resistivity of the film smaller than 0.15
Therefore, we chose the worst case valuel 53.03107 nm to
computerS for all thickness 1<t<100 nm.

C. Conductivity limited by electron-surface scattering
and the validity of Mathiessen’s rule

One of the central issues concerning size effects relate
the resistivityrS induced by electron-surface scattering
the absence of bulk scattering, and to the bulk resistivityrB
due to scattering in the bulk in the absence of electr
surface scattering. The question is whether the resistivityrF

FIG. 6. Resistivity of a metallic film bounded by a rough se
affine surface characterized byd5j50.5 nm,H51.0, plotted as a
function of the bulk mean free pathl, for different thickness.
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measured on a thin film where both electron-scatter
mechanisms are present~bulk scattering and surface scatte
ing!, obeys Matthiessen’s rule, e.g., whetherrF satisfiesrF
5rS1rB . The resistivity is proportional to the scatterin
rate. The additivity of the scattering rates arising from diffe
ent electron-scattering mechanisms when acting toget
plays an important role in solid state physics. Matthiesse
law is a powerful rule that applies to many electro
scattering mechanisms in cristalline solids: acoustic-pho
scattering, optical-phonon scattering, neutral-impurity sc
tering, and ionized-impurity scattering in the case of cryst
line semiconductors; electron-impurity scattering, electro
electron scattering, and electron-phonon scattering in
case of crystalline metals.

To address the issue concerning Mathiessen’s rule i
metal film bounded by a self-affine rough surface, we plot
Fig. 7 the resistivityrS arising from electron-surface scatte
ing in the limit l 53.03107 nm, together with the film resis
tivity rF computed for a mean free pathl 5100 nm, for a
film whose surface is characterized byd5j50.5 nm and
H51.0.

To assess the validity of Mathiessen’s rule, we plot in F
8~a!, the quantityDr/rF5@rF2(rS1rB)#/rF , that ought to
be zero for all thickness if Mathiessen’s rule is obeyed. T
apparent surface-induced resistivityrS85rF2rB ~e.g., the
resistivity due to surface scattering thatwould be estimated
assuming the validity of Mathiessen’s rule! has been used in
the literature as a measure of the surface-induced resist
rS .4,22 Therefore, it seems interesting to display the ra
rS /rS8 plotted versus film thickness~between the true
surface-induced resistivityrS and the apparent surface-
induced resistivityrS8); this is shown in Fig. 8~b!. Should
Mathiessen’s rule hold for all thickness, then this ra
should be unityindependent of film thickness. The degree to
which the ratiorS /rS8 departs from unity reflects the severi
with which Mathiessen’s rule is violated.

FIG. 7. Film resistivityrF and surface-induced resistivityrS

@computed on the basis of Eqs.~2!, ~3!, and ~11!#, plotted versus
film thicknesst, for a film bounded by a fractal surface. The heigh
height autocorrelation function is described byd5j50.5 nm and a
roughness exponentH51.0; rF was computed withl 5100 nm;rS

was computed withl 53.03107 nm.
1-7
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The results displayed in Fig. 8~a! indicate that Mathies-
sen’s rule is violated in thin metal films. For small film thick
ness 1.0 nm,t,1.2 nm, the ratioDr/rF is slightly positive,
of the order of 11%. For 1.2 nm,t,3.7 nm, the ratio
Dr/rF becomes slightly negative, of the order of20.5%,
because the resistivityrF of the film turns out to be some
what smaller thanrS1rB . As the film grows thicker, devia
tions from Mathiessen’s rule become again positive. For re
tively thick films (t5100 nm), the resistivity of the film
exceeds by some 18% the value corresponding to the
rS1rB . This causes the value ofrS8 to remain finite for large
thickness, whereas the true surface limited resistivityrS de-
picted in Fig. 7 decreases rapidly with increasing film thic
ness. This results in a ratiorS /rS8 that departs strongly from
unity, and decreases with increasing film thickness.

The remarkable result displayed in Fig. 8 is that boththe
resistivity of the filmrF and the surface-limited resistivityrS
predicted by theory are such that Mathiessen’s rule is v
lated. For 10 nm,t,100 nm, the resistivity of the film ex
ceeds by about 20 to 30% the sumrS1rB . The apparent
surface-limited resistivityrS8 is not identical torS and, in
fact, rS8 is roughly one order of magnitude larger thanrS ,
except in ultra thin films t,5 nm.

That Mathiessen’s rule is violated when the scatter
mechanisms involved are electron-surface scattering
electron scattering in the bulk, has been known for ove
decade.9,10 However, to our knowledge, this paper contai
the first estimation of how severe this violation is in the ca
of thin metallic films. It also contains a report of aviolation
of Mathiessen’s rule such thatrF,rS1rB , that contradicts
the classical relationrF>rS1rB demonstrated by Ziman
using a variational solution of BTE.23

The underlying reason why Mathiessen’s rule is viola
seems to be related to the inherent quantum nature
electron-surface scattering. As long as electron motion is
scribed through a classical model such as BTE, the diffe

FIG. 8. ~a! Dr/rF5@rF2(rS1rB)#/rF plotted as a function of
film thicknesst, for a film bounded by a fractal surface. The heigh
height autocorrelation function is described byd5j50.5 nm and a
roughness exponentH51.0; rF was computed withl 5100 nm;rS

was computed withl 53.03107 nm. ~b! Ratio between thetrue
surface-induced resistivityrS and theapparentsurface-induced re-
sistivity rS85rF2rB plotted versus film thickness, for a film
bounded by a fractal surface. The height-height autocorrela
function is described byd5j50.5 nm and a roughness expone
H51.0; rF was computed withl 5100 nm;rS was computed with
l 53.03107 nm.
20540
-

m

-

-

g
nd
a

e

d
of
e-
nt

scattering mechanisms appearing in the collision operato
BTE might be written as the sum of the different collisio
operators corresponding to each scattering mechanism a
alone. The resistivity arising from each electron scatter
mechanism is proportional to the matrix element represe
ing the transition rate from the initial to the final state, a
the identity of the initial and final state does not play a fu
damental role, which translates into the fact that the addi
ity of the scattering rates leads naturally to the additivity
the corresponding resistivities, hence to the validity
Mathiessen’s rule.

However, when the quantum nature of the electron sc
tering process becomes dominant because of the wave
ticle duality, as in the case of electron scattering by a rou
surface, the fact that the electron is being scattered from
initial state uk& into a final stateuk8& becomes important
consequently the identity of the initial and the final sta
occupied by the electron before and after the colission pl
a central role in the theory. As indicated by formula~3! ~re-
gardless of which mathematical representation is chose
describe the height-height ACE!, the quantum theory leads t
a resistivity that depends explicitly upon the subband inden
that identifies the quantum states participating in the cond
tion process, and the total resistivity is no longer the sum
the resistivities arising from each of the different chann
contributing to charge transport,neither is the resistivity
given by the sum of the different resistivities arising fro
each electron-scattering mechanism acting alone. As ex-
plained in Ref. 9, because of quantum mechanics and
importance of the identity of the initial and final electro
states, the additivity of the scattering rates~stemming from
the statistical independence between averaging over imp
ties or over the phonon population, and averaging over
face roughness configurations! no longer leads to the addi
tivity of the corresponding resistivities, hence Mathiesse
rule no longer holds.

V. SUMMARY

We have extended the modified formalism of Shen
Xing, and Wang~mSXW, Ref. 12! to allow the calculation of
the conductivity of a thin metallic film bounded by a roug
self affine surface. The extension of the mSXW theory to
fractal surface allows the calculation of the conductivity
the film as a function of the r.m.s. roughness amplituded, of
the lateral correlation lengthj, of the bulk mean free pathl,
and of the degree of surface irregularity represented by
roughness exponentH. We found that the roughness exp
nentH characterizing the surface does influence the cond
tivity of the film, as first discovered by Palasantzas and B
nas ~Ref. 13!. However, this influence manifests itself fo
large bulk mean free paths on the order of 1000 nm and
large correlation lengths on the order of 5 nm, in which ca
the conductivity of the film forH51 exceeds by about 30%
the conductivity forH50.2. For correlation lengths below
nm and mean free paths of the order of 100 nm, the influe
of the roughness exponentH on the conductivity is reduced
to below 10%, and for smaller mean free paths and corr

n
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tion lengths the conductivity of the film becomes insensit
to the roughness exponentH.

We also found that Mathiessen’s rule is severily violat
in the case of thin metallic films. On the one hand, we fou
that the surface-limited resistivityrS plus the bulk resistivity
rB exceeds the value of the film resistivityrF by about 1%
for 1.2 nm,t,3.7 nm, in contradiction with the classica
relation rF>rS1rB demonstrated by Ziman using a vari
tional solution of Boltzmann transport equation. The resis
ity of the film coincides roughly with the surface-limite
resistivity only in the case of ultrathin filmst,5 nm. For
thicker films 100 nm.t.5 nm, the resistivity of the film
exceeds by some 20 to 30 % the value dictated by Math
sen’s rule. And conversely, the apparent surface-induced
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