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Influence of transverse interdot coupling on transport properties of an Aharonov-Bohm structure
composed by two dots and two reservoirs
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We derive the modified rate equations for an Aharonov-Bohm~AB! ring with two transversely coupled
quantum dots~QD’s! embedded in two arms in the presence of a magnetic field. We find that the interdot
coupling between the two QD’s can cause a temporal oscillation in electron occupation at the initial stage of
the quantum dynamics, while the source-drain current decays monotonically to a stationary value. On the other
hand, the interdot coupling equivalently divides the AB ring into two coupled subrings. That also destroys the
normal AB oscillations with a period of 2p, and generates new and complex periodic oscillations with their
periods varying in a linear manner as the ratio between two magnetic fluxes~each penetrates one AB subring!
increases. Furthermore, the interference between two subrings is also evident from the observation of the
perturbed fundamental AB oscillation.
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I. INTRODUCTION

Recent advances in nanotechnologies have made it
sible to fabricate quantum dot~QD! structures with geo-
metrical dimensions smaller than the elastic mean free pa
Therefore, electron transport in such small structures is
listic and its phase coherence can be sustained. Many stu
on the coherence in a coupled QD system have been
formed both experimentally1–3 and theoretically.4–9 Yacoby
et al.10 and Schusteret al.11 reported the experimental obse
vations of the transmission phase through a QD embedde
one arm of the Aharonov-Bohm~AB! ring. In this setup, the
dephasing induced by a ‘‘which-path’’ detector has also b
investigated by Bukset al.12 Their study shows that the vis
ibility of the oscillatory signal is affected by the sensitivity o
the detector, which verifies the complementary principle
fermions. Very recently, Holleitneret al.13 measured the AB
oscillations of the mesoscopic ring with a QD inserted
each arm, and found that they displayed the magnetic-fi
dependence of the coherently coupled states. Theoretic
this has been discussed by Ko¨nig and Gefen.14 Also, Loss
and Sukhorukov15 theoretically studied the phase-cohere
current in vertically coupled QD’s. However, these stud
have not yet explicitly shown the quantum transient dyna
ics of the coupled QD system.

Using modified rate equations, Gurvitz and co-worker16,17

systematically investigated the transport properties and
dephasing in horizontally coupled multiple QD systems. M
tivated by this work, we study here a transversely coup
QD structure embedded in an AB ring, which is then sa
wiched between source and drain reserviors by Gurvi
methods. We derive the modified rate equations for this s
tem in the presence of a magnetic field. First, we show
temporary evolutions of the electron-occupation probabilit
in all states, and find that the tunneling of electrons back
forth between dots 1 and 2 is going to cause a temp
oscillation at the initial stage of the quantum dynamics in
0163-1829/2002/66~20!/205306~5!/$20.00 66 2053
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case of zero magnetic field. Then, we study the quan
dynamics of the coupled QD system in the presence o
magnetic field, and reveal that the AB oscillations of t
current, flowing through the two-coupled-QD structure, c
still be observed even in the stationary case, where
electron-occupation probabilities in all states are const
Also, it is shown that by forming two coupled subrings th
interdot coupling destroys the 2p-period oscillation of the
stationary current and generates a new periodic oscillat
Its period, independent of the strength of the interdot c
pling and the tunneling rates between QD’s and reservi
increases in a linear manner as the ratio between two m
netic fluxes~each penetrates one AB subring divided by t
interdot coupling! increases. On the other hand, the interf
ence between two subrings is also evident from the obse
tion of the perturbed fundamental AB oscillation.

II. THEORY

The coupled-QD system that we study here is schem
cally illustrated in Fig. 1. A mesoscopic ring is connected
two reserviors~source and drain!, with two QD’s ~dot 1 and

FIG. 1. Schematic illustration of the coupled-quantum-dot str
ture sandwiched between two reserviors, whereV0 denotes the in-
terdot coupling. The right part shows the four classical channels
electrons to flow from the source to the drain.
©2002 The American Physical Society06-1
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dot 2! inserted, one dot in each arm. The chemical potent
of the source and the drain are denoted bymS and mD ,
respectively.G1

L (G2
L) and G1

R (G2
R) represent the rates o

electron transitions from the source to dot 1~dot 2! and from
dot 1 ~dot 2! to the drain. The interdot couplingV0 between
dots 1 and 2 divides the mesoscopic ring into two subring~I
and II!. Through each subring there exist the magnetic flu
F1 andF2 threaded, respectively. In the presence of a m
netic field, the Hamiltonian of the coupled QD system w
source and drain reserviors included can be written as16,18

H5 (
i 51,2,l ,r

Eiai
†ai1V0~eif12a2

†a11H.c.!

1 (
j 5 l ,r

~Tj 1eif j 1a1
†aj1Tj 2eif j 2a2

†aj1H.c.!. ~1!

Here ai
† (ai) is the electron creation~annihilation! operator

for the basis stateu i &, andl ~r! labels source~drain! reservior.
Tj 1 (Tj 2) represents the coupling between dot 1~dot 2! and
the reserviorj ( j 5 l ,r ), f j 1 (f j 2) is the phase of the pat
from reserviorj to dot 1~dot 2!, andf12 is the total phase o
the path from dot 1 to dot 2. It is evident that the to
magnetic fluxF through the mesoscopic ring is equal
F11F2, and the corresponding reduced flux is defined
f5f11f252pF/F0, with f15f l11f122f l2, and f2
52f r12f121f r2.

As shown in the right part of Fig. 1, there are four cla
sical channels 1, 2, 3, and 4 for the electron to transport fr
the source to the drain. The phases accumulated in t
channels are denoted byP15f l12f r1 , P25f l11f12
2f r2 , P35f l22f122f r1, and P45f l22f r2, respec-
tively. The possible phase differences between two of th
are

fA5P12P25P32P452f r12f121f r2 , ~2a!

fB5P12P35P22P45f l11f122f l2 , ~2b!

fC5P12P45f l12f r12f l21f r2 , ~2c!

fD5P22P35f l12f l212f121f r12f r2 . ~2d!

Thus the current through the coupled-QD system should
clude the sum of the cosine functions of these phase di
ences since the electrons, traveling through the four ch
nels, are going to interfere with each other.19

For simplicity, our discussion is restricted to the zer
temperature case, and the system initially remains in
vacuum stateu0&, where the states of the source and t
drain are filled up to their Fermi levels, respectively. T
wave function of the entire system can be expressed in
occupation number representation as16,17
20530
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uC~ t !&5Fb0~ t !1(
lr

blr ~ t !ar
†al

1 (
l , l 8,r ,r 8

bll 8rr 8~ t !ar 8
† ar

†al 8al1(
l

bl1~ t !a1
†al

1 (
l , l 8,r

bll 81r~ t !a1
†ar

†alal 81(
l

bl2~ t !a2
†al

1 (
l , l 8,r

bll 82r~ t !a2
†ar

†alal 8

1 (
l , l 8

bll 812~ t !a1
†a2

†alal 81•••G u0&, ~3!

whereb(t) are the time-dependent amplitudes of finding t
electron in the states defined by the corresponding crea
and annihilation operators. The quantum evolution of
whole system is described by the Schro¨dinger equation
i uĊ&5HuC&. In the four-dimensional Fock space, consi
ing of statesua&, ub&, uc&, andud& ~in these states or levels
E1 andE2 are both empty, onlyE1 is occupied, onlyE2 is
occupied, and bothE1 and E2 are occupied, respectively!,
the elements of the density matrixs(t)5uC(t)&^C(t)u can
be written as

ṡaa
n 52~G1

L1G2
L!saa

n 1G1
Rsbb

n211G2
Rscc

n21

1ei (fr12fr2)G12
R scb

n211e2 i (fr12fr2)G12
R sbc

n21 ,

~4a!

ṡbb
n 52~G2

L1G1
R!sbb

n 1 iV0~eif12sbc
n 2e2 if12scb

n !

2@e2 i (f l12f l2)G12
L 1e2 i (fr12fr2)G12

R #sbc
n /2

2@ei (f l12f l2)G12
L 1ei (fr12fr2)G12

R #scb
n /2

1G1
Lsaa

n 1G2
Rsdd

n21 , ~4b!

ṡcc
n 52~G1

L1G2
R!scc

n 1 iV0~e2 if12scb
n 2eif12sbc

n !

2@e2 i (f l12f l2)G12
L 1e2 i (fr12fr2)G12

R #sbc
n /2

2@ei (f l12f l2)G12
L 1ei (fr12fr2)G12

R #scb
n /2

1G2
Lsaa

n 1G1
Rsdd

n21 , ~4c!

ṡdd
n 52~G1

R1G2
R!sdd

n 1G1
Lscc

n 1G2
Lsbb

n 1ei (f l12f l2)G12
L scb

n

1e2 i (f l12f l2)G12
L sbc

n , ~4d!

ṡbc
n 5 i«sbc

n 1 ie2 if12V0~sbb
n 2scc

n !2~G1
L1G2

R1G2
L

1G1
R!sbc

n /22@ei (f l12f l2)G12
L 1ei (fr12fr2)G12

R #

3~sbb
n 1scc

n !/2. ~4e!

Here the indexn denotes the electron number in the dra
and«5E22E1 is the energy detuning between dots 1 and
G1

L52pTl1
2 rL (G2

L52pTl2
2 rL) and G1

R52pTr1
2 rR
6-2
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(G2
R52pTr2

2 rR) are the rates of the electron tunneling in
dot 1 ~dot 2! from the source and out of dot 1~dot 2! into the
drain. The coherent terms are given byG12

L 52pTl1Tl2rL

5AG1
LG2

L andG12
R 52pTr1Tr2rR5AG1

RG2
R. By summing up

over n in Eqs. ~4! we obtain the time-dependent reduc
density matrices of the whole system,

ṡaa52~G1
L1G2

L!saa1G1
Rsbb1G2

Rscc1ei (fr12fr2)G12
R sbc

1e2 i (fr12fr2)G12
R scb , ~5a!

ṡbb52~G2
L1G1

R!sbb1 iV0~eif12sbc2e2 if12scb!1G1
Lsaa

1G2
Rsdd2@e2 i (f l12f l2)G12

L 1e2 i (fr12fr2)G12
R #sbc/2

2@e2 i (f l12f l2)G12
L 1ei (fr12fr2)G12

R #scb/2, ~5b!

ṡcc52~G1
L1G2

R!scc1 iV0~e2 if12scb2eif12sbc!1G2
Lsaa

1G1
Rsdd2@e2 i (f l12f l2)G12

L 1e2 i (fr12fr2)G12
R #sbc/2

2@ei (f l12f l2)G12
L 1ei (fr12fr2)G12

R #scb/2, ~5c!

ṡdd52~G1
R1G2

R!sdd1G2
Lsbb1G1

Lscc1ei (f l12f l2)G12
L scb

1e2 i (f l12f l2)G12
L sbc , ~5d!

ṡbc5 i«sbc1 iV0e2 if12~sbb2scc!2~G1
L1G2

R1G2
L

1G1
R!sbc/22@ei (f l12f l2)G12

L 1ei (fr12fr2)G12
R #

3~sbb1scc!/2. ~5e!

The diagonal matrixs i i ( i 5a,b,c, and d) represents the
probability of finding the electron in the corresponding st
u i & and obeys the probability conservation( is i i 51. Be-
cause of the last term in Eq. 5~e!, the nondiagonal density
matrix elementsbc shows different behaviors of damping, a
compared with the horizontally coupled QD system.16,20The
total current, flowing from the source to the drain, can
derived as

I ~ t !5I C1I D5e(
n

n~ ṡaa
n 1ṡbb

n 1ṡcc
n 1ṡdd

n !, ~6!

where the magnetocurrent is given by

I C5eG12
R @ei (fr12fr2)scb1H.c.#, ~7!

and the direct current is

I D5e@G1
Rsbb1G2

Rscc1~G1
R1G2

R!sdd#, ~8!

which is not apparently related to the magnetic field. Furth
more, the magnetocurrent can be written as 2ehG12

R cos(fr1

2fr21D) if we assume the coherent term to besbc5heiD.

III. NUMERICAL CALCULATIONS AND DISCUSSION

In what follows, we numerically solve Eqs. 5~a!–5~e! to
explore the quantum dynamical behavior of the coupled
system. In our calculations, the energy detuning« between
20530
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the two dots is kept 0. The two subrings~I and II! of the
mesoscopic AB ring are threaded by magnetic fluxesF1 and
F2, respectively. The phases associated with these two
rings are written asf15Df l1f12 and f25Df r2f12,
with Df l5f l12f l2 andDf r5f r22f r1. Here we choose
f1 /f25Df1 /Df2 with f1250 and the tunneling rate
G1

L50.4 andG1
R5G2

L5G2
R50.1.

First, we investigate the quantum dynamics of the coup
QD system in the case of zero magnetic field, as shown
Fig. 2. Time dependences of the electron-occupation pr
abilities sbb and scc in statesub& and uc& are shown with
dotted and solid curves. When the interdot coupli
V050, the probabilitysbb is larger thanscc at tÞ0 because
a stronger couplingG1

L will guide electrons to enter dot 1
faster@see Fig. 2~a!#. Figures 2~b–d! display the probability
evolutions for the different interdot couplingsV050.25, 0.5,
and 1, respectively. It is shown that these curves exhibit te
poral oscillations at smallt, which indicates that the electro
tunnels back and forth between dots 1 and 2. By a close lo
one can find that the oscillation period of the curves in F
2~c! is twice that in Fig. 2~d!. This is in accordance with the
relations21 ua(t)u25cos2(V0t) and ub(t)u25sin2(V0t), which
reveals that the oscillation period will be shortened by
creasing the interdot coupling. Also, one can see that pr
abilities sbb andscc become constant after sufficiently lon
time, indicating that the coupled QD system has evolved i
a stationary state. Numerical results also show that the p
ability saa decreases andsdd increases at the initial stag
and they become constant in the stationary case, which
not plotted in the present paper.

In Fig. 3, we plot the current flowing from the source
the drain as a function oft in the absence of a magnetic field
For the sake of comparison, the currents through the sin
dot structure@see the inset to Fig. 3~a!# and horizontal
double-dot structure@see the inset to Fig. 3~b!# are also
shown in Figs. 3~a! and 3~b!, respectively, where the tunne
ing rates between QD’s and reserviors are chosen to be
and the interdot coupling is 1. Both of the currents, throu
these two kinds of structures, become constant at la

FIG. 2. Electron-occupation probabilitiessbb ~dotted! and scc

~solid! as a function of timet ~in units of 1/V0) for different inter-
dot couplings~a! V050, ~b! V050.25, ~c! V050.5, and~d! V0

51. The parameters used for calculations areG1
L50.4 and G1

R

5G2
L5G2

R50.1.
6-3
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t when the states of the systems become stationary. Also
can see that the current through the horizontal double
structure exhibits transient oscillations at smallt, which
stems from the coupling between the double QD’s. Very d
ferent from the above two cases, the current through
transversely coupled double-dot structure@see the inset to
Fig. 3~c!# shows only one single peak when the tunneli
rateG1

L50.1 @see Fig. 3~c!#. The currentI decays eventually
to zero at large timet. This is because that thep-phase
results in I C522hG12

R , equal the current2I D . When
the tunneling rateG1

L takes a value of 0.2, the current
large time (t.60) becomes non-zero constant, equal
1.56 (30.066 mA), which will, hereafter, be called the st
tionary current. On increasing the tunneling rateG1

L further,
the stationary current also increases as shown by the cur
Fig. 3~e!. This can be understood from a physical point
view. When all the tunneling rates take the same values,
0.1, the electrons mainly arrive at the drain through chann
1 and 4 with the amplitudeA15A4 and the phase differenc
D5p, which yields the zero current flowing from the sour
to the drain. While the tunneling rateG1

L takes 0.4, the othe
two channels, 2 and 3, become open, and the amplitudeA1
becomes larger thanA4 with the corresponding phase b
coming small. This leads to the increase in the station
current, analogous to the electron double-slit experiment

We then study the stationary current flowing from t
source to the drain in the presence of a magnetic field. Fig
4 displays the currentsI for different interdot couplings att
580 under the conditionsF152F2 , G1

L50.1, ~solid curves!
and G1

L50.4 ~dotted curves!. It is clear that the currents
shown by the dotted curves are larger than those by the s
ones at the same reduced fluxf and interdot couplingV0,
verifying that the stationary current increases as the tun
ing rate becomes large. In the absence of the interdot c
pling (V050), the stationary currentsI exhibit periodic os-
cillations with a period of 2p. This is just the main feature
of the common AB effect. However, the first current pe

FIG. 3. Evolutions of the currents through the single-dot str
ture ~a!, horizontal double-dot structure~b!, and transverse double
dot structure for different tunneling rates~c! G1

L50.1, ~d! 0.2, and
~e! 0.4. The interdot coupling is selected to be 1 andG1

R5G2
L5G2

R

50.1. The timet is in units of 1/V0.
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appears at the phase ofp. This fact verifies again that ther
is an accumulating phasep around the mesoscopic ring eve
in the absence of a magnetic field. In sharp contrast,
features of the mesoscopic transport change substantial
the interdot coupling turns on in our AB ring. As clear
shown in Fig. 4, the fundamental 2p-period oscillation be-
comes weakened, and its periodicity (2p) is also disturbed a
little bit. At the same time, a new and complex oscillatio
appears with a period of 6p. Obviously, the latter stems
from the AB effect of the AB subring threaded by fluxF2,
sinceF25(F11F2)/3. From Fig. 4, one is also aware th
such perturbed AB oscillations keep their main characte
tics unchanged, and are irrespective of the interdot coup
strength and the tunneling rates between the reserviors
QD’s.

Therefore, we further investigate the periodicity of th
stationary currents for different flux ratiosF1 /F2 with V0
51 in Fig. 5. WhenF15F2, the stationary current show
periodic oscillations with a period of 4p. In this case the AB
oscillations associated with the two AB subrings~threaded
by F15F25F/2, respectively! are commensurable to th
fundamental AB oscillation, because the former has a p
odicity of 4p and the latter has a periodicity of 2p. As a
result, it is not easy to discern the 4p-period oscillation with
the 2p-period oscillation. One also can see clearly that
evolves into the oscillation with the period of 6p, 8p, and
10p in response to different flux ratios,F1 /F252, 3, and 4.
It should be pointed out that wheneverF5F11F2 becomes

-

FIG. 4. Variations of the stationary currentsI as a function of the
reduced fluxf for different tunneling ratesG1

L50.1 ~solid! and 0.4
~dotted! with F152F2 andG1

R5G2
L5G2

R50.1.

FIG. 5. Variations of the stationary currents as a function of
reduced fluxf for different magnetic flux ratios. The interdot cou
pling is selected to be 1 and the tunneling rates areG1

L50.4 and
G1

R5G2
L5G2

R50.1.
6-4
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even times ofF2 ~e.g.,F1 /F251,3,5, . . . ), thementioned
commensurability makes it difficult to distinguish, for e
ample, 8p-period oscillation from 4p-period one. On the
other hand, due to the interference between the channe
and 3~see the right part in Fig. 1! the fundamental 2p-period
oscillation is also disturbed substantially as seen in the c
of F154F2. If we assumeF1 /F25n, the total phases as
sociated with the two subrings of the mesoscopic ring can
expressed as follows:

f15
n

n11
f, f25

1

n
f,

where f52pF/F0. Thus, the phases associated with t
transports in the legs of the mesoscopic ring are given b

f l152f l25
n

2~n11!
f

and

f r152f r252
1

2~n11!
f.

Correspondingly, the possible phase differences are
pressed asf, 1/(n11)f, n/(n11)f, and (n21)/(n
11)f. Therefore, the oscillating periods equal 2p, 2(n
11)p, 2(n11)p/n, and 2(n11)p/(n21), respectively,
indicating that the period should be 2(n11)p. This verifies
that the oscillation period increases in a linear manner w
increasing the magnetic flux ration.
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jiangzhaotan@hotmail.com

1F. R. Waugh, M. J. Berry, D. J. Mar, R. M. Westervelt, K.
Campman, and A. C. Gossard, Phys. Rev. Lett.75, 705 ~1995!.

2N. C. van der Vaart, S. F. Godijn, Y. V. Nazarov, C. J. P. M
Harmans, J. E. Mooij, L. W. Molenkamp, and C. T. Foxon, Ph
Rev. Lett.74, 4702~1995!; R. H. Blick, R. J. Haug, J. Weis, D
Pfannkuche, K. v. Klitzing, and K. Eberl, Phys. Rev. B53, 7899
~1996!.

3T. H. Oosterkamp, T. Fujisawa, W. G. vander Wiel, K. Ishibas
R. V. Hijman, S. Tarucha, and L. P. Kouwenhoven, Nature~Lon-
don! 395, 873 ~1998!.

4C. A. Stafford and N. S. Wingreen, Phys. Rev. Lett.76, 1916
~1996!.

5G. Klimeck, G. Chen, and S. Datta, Phys. Rev. B50, 2316
~1994!; G. Chen, G. Klimeck, S. Datta, G. Chen, and W.
Goodardibid. 50, 8035~1994!.

6F. Ramirez, E. Cota, and S. E. Ulloa, Phys. Rev. B59, 5717
~1999!; C. Niu, L.-J. Liu, and T.-H. Lin,ibid. 51, 5130~1995!.

7J. Q. You and H. Z. Zheng, Phys. Rev. B60, 13 314~1999!.
8R. H. Blick, D. Pfannkuche, R. J. Haug, K. v. Klitzing, and K

Eberl, Phys. Rev. Lett.80, 4032~1998!.
9I. L. Aleiner, N. S. Wingreen, and Y. Meir, Phys. Rev. Lett.79,

3740 ~1997!.
10A. Yacoby, M. Heiblum, D. Mahalu, and H. Shtrikman, Phy
20530
2

se

e

x-

h

IV. SUMMARY

In summary, we have derived the modified rate equati
for a mesoscopic ring with two transversely coupled QD
inserted in the two arms when a perpendicular magnetic fi
is applied. We show the temporary evolutions of t
electron-occupation probabilities in all states and find t
the tunneling of electrons back and forth between dots 1
2 is going to cause a temporal oscillation at the initial sta
of the quantum dynamics. On the other hand, the curre
flowing from the source to the drain become constant a
sufficiently long time, implying that the coupled QD syste
eventually evolves into a stationary state. Furthermore,
investigate the transport properties of the stationary sys
in the presence of a magnetic field. We find that by formi
two coupled subrings the interdot coupling destroys
2p-period oscillation as conventionally observed in the ty
cal AB effect and generates new oscillations with their pe
ods increasing linearly when the magnetic flux ratio
creases. The interference between two subrings is
evident from the observation of the perturbed fundamen
AB oscillation.
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