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Nonlinear dynamics in far-infrared driven quantum-well intersubband transitions
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We study the effect of many-body interactions on the collective response of confined electrons in doped
quantum-well(QW) heterostructures to intense far-infrared radiation. Absorption line shapes are computed
both by numerically integrating the equations of motion and by using the appropriately time-averaged equa-
tions. For a two-subband double-QW system, optical bistability and period-doubling bifurcations are observed
and their parameter range of activity is given. For a three-subband asymmetric triple-QW system driven at
w~E,—E,, Hopf bifurcations occur which generate a strong response at a frequency incommensurate with
the drive frequency or any natural frequency of the system.
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I. INTRODUCTION QW is wide and many-body interactions are relev4nt.For
the same FIR intensity, one sees a few other changes in the

Hopf bifurcations, with an incommensurate frequency re-absorption such as peak distorting, narrowing, and an addi-
sponse, and subharmonic generatianperiod-doubling bi- tional shift of the peak frequendyvhich decreases with in-
furcation) are not as ubiquitous features of driven classicalcreasing field intensiby
nonlinear systems as is superharmonic generation. Although The electron-electronete) interaction affects the above-
these bifurcations usually require the fine-tuning of paramimentioned effects im-doped QW'’s in measurable ways, but
eters, they are being intensively studied due to their numeiit is not a necessary condition for their occurrence. In this
ous applications and theoretical intere$tThe same bifur- article we study a set a nonlinear effects where the main
cations may exist in some driven, effectively nonlinear,source of the nonlinearitids the e-e interaction.
guantum mechanical systems. For example, in the mean-field The generic bifurcation from a fixed poitorresponding
description,  Bose-Einstein  condensates, Josephson to a periodic orbitin a classical system is a Hopf bifurcation
junctions* atomic beams in optical caviti@sand n-doped (HB),'® and it typically leads to a response comparable in
quantum well8 (QW’s) have nonlinear equations of motion. magnitude to the drive. Another interesting property of this
Finding bifurcations in these quantum systems also requiretype of response is that it usually happens with a frequency
a theoretical or experimental search for the appropriate pahat is incommensurate with the frequency of the drive.
rameter range. In this article, we focus on strongly drivenThese two characteristics motivate the search for a HB from
far-infrared(FIR) intersubband transitions imdoped GaAs/ a fixed point in our effectively nonlinear quantum mechani-
AlGaAs QW's, which have been shown to exhibit superhar-cal system. In this paper we show that HB’s can be found in
monic generation and nonlinear phenomena in their absoruitably designech-doped QW systems driven by intense
tion line shapes. We show that the intersubband transitionsIR radiation.
can undergo Hopf bifurcations and period-doubling bifurca- Here we also extend the work of Galdrikian and Bitnir
tions in their response to a strong FIR drive, and give theand Batistaet all’ on period-doubling bifurcationé®?DB's)
appropriate parameter ranges for these effects in chosen QW a two-subband QW. The theoretical model that we employ
structures. here allows the treatment of more than two subbands and in

In recent years, a number of nonlinear effects have beeprinciple can also include exchange-interaction terms and
investigated im-doped QW's. Second-harmonic generationmass dispersion. On the other hand, analytical calculations
has been accurately simulated and meas(ifdThe dy- such as the averaging technique used in Ref. 17 are consid-
namic screening effects on the absorption peak, which desrably more difficult to perform when more than two sub-
pend nonlinearly on the intensity of the incoming radiation,bands are included in the system. Thus, in those cases we are
have also been studied experimentally and theoreticallylimited to focusing on numerical results for the nonlinear
Experiment§!! showed the intersubband absorption peakdynamics.
broadening, distorting, and slightly redshifting towards the Many-body effects on intersubband transitions and optical
bare intersubband frequency as the subbands saturate withoperties of QW’s have been studied in recent ye&r&?
increasing FIR intensity. These results were in agreementith semiconductor Bloch equatiofSBE’s) using Hartree-
with a two-subband density matrix model proposed byFock and rotating-wave approximatioRWA's) for the re-
Zaluzmy.*?*®Broadening and shifting of the absorption peaksponse of twdsubband QW’s. Multisubband transitions
occur independent of the QW sheet density and its width. Omnd numerical integration of the SBE’s were performed by
the other hand, depolarization-shift effects occur only if theTsang et al;?> however, those authors neglected
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o for energy(inelastio and momentungelastig types of scat-
""" és tering phenomenologically within the relaxation-time ap-
- R N proximation. In Sec. Il averaged equations for two-subband
a T b QW’s and for multisubband QW'’s are derived; in the latter
2 | e & | case the averaging method is applicable only if all the sub-
5 """"" g B e & band energies involved afalmos} equally spaced. In Sec.
e [T e T é IV the numerical analysis of the equations obtained in Secs.
‘;“ ---------- g L . Il and Il is shown. Here we confirm previous observations
___________ o ‘30 of Galdrikian and Birnir of period-doubling bifurcations for
"""" n(z) a_two-subband system. For a three-subband asy_mmetric QW
- - - - with two small barriers we observe Hopf bifurcations of the
250 i Poincaremaps in the electrons’ collective response.
E 150 L ] Il. THEORETICAL MODEL
) In this section we introduce our theoretical model to de-
= 50 [ i scribe the interplay of electronic and optical properties of
—Er confined electrons in a QW. More specifically, our aim is to
L understand the influence of the electron-electron interaction
-50 ' ' ' ' on the collective dynamical properties of the electrons when
0 100 200 . 800 400 subjected to strong FIR radiation. The starting point is the
z(3) Hamiltonian of the confined electrons, which includes the

FIG. 1. The stationary self-consistent potential fg=3.0 intergction of the electrons with the ionized donors located

X 10 cm~2 with the eigenenergies indicated by horizontal bars;ou'[s'd_e t'he QW’S', Our treatment gmploys the second-
the density and first seven eigenstates are shown on top. The doutfi¥l@ntization formalism, and we use field operators or sub-
barrier creates, through tunneling, three closely spaced subbanfi@nd creation and annihilation operators at different stages of

well isolated from upper subbands. The slight asymmetry enhancdfe calculations. Initially we do not include the FIR radiation
the nonlinear effects, but too much asymmetry reduces the tunnef€rm in the Hamiltonian so that we can understand the origin
ing and with it the decoupling with upper subbands. of the depolarization shift terms and also provide an approxi-
mation of the many-body ground state based on the Hartree

depolarization-shift terms, which is a serious handicap foPProximation. This will also give us the basis states for our
their predictions for wide QW's. single-particle field operators, the single-particle energy

We study the multisubband SBE’s in their time-dependentSpeCtr“m’ and the equilibrium sub_band occupation numbers.
Hartree versior(i.e., without exchangewithout making the ~ Aftérwards we develop the multisubband time-dependent

rotating-wave approximation, from a nonlinear dynamicalHartree theory including the applied FIR field. ,

systems perspective. We find, in qualitative agreement with A System of fixed donors and confined electrons in a QW

previous work€ that for the two-subband QW driven near with bare potentialW(z) has the following Hamiltonian op-

resonance PDB’s or optical bistabilit@B) may occur. Fora  erator:

three-subband QW structuf€ig. 1) driven at resonance o R

=E,, basically two types of bifurcations occur as the FIR H=Ho+Hejeit Herp+Hyp. ()

field strength is varied. We observe a HB producing a strongl_ S

signal at a frequency lower than the frequency of the drive.]he bare well Hamiltonian is given by

For a different value of the field strength a PDB is observed

that also produces a strong signal. Both of these responses A :f a3 (%)

are produced at moderate values of the field strength. In con- 0

trast, the PDB signal observed in the double QW in Ref. 8

was much weaker than the fundamental and occurred at reldhe electron contribution is given by

tively large field strength. Our approach can in principle be

applied to any multisubband system, with the precaution that | g2 . .

the frequencies involved should not exceed the LO phonon He|=§f dgxf a3 g ()P (x")

energy (~36 meV in GaAs/AlGaAs QW to prevent a

rapid loss of coherence. The Hamiltonian for the electron-background interaction is
In Sec. Il we start our study of the effect of many-body .. an by

interactions on the optical properties of confined electrons ir5|:J

o6-doped QW's. We derive the density-matrix equations of

motio_n of t_he Con_fined electrons, treating the mqny-b_ody in- |:|e|—b= _ezf d3xd3x’pr(x’)nD(x)

teractions in the time-dependent Hartree approximation. The

density matrix provides information on the collective re-

sponse of the electrons to an applied FIR field. We accourand the background contribution is

S V2 W(Z) %)

1

x=x'|

(X" ) (X).

1

[x=x'|

P(x),
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No()np(x') S e
Zjda jdff , 1'00=3 st 00al,

x=x'|

where the single-particle wave function isp.(x)
wherenp(x) denotes the densny of the background donors. — (elk P/\/K) £.(2) and£,(2) is the envelope wave function

T
The field (_)pe(atorij(x) and ¢'(x) can be expressed as lin- iy the growth direction. This change of basis will be particu-
ear combinations of creation and annihilation operats larly useful for simplifying the equations of motion from a

anda], respectively, partial differential equation to an ordinary differential sys-
tem, in which we will keep only the most important modes.
lﬂ(X)EE b(X)ay, Using th_e total Harr_ultoman ab(_)ve we obtain the Heisen-

K berg equations of motion for the field operators,

iﬁi—l{/(x,t)z ——H2V2HW(2Z) | h(x,t) — fdx Np(X )V, (Xx—X") (X, t)+fdxv (X=X T (X" O (X0 (X, 1),

(2)

2m*

where

e2e—,u.|X—X"

K|Xx—x']|

is the screened Coulomb potential, withthe dielectric constant. The screening is a mathematical artifact included with the
only purpose of avoiding divergence in certain integrals; later on we will take the imiD and recover the usual Coulomb
potential. In the experimental setup of interest the donors are distributed symmetrically in two thin layers far removed from the
QW according tanp(z) =N¢/2[ §(z—L) + 8(z+L)], whereN; is the sheet density. The integrals on the right side of(Bqg.

are given by

2
e N
j dx’nD(X’)VM(X—X’): VS(G—MIZ—L\_}_e—MlH—H),

2

2me )
’ VAN ATV Y ’ _ T —ip-(k;—k ’ ’ ’
J dx'V,,(x=x) 1 (X (' ) =—— MZ al i anj,e Pk f dz' &, (2')én,(2')

Ny, kiky
o e—,u\/r2+(z—z’)2
xf ro(r|ky— Ky|) ———————dr. 3)
0 0 | 1 2| m

The k,;=k, term in the above sum can be simplified to

2me?

z—7'|+0(u?)|.

N M 2 a-nlkanzkf dZ'fnl(Z')fnz(Z/)

k,niny

2w
T nlz—z |_
A anlkanzkf dz'&,(2')én,(2)E"

The diverging terms in Eq2) cancel out and we can take the limit—0, obtaining the depolarization-shift terms in the
Heisenberg equation, which becomes

S B i 9 el S - | -
|h§(xat)_ - ﬁh V +W(Z) lzb(xyt)_ KA o, anlkansz dZ gnl(z )fnz(z )|Z_Z |$(X,t)
2me? : ek ~ky-kallz=2'|
—ip-(ky— / / Ne
KA ning Ki#ky 8n,k, Anyk,® v J dz fnl(z )fnz(z ) ko — ko) P(x,t). (4)
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After the Hartree approximation is applied, we obtain

Y 1o, - 2me? R o , .
15 (60=| ~ e APV W) |0~ =2 B (@ ngd J dz'é,,(2')én, ()22 | B(x.1). (5)
|
This should be a good approximation for very high sheet m*
densities (,<1), since the kinetic terms then dominéte. Wn=—22y (W En)O(k—Ep) (11
S

There are some studfé<°that show a significantly reduced

effect of exchange-correlation corrections on the FIR absorpand the chemical potential can be obtained from self-
tion lines in a double QW when two subbands are well popu<consistently solving

lated. The case of the Hartree-Fock approximation will be

studied in a following paper. B m* _ N

It an(k,t) = ay(K) € En¥t, whereE,(K) = E,+ A 2k2/2m*, Ns=277 2 (n=En)®(u=Ey), (12
then &,(z) obeys the Schdinger equation for the ) )
nth-subband wave function given by where® is the step function.

Now using the electric-dipole approximation we include
the external FIR field, polarized in the growth direction, in
&(2)=Enén(2).  (6)  the Heisenberg equatiofi® Eq. (4)]. This introduces coher-
ence between states of different subbands but with the same

1 d?
— W E‘FW(Z)'FVH(Z)

The Hartree potentia¥/(2) is given by momentum. Neglecting the coherence between states with
Come? [ different momentum is a valid approximation since the mo-
Vy(z)= 7 j dz'|z—2'|n(z"), (7) ~ mentum transfer due to the THz radiation is negligible due to
K —o the small energy differences between subbdapfishe order

of 10 meV). With this external field, the Heisenberg equation

and the electron number density is given b ) : S
yis9 y in the time-dependent Hartree approximation becomes

S 1 A
D= @DD)= 5 2 @), ® gy .
nk |hE(x,t)= ~ o 72V2+W(2)+Vy(2) | (1)
wheref (k) is the Fermi occupation function. The electron
number density can be rewritten a6z) = Ng=,wp| £,(2)|% 2me? D + ‘¢ (k
with the normalization¥,w,=1. The subband occupation T KA Kimh, [<an1kanzk>_ ny( )5n1~nz]

numbers at nonzero temperatures are given by

1 . f A2 &, (2')én,(2))|2=2'|B(x,)
W, :—f kdk———"
"aNg) T e —eF(t)zh(x,t) (13
*
. WIn[l+6’(E”7")/T]- (9)  After rewriting the above equation solely in terms of the
S

operatorsa,,, and al,k, we obtain

The chemical potentigl can be obtained from solving the

. . 2
polynomial equation

. 2me
iha p=En(P)anp— —5 > [(a] @n
i n'p n n’'p A ki, n k%n,

m*T
Ne=—r > In[1+e” En=m/Ty, (10) , ,
g —fnl<k>5n1,nz]f dzf dZ' £, (2)&, (2')
where the variable is™#/T. It can be easily proved that there
is only one solution fop real. For the two-subband case we

) . . ; X|z—2' z' Z)an,,— 2, F(O)unmdom-
can actually solve this equation analytically. We obtain | [n,(2')ény(D)2ngp ; () o' mBpm

m* T i The density matrix provides information on the far-infrared
Wo=f7N—7T|n{1+e‘5/T[—COSf( SIT)+ \sint?(8/T) +s]}, response to the THz field of the electrons collective oscilla-
S . . . . .

tions in the QW. It also allows us to treat dissipation effects
m*T due to momentum scattering with point impurities and en-
lemln{lnLe’a’T[—cosi(é/T)+\/sinl’?(élT)an]}, ergy scattering with phonons. The elements of the density
s matrix are given by
whered=(E;— E)/2 ands=exd mA*Ny/m*T]. At T=0 the :
subband occupation numbers are given by T (K)=(an@nri)- (14)
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With this substitution and the shorthand notation wioF (1) o 1,
22 &)= rQ n1n2n3n4: h_Qann2n3n4v 17)
Vo _cme NSJ dzJ A7 & (2)&, (2')
N1N2N3Ng K L where Q) is the frequency of the driving field. After these
, , transformations one obtains
X|z=2'[€(2')én,(2), (15
. — 0 = € T +1 Y (Tpne —q? )
we obtain nn nn’Tnn Ynn’{Onn nn’
L 1 0 + E onn(Onn—02 )
ihan p=Eq(pP)an,— A_NS k,n12n3n4 Vn’n2n3n4[ 0-”2”3( k) Nanang Vi n2”3”4 Mgt Zngng - ¥ nyng

0 0
- 2 v nynpngnngn’ (‘Tnzn3 On.n.)

_fnz(k) 5n2,n3]an4p_% F(t)ﬂn’mamp- ninang N2s
Multiplying the above equation to the left ), and then =2 (BT mm = om0 E(7). (18
applying the quantum statistical average, denoted by the an- m

gular brackets, we obtain The main advantage of the present method based on field
oy _ operators over the method used in Ref. 8 is that now we have
—if(anpnp) =~ En/(P)onn (D) developed the density-matrix equations of motion for any
number of subbands. The previous method is restricted to the
+ > Vg,n ngn, [onn,(K) two-subband problem without exchange terms. The ex-
AN K, ringng 23 change terms could also be included in our equations once

_fnz(k) 5n2n3]0nn4(p) the time-dependent Hartree-Fock approximation is taken.

Two-subband problem

+ F(t ' .
%: (O 07 moom(P) In the two-subband system case E@8) can be explic-

L . _ ) itly written as
Another approximation we introduce is to consider the

effective masses of all subbands equal, which is a fairly ac-

0
curate approximation for GaAs/AlGaAs QW¢This is not o00= ~ Y1(000~ Uoo)_'nE V0n2n31(‘7n2n3 Un2n3)
the case in general; for example, it does not apply to InAs/ 213
AlISb QW’s) With this approximation, we can reduce the X (19— 091) —1E(T) (010~ 1) - (19

dimensions of the equation of motion even further by per- h th b ‘
forming a sum ovek. Then the equations for the averaged With the substitution o
density matrix become

Z VO (om0l )=2V3 Rer
Lot . 0 nyna1i ¥ nong nyng 0107 10
_|h0’nnI:(En_En/)O'nn/+|an/(0'nn/_0'nn,) nzn

0
+ V3001 To0— 750)

+
n2r123n4 n’nyngny ”“4( nong 0“2”3) +V8111(0'11_ 0_(21) (20)
andoy=(1+A)/2 in the above equation, we obtain
- E Vgl 2n3n‘7'n1n’((7'n2n3_0’22n3) 700=( ) d
ninang . 0
A=—1vy1(A—Ap)+8Imaid VoipRe010
_% FO(—mnTmn = ~n'mTam), (16) +(V8001—Vglll)(A—Ao)/4+5(t)/2].

whereo = (LANY S o (K) andogn, is the equilibrium The equation for the coherence term is given by

density matrix. We introduced above, within the relaxation-

time approximation, the phenomenological dissipation rates Ulo—leloo'lo yzalo—lAE V0n2n31(0n2 n 022”3
I =h6gn [Ti+h(1—6,0)/To, WhereT; is the energy

scattering timgor depopulation timeandT, is the momen-

tum scattering timéor depolarization time Before proceed- |0102 V1n2n31 Vgnzngo)(anzns— agzng)
ing further, it is useful to transform the above equations into n2N3

dimensionless form via

)

—i8N) 2 (RmiTmo~ FomT1m)-
E,—En [ ~ Mmn m

=0t ey = Y= _Hmn,
N X¢) L TR L Making the simplifications
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0 0 y—_o))0 0 1,0
g Vonyng1t(Tnyn, = Tnony) =2V o10R€0 10+ (Vooor— Voird)
2'13

X(A—=Ap)/2,
%3 (V?n2n3l_ V8n2n30)(0'n2n3_ 022n3)
=2(Vg111~ Voood Reo1o+ (2001~ Voo~ V1110

X(A—Ag)/2,

% (Mm10mo— MomT1m) =A~+ (K11~ Moo T10,

we obtain

A=— ’yl(A_Ao)+4|mO'10
X{a[Reoyo— {(A—Ag)/A]+E&(7)5,

010=1 €100 10— Y2010~ | € A[Reoyg— {(A—Ag)/4]

—i&(T)[ p10A + (11— 00 10l (21)

where we have used the shorthand notation2Vy,y,, ¢
= ({101~ V3000 Vio10: and B=(2V001— Voooo
—V9110)/V310. We can further simplify Eq(21) with the
notationV,o( 7) = &(7) + a[ Reo 19— {(A — Ay) /4], which re-
sults in

A=—y1(A—Ag)+4Imay Vo 7),

010= 1 €10010~ Y2010~ 1AVo( 7)

—ioyglal {Reo o+ BIA— Ag)/4]+ E(7) (11— Koo)}-
(22)

This equation is equivalent to the one found previously b
Galdrikian and Birnif In the next section we approximate
the original system(18) by a simplified set of equations
which allows us to do some predictions of OB’s. The validity
of the method is verified by comparing its predictions with

some of our numerical results.

Ill. AVERAGING METHOD

PHYSICAL REVIEW B 66, 195325 (2002

tems. It has been applied in many different problems, e.qg.,
the gravitational three-body problem, the van der Pol
oscillator?> and in the study of PDB's in the Duffing
oscillator! The simplest application of this method is per-
haps the computation of the shape of the first two Arnold
tongues(i.e., the boundary between stable and unstable mo-
tion) in Mathieu’s equatior® A survey of the theory of av-
eraging and many new results can be found in Ref. 27. Next
we present a brief summary of this method.

Suppose we have a differential equation

x=ef(x,t), xeC", 0<e<l, (23
with f(x,t) T periodic and sufficiently well behaved¢ is

enough. The functionf can be decomposed in its Fourier
modes, f(x) = fo(x) +T(x,t), where fy(x) has no explicit
time dependence andi(x,t) includes all the oscillating
terms. The averaging theoréfstates that in the limite
—0, Eqg.(23), through the transformatior=y+ ew(y,t),
can be replaced by

y=efo(y)+ DT (y,HhHw(y,t).

The functionw(y,t) is chosen to satisfy the differential

equationw,(y,t)=T(y,t) with integration constants set to
zero. Since here we are interested only in first-order averag-
ing, we neglect term®(e?). We are then left with

y=efo(y). (24)

This replacement means that for the same initial conditions
solutions to Eqs(23) and(24) will be close to orde©(e€) in

a time scale oD(1/e). Therefore a study of Eq24) reveals
substantial information about the structure of the original
system(23).

Y The averaging method will be applied to the multisubband

case in which the energy levels a@mos) equally spaced

or only have small deviations from it. This condition can be
relaxed but the equations become slightly more complicated
to write; however, the algorithm to solve them has the same

complexity. Applying the transformation ann,—aﬁn,
=exdi(n—n")wt]p,y to Eqs.(16) we can set them into the

slowly varying form if we assume that the dissipation rates,

The averaging method is generally used to eliminate th€€oulomb interaction coefficients, and,F(t) are small
explicit time dependence of periodically driven ODE sys-compared tdi{). The resulting equations are

d _ )
—iﬁﬁpnn’:(Dnn"“irnnr)pnnr-i-e_'(“_” Yot 2 VO

NoNgng

_efi(nfn’)wt 2 VO

NoNang

nrn2n3n4(Pn,n4 nn,

ei(n—n4)wt+0_0 )pn N ei(nz—n3)wt
2''3

””2“3”4(p”4r“'ei(nrn,)wt—i_ UﬁAnf)Pnznsei(nzins)wt_ eii(nfnr)wtz (anpmn/ei(m*”’)"’t
m

— P MY () —e (M0t (60— 0l F (1), (25)
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The applied external field is given b(t)=Fqe'?'+Fie '™, where Q=Nw with N integer, Dn, =E,—E, —#A(n
—n")w, and the field strengtR is a constant. After transforming the above equations to dimensionless form Wa7Ewe

can see that the right-hand side of the above equation has an explicit time dependence which is periodic with feg@uency
and is weakly varying in time. Thus the averaging method can be correctly applied and to first order we obtain

d

. = , 0 0
—I 97 P = (Dnn + 1Y) pany +n2n23n4 Vnrn2n3n4(Pn,n45n’+n2,n3+n4+ Unn45n’+n2,n3+n)Pn2n3

0 0 ~
- nnzn Vnn2n3n4(pn4,n’ 5n2+n4,n+n3+ 0’n4n, 5n'+n2,n+n3)pn2n3_ % [ﬂmnpmn’(gofsm—n,—N"_g(’)( Sm-n,N)
2'3"4

_;‘vn’mpnm(gob‘n’—m,—N—" 86 On—mN) 1= (Eon—n' N 56 5n—n’,—N)ILn’n(021n/ - Ugn)- (26)

Now we can integrate these equations numerically until they The innovation of our approach over the previous studies
converge to a fixed point which gives the response of thén Ref. 28 lies in the absence of cavitietalong, the inex-
system. First-order averaging will give us an equivalent anistence of any external dc bias, in the fact that the frequency
swer to that of the RWA when the latter is applicable, but therange of the drive is in the THz, and in the essential role
range of applicability of the averaging method is larger tharplayed by the many-body interactions. Intrinsic OB was
the RWA's. For instance, the RWA does not apply for astudied in Ref. 29 in a similar setting to ours, but in their
multiple-subband problem when the intersubband spacing imodel they neglected depolarization shift and coherence ef-
nearly constant as just described. There are other handicafects(since they used only a rate-equation mgdilese two

of the RWA even for a two-subband system. For exampleingredients though are essential for the OB observed here.
the RWA cannot account for second-harmonic generation ifwo other studie$° proposed density-matrix models de-
asymmetric QW'’s when the drive frequen@y~e€,42 and it  scribing the intrinsic OB ofn-doped QW'’s, but they were
cannot describe subharmonic generation efthéor these both limited to the RWA and they did not verify the applica-
last two problems one needs to go to second order in thbility range of their results. Although in Ref. 30 a four-

averaging method. subband basis is used, while in our present study of OB we
have a two-subband basis, their analysis of the equations of
A. Optical bistability in the two-subband QW motion is purely numerical and a parameter range of OB

. . N . . activity is not provided.
Optlcal blstab|llty is basically a nonllnear response of the | ot s apply the averaging method to first order to Egs.
medium (here confined electrons in a QWb an external (73 e will calculate the absorption line and compare it

oscillating field, in which there are three possible responseg;ith the results we obtain from solving numerically the den-
(two stable and one unstapl&Vhich one the system chooses sity matrix equations for a two-subband QW. After making

depends on the history lof .the adiapatically varying controk, o transformationr;,= oe'” we perform first-order averag-
parametergusually electric field amplitudeThe OB we con- ing (the same as the RWAo Egs.(23). We obtain the fol-

sider here is an intrinsic feature of the electron gas in thelowing equations for both symmetric and asymmetric QW's:
QW and does not rely on the use of a Fabry-Perot resonator

In addition, the effect is due to coupling of the far-infrared

radiation to intersubband transitions in the QW. Another fea- A=—vy(A=Ag)—i&(o—0%),

ture of OB is that it is not a ubiquitous nonlinear response

such as superharmonic generation; it can be observed only at aA

some restricted values of the parameters. Furthermore, the 0=(i6—y)o—i—-o—iaoB(A—Ag)/4—iEAl2,
nonlinear response changes abruptly from one value of the 27)

output to the other at a saddle-node bifurcation when the
unstable fixed point merges with the stable fixed point thgyneres= 10— 1 is the detuning. The next step is to find the
system was at. This effect can be measured by detecting thge fixed point of Eq(28), which is given by

different transmitted intensities of the FIR field to the same
input field. The two stable responses have different phases;

the low-transmissivity one corresponds to in-phase oscilla- o= i 1£0A/2 (28)
tions with the external fieléthe electron population is higher — Yo ti[6—aAl2—aB(A—Ag)/4]’

in the lower wel) while the high-transmissivity solution cor- o .

responds to out-of-phase oscillations with the external fieldvhose imaginary part is

(the electron population is higher in the upper wellhese

transmission features of OB make it a relevant choice for — EgA /2

applications to optical switching and the realization of opti- Imo=— >3 (29
cal logic gate$® [6—a(1+BI2)(A—A0)/2]"+ 3
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where 5= 5~ aAo/2. Then we substitute this expression in %% [e=——tr—1 ' ' '
the equation foA obtaining a cubic equation in the popula- N; 5x10' e Down
tion difference: Ne=1.5x10""cm™ (RWA)  +
Ns=101°cm'2
E2Ay Ng=10"%m™ (RWA) .
Y1(A=Ag)+ = — > -0 |
[6—a(1+BI2)(A=Ag)/2]"+ 3 =
@0 2
We can simplify the above equation using the shorthand no-S
tation y=a(1+ B/2)(A—Ay)/2. With this substitution we % 0.004 |
obtain the cubic iry: et
S
_ Elv,  aA &3y s
(52l + 2y + 2002 14 B <o g
2y 2 <
(31) 0.002
In principle we can solve a generic cubic equation ex-
actly; however, it is not really illuminating to do this, but it is
useful to know under which conditions it is possible to have
three real solutions. This region characterizes an optical bi- s
stability. A necessary condition for its existence is given by o (meV)
— Y2 FIG. 2. Comparison of numerical absorption lines with absorp-
__ 2, 0272
D=—513+y,+&0 71<O' (32 tion lines calculated with the RWA for a two-subband asymmetric
o o double well with sheet densities given in the figure. The bare QW
and a sufficient condition is intersubband gap is 10.6 meV. The optical bistability occurs at sheet
3o 3 densityNs=1.5X 10'* cm™? nearo=10.5 meV. The FIR field am-
ol B plitude is about 1.4 kV/cm, which significantly enhances the line
2( 3 ) ¢ 2( 3 ) ' 33 broadening of the absorption curves.
where For the many-subband case in general we have to resort to
= A2 the numerical results given by E@35), except when the
C= 2_+ E yz+gzﬁ)g+ alofp72 ( 1 E) subband energies are almost equally spaced. In this situation
27 3|72 70y, 2y, 2/ we can use Eq(26) and obtain
B. Absorption G=—2ew > (N—m)(ESn-m N
We would like to know what the effect of many-body e
interactions of confined electrons inradoped QW on its +E S mn) EmedMPam- (37)

absorption line shapes is. We obtain our results by both in-
tegrating numerically the full equations of motion and using
the averaged ones. The amount of work the driving field IV. NUMERICAL RESULTS

makes per period of the drive and per electron is given by The double-QW structures used are 310 A wide and 200
1 . d mgV de_ep with one bar_rier of 50 Ain wjdth and 50 meV in
G=— E f dteE(t) —(z(t)), (34) height; in the asymmetric double QW thls.bar_rler is 25 A pff
NT 5 Jo dt the center. The triple-QW structure studied is 310 A wide
and 300 meV deep with two barriers of 26 A in width and
950 meV in height. The leftmost barrier is located at 92 A
from the left edge of the QW and the distance between the
two barriers is 88 A. Figure 1 shows the effective well shape
with a sheet densitiN,=3.0x 10'* cm™2 (provided by Si-

where the sum is over all electrons in the QW. We assum
here that all electrons have the same velocity; i.e., they a
oscillating in a long-wavelength plasmon mode. We obtain

1(7 d
G= Tf dteHEt) aTr[a(t)z], (35 S6-doped donor layers set back at hundreds of angstroms from
0 both sides of the QW Equation(18) for the case of two
which for a two-subband system reduces to and three subbands was integrated using the fourth-order

Runge-Kutta method with 2048 steps per cycle of drive. Af-

1(7 . . ter an equilibration time of 1000 cycles of the FIR field, the

G= ffo dteEt)z;d —{A+2Rero(t)].  (36)  data(plotted in Figs. 2—11was taken over 128 cycles. These
results are obtained at the temperaflire0, but we verified
We can substitute the result obtained from E22) and ob- in triple QW’s that they are approximately the same Tarp
tain an expression that depends only on the density matrixo 50 K; the nonlinearity is substantially reduced for
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0.01 T T T T T T 125 T T T T T T
Ng=1.5x10"Tom > —_—
N_=1.5x10" o2 , T [T L
Ng=1 m 1ol i ]
Ne=1.5x10"Tecm™ (RWA) up & . Il“"_uwm“ T
0.008 L|Ns=1:5x10"'em™® (RWA) down v .:' g i ° sl T Asymmetric double QW |
; Ng=1 0'%m=2 .‘: % . Ng= 1.0x10"Tem
iy Ng=1 0'%m (RWA) . . e iy T,=T,=6.58 ps
= H | [ F b
5 L i
H . [
E 0.006 |- - £ 105) |
s i 1
5 : i 1} ]
5
'..S_ 0.004 0.95 1 L . . L .
S 0 02 04 06 08 1 12 14
g Field Amplitude (kV/cm)
0.002 ,-" FIG. 5. Range of optical bistability activity in the asymmetric
.9' double QW. The shaded area was obtained from(#8). while the
o | contour line was obtained from the numerical integration of Eq.
o
poe®” (23).
0 P 1 1 1 ) .
1 2 3 4 5 6 7 8 subband QW;?! but T, for the results displayed here is
o (meV) about one order of magnitude higher than what was found

. . I . more recently in Refs. 32 and 33. Although they found larger
FIG. 3. Comparison of numerical absorption lines with absorp- | fT. than in Refs. 9 and 31 and point out that th
tion lines calculated with the RWA for a two-subband symmetricva ues ofl; than in REIs. 9 an and point out that the
double QW with sheet densities given in the figure. The bare Q ost Import_ant (_:ontrlbutlons for_ the intersubband plasmon
gbsorption linewidt® come from interface roughness of the

intersubband gap is 5.9 meV. The optical bistability occurs at she - !
density N.=1.5x10"cm 2 with FIR frequency rangew QW Wwalls and point impurities. One can expect then that as
—5.4-5.9 meV. The data with up-pointed triangles was taken witiQW growth techniques improve these sources of scatterings

adiabatically increasings, while the down-pointed ones where Will be decreased and our valuesBf could be achievable.

taken with decreasing. The FIR field amplitude is about 0.7 kv/ The FIR field driving the triple QW in Figs. 7-10 has fre-
cm. quencyw=E,q, which is~5 THz (or 20 me\j and is well

in the range of the free-electron lagéiowever,E,, can be
>100 K. For the OB and PDB results in the double QW thelowered by decreasing the tunneling if necesgary
relaxation times used werel;=T,=6.58ps (=T,

=0.1 meV) and for the HB’s results in the triple QW we A. Absorption and optical bistability
usedT,=T,=65.8 ps {,=1'=0.01 meV). We also veri-  Figures 2 and 3for double QW'$ and Fig. 6(for the
fied that the HB's still occur for a depolarization t”’ﬂ—g as three_subband QV\ShOW a Very good agreement in the com-
low as 6.58 ps whilél; was kept at 65.8 psI; is roughly

the experimentally measured depopulation time for a two- Asymmetric triple well, N=10"%m, 1=0.1
0.025 T T T T
1.25 . : . . . . Averaging +
Symmetric double QW Complete numerical -
1ol Ng=1.5x10""em™ i @ 002 f i 1
‘ Ty=T,=6.58 ps < ¥
2 +
o Z’ I 4+
g M5 T Soot5FF % 1
3 a8 ra }
g 11r ] s } 1
5 5 oo1g 3 it ]
5 I '
a 105} . § t i
2 0005 + _
1r '"mniiiiiiiHlllum, ,,,,,,, ] ;}+I:‘+
0 1 1
095 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 04 0.6 0.8
Field Amplitude (kV/cm) w/Epq
FIG. 4. Range of optical bistability activity of the long- FIG. 6. Comparison of numerical absorption lines with absorp-

wavelength intersubband plasmons of the confined electrons in thigon lines calculated with the averaged equati(2® and(37) for a
double QW driven by a FIR field. The shaded area was obtained ithree-subband asymmetric triple well with sheet density given in
the RWA in Eg.(28) while the dashed contour line was obtained the figure. Note that the large broadening of the first resonance peak
from the numerical integration of E¢23). is due to the relatively high field intensity.
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FIG. 7. The Poincarenap of the scaled dipole moment in the  FIG. 9. Phase portrait view of the Hopf bifurcation in the QW.
doped QW withNs=3.0x 10" cm 2. The time evolution of the Each one of the closed orbits corresponds to a different value of the

dipole moment is provided by the density matrix wiflk(t))  field amplitude in the range 10.2—11.4 kV/cm.

=tr{u o(t)}. As the field strength increases a PDB occurs at 5.1

kV/cm. The two branches of the PDB undergo a HB at 5.7 kV/cm. .

At 11.34 KV/cm a supercritical HB occurs, as the field is decreased?VV Shape the RWA may not always work. As seen in the

below this value. figures it works better for symmetric QW’s. These results
could serve as a useful guide for the experimentalist in

puted absorption lines obtained from the original equation§€arch of an OB response in QW's.

(28) and those obtained from the averaged equat2s). In Fig. 6 we show that the averaging method works well,
These results are in qualitative agreement with the observeeredicting the absorption line of a three-subband QW. In
line broadening and distorting of the resonance peak due terinciple we can go further, making a more thorough analy-
high-intensity fields in a double QW in experiments by Craigsis of absorption lines of multiple-subband QW's, but that
et al™; they are also similar to Zalug’s results® for the  will be left for a future work. For now we just wanted to
optical bistability in two-subband asymmetric QW'’s. In Fig. point out that the averaging method can be a very good tech-
4 we show the zone of OB activity in a symmetric double nique in studying multilevel systems in which the RWA does
QW as predicted by the RWA of the density-matrix equationghot always work.
and by its full numerical integration. In Fig. 5 we show

equivalent results for an asymmetric QW but with less agree-

. ) N_=3.0x10"'cm™
ment between RWA results and fully numerical results. This

should remind us that for the same parameters except forth. 2 L 11.31kviem
Z
A
T T S -6 }l J
115 | 1 = Vi |
I
o LI I .
11 F .
oL h 11.25 kV/icm |
2 105} 1 2 N
E 0 2, AL
& 1t . g ° I = ) ]
Lg_: = ¥ f/\/ L N Y |
2 ot . -10
5 0 ol 1 10.80 kV/em
09 | . 3 [
@, | . |
I 1 : 6 \\ SIRNY .
g 2 e ol il
0.8 1 1 1 1 1 _ i VT N [ o ““uj _
0 5 10 15 20 25 30 %, 100 200 300
Field Amplitude (kV/cm)  (arbitrary units)

FIG. 8. A contour plot of the zones of nonlinear response with  FIG. 10. Power spectra of the dipole moment for the doped
either HB or PDB response. The level sets in the figure give theasymmetric QW near the onset of the supercritical Hopf bifurcation.
difference between maximum and minimum dipole moments ob-As we decrease the field past 11.34 kV/cm the low-frequency signal
tained at each value of field amplitude and frequency from Poincargrows continuously. The zero-frequency peak coincides withythe
maps such as the one in Fig. 7. axis and extends to zero.
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2.4 - - - - - - - - a new and larger closed orbit. The evidence of the quasiperi-
ool | odic response can be seen from the filling of the closed orbits
in Fig. 9.
2r ] The power spectrum before and after the HB is shown in
o 1l Fig. 10. The large and broad peak closeuif2 is the main
3 feature of the bifurcation. The peak in Fig. 10 is broad due to
E 1.6 1 the difference frequencies, dressedE,;— E;g), which are
2 L4l i clearly visible on each side of the incommensurate peak. The
S half-frequency peaksgnot shown for the PDB are sharp in
12} ] ] distinction® By varying the sheet density and field strength
L == | the incommensurate peak can be tuned but this will be ex-
plored in another study. In Fig. 10 there is also a dc response
0.8

but it coincides with the zero-frequency axis and cannot be

seen. The dynamics of the electron gas dfecreasing field

amplitude the HB corresponds to a quasiperiodic orbit on a
FIG. 11. Level sets displaying the regions of subharmonic gentorus defined by the incommensurate frequency and funda-

eration in the two-subband asymmetric QW. Inner level sets repremental. At both the PDB and HB's the populations of the

sent a stronger subharmonic response. The level sets in the figuupper subbands are suddenly increased at the expense of the

give the difference between maximum and minimum dipole mo-zeroth subband.

ments obtained at each value of field amplitude and frequency from

Poincaremaps. The sheet density My=1.5x 10'* cm™2.

0 1 2 3 4 5 6 7 8
Field Amplitude (kV/cm)

V. CONCLUSION

B. Period doubling and Hopf bifurcations We obtained the equations of motion for electrons con-

The bifurcation diagram in Fig. 7 describes the collectivefined in 5-doped QW's in a systematic way, starting with the
electron oscillations. It shows the Poincanap (strobe pic-  total Hamiltonian and culminating with the multisubband
tures taken at the drive frequenaf the dipole momenttime density-matrix equations in the time-dependent Hartree ap-
flow (u(t))=tr{x o(t)} plotted as a function of the field proximation. In this process we dealt carefully with the ori-
amplitude. A PDB in the Poincaremap occurs at gin of the depolarization shift terms and included the contri-
5.1 kv cm * followed by the appearence of a subcritical HB bution of the asymmetric terms of the Coulomb interaction
of the period-2 orbit (as the field increasgsaround coefficients in the Hamiltonian. We then adopted two differ-
5.7 kVcm L. Around 6.6 kV cm ! the torus(corresponding  ent approaches to analyze the information provided by the
to the HB respongalisappears abruptly and from it emerges equations of motion.

a period-2 orbit which subsequently also disappears abruptly In the first approach we used a relatively new mathemati-
around 8.1 kV cm®. Further on our most interesting nonlin- cal technique—the averaging method—as an alternative and
ear bifurcation is observed around 11.3 kVcinthis time  more refined approach to the usual perturbation methods to
when the field is decreased pass this value a direct HB of theimplify the equations of motion. With this method we stud-
period-1 orbit occurs, giving rise to a torus. ied the absorption line shapes and reobtained the usual de-

We found that wheiNg~3.0x 10'* cm™? the bifurcations  polarization shift due to the charge dynamical screening.
occur with greatest strength and at the same time require Also, broadening and distortion(in QW'’s with Ng
small field amplitude, while foNg<0.5x 10" cm™2 and for ~ >10" cm™2?) of the resonance peak due to high-intensity
N¢g>6.0x 10 cm™2 the bifurcations become too small for fields were observed in a two-subband system in qualitative
practical observations. We also verified that the results ofgreement with experiments by Craégal* We found the
Fig. 7 persist qualitatively for different driving frequencies necessary conditions for the observation of optical bistability
as can be seen in Fig. 8. It shows a contour plot of Poincareusing Eq.(31). Based on it we obtained Fig. 4, which can
map sweeps. The level sets are obtained from the differencserve as a guide for the experimentalist in the search for an
between maximum and minimum values of the dipole mo-OB in QW'’s. From Fig. 4 one can see that the existence of
ment obtained at each field amplitude and frequency fronpositive detuning favors an OB response. Although OB, line
the Poincarenap. broadening, and distorting of the absorption peak have al-

The phase portraita two-dimensional cross sectionf  ready been predicted by other mod&tS® we believe that
the Poincaremap is shown in Fig. 9. It depicts the dipole our theoretical approach provides a more systematic way to
moment plotted against its time derivatiyen the vertical study these phenomena. Also, our approach allows one to
axis) for various values of field strength before and after thehandle more complex situations such as the optical proper-
HB. Near 11.3 kVcm! a supercritical HB is observed as ties of many-subband QW’s; we used this method to study
we decrease the field intensity; the fixed point, correspondinthe absorption lines of a three-subband system.
to a periodic orbit with the frequency of the drive, becomes In the second approach we simply integrated the equa-
unstable, generating a quasiperiodic orbit which is depictedions of motion obtained from Sec. Il. For a two-subband
as a small closed orbit in the phase portrait. Several of thos®@W we obtained an OB response in the absorption line in
orbits are plotted, each one corresponding to a fixed value gjood agreement with the results obtained from the averaged
the field strength; decreasing the field amplitude gives rise tequations. We also obtained the parameter range for subhar-
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monic generation in an asymmetric double Q#hown in  PDB’s and HB’s will also be present if one searches in the
Fig. 11 (the outer contours in this figure correspond toappropriate parameter range. The realization that QW’s can
PDB'’s). We did not analyze these PDB’s here with the aver-undergo a Hopf bifurcatioifrom a periodic orbit only ob-
aging method since some of'isvere able to predict PDB’s served before in classical nonlinear systems may lead to ap-
with the averaging method when the drive frequency is neaplications such as frequency downconverters for electronic
twice the resonance frequency, but we had to go to secondetection of amplitude-modulated FIR signals and new

order in the averaging. For arbitrary drive frequencies thissources of FIR radiation.

approach(second-order averagihgloes not seem to be ap-
plicable to predict PDB's.
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