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Estimation of the isotope effect on the lattice thermal conductivity of group IV
and group III-V semiconductors

D. T. Morelli* and J. P. Heremans
Delphi Research Labs, Shelby Township, Michigan 48315

G. A. Slack
Rensselaer Polytechnic Institute, Troy, New York 12180
~Received 17 July 2002; published 1 November 2002!

The isotope effect on the lattice thermal conductivity for group IV and group III-V semiconductors is
calculated using the Debye-Callaway model modified to include both transverse and longitudinal phonon
modes explicitly. The frequency and temperature dependences of the normal and umklapp phonon-scattering
rates are kept the same for all compounds. The model requires as adjustable parameters only the longitudinal
and transverse phonon Gru¨neisen constants and the effective sample diameter. The model can quantitatively
account for the observed isotope effect in diamond and germanium but not in silicon. The magnitude of the
isotope effect is predicted for silicon carbide, boron nitride, and gallium nitride. In the case of boron nitride the
predicted increase in the room-temperature thermal conductivity with isotopic enrichment is in excess of 100%.
Finally, a more general method of estimating normal phonon-scattering rate coefficients for other types of
solids is presented.

DOI: 10.1103/PhysRevB.66.195304 PACS number~s!: 66.70.1f, 63.20.Kr
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INTRODUCTION

The thermal conductivity,k, of almost all pure electrically
insulating crystals has a universal behavior as a function
temperature: starting just below the melting point, the th
mal conductivity increases asT21 or faster with decreasing
temperature, reaches a maximum at'0.05uD , whereuD is
the Debye temperature of the crystal, and falls off asT3 at
lower temperatures. The high-temperature behavior is du
scattering of phonons amongst themselves via umklapp
cesses. The probability of these processes occurring falls
exponentially with decreasing temperature, causing the p
non mean free path and the thermal conductivity to ri
Finally, when the phonon mean free path becomes on
order of the dimensions of the crystal, the thermal cond
tivity falls again, mirroring the temperature dependence
the specific heat. Any impurities or imperfections in the cry
tal will also scatter phonons and decrease the thermal
ductivity. This latter effect is particularly noticeable at th
peak in the thermal conductivity, where phonon-phonon u
klapp processes and boundary scattering are both presen
weak. Since the early work of Pomeranchuk1 it has been
known that isotopes, due to their mass difference, can sc
phonons and decrease the thermal conductivity. This ef
was discussed also by Slack.2 Geballe and Hull3 provided
unequivocal evidence for the influence of isotopes on
thermal conductivity with their experiments on natural abu
dance and isotopically purified germanium.

With the ready availability of isotopically purified sourc
materials, the isotope effect has undergone reexamina
over the last decade. Isotopically purified diamond4–7 dis-
plays a room-temperature isotope effect on the order of 4
at room temperature. In a very thorough investigation of
isotope effect in germanium, Asen-Palmeret al.8 showed that
an isotopically purified sample hadk 30% larger compared
to natural abundance Ge. Very recently, Rufet al.9 reported
0163-1829/2002/66~19!/195304~9!/$20.00 66 1953
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an isotope effect in silicon of 60% at 300 K. The magnitu
of this last effect is significant because, if confirmed, it cou
prove technologically useful in the thermal management
silicon-based power electronics systems.

The magnitude of the isotope effect in these materials i
first surprising since a simple estimate using standard De
theory of lattice thermal conductivity10 yields increases in al
cases of 5% or less. A more thorough and complete un
standing of the isotope effect in these materials must rec
nize the importance of normal phonon-phonon scatter
processes.11–13 These scattering processes, which were c
sidered many years ago by Callaway,14 do not themselves
contribute directly to the thermal resistance, but result in
redistribution of momentum and energy amongst phon
more likely to undergo umklapp scattering. In the case
diamond, it has been argued11–13that the effect is of the right
order of magnitude to explain the experimental result,
though assuming infinitely rapid normal processes can o
qualitatively fit the data.6

For the case of germanium, the analysis of Asen-Palm8

modified the Debye-Callaway model by treating the con
butions of longitudinal and transverse phonons explici
This approach fixed the boundary and isotope scattering r
using the known values of the crystal dimensions and isot
content, respectively, and fit the data using six adjusta
parameters: the four coefficients for normal and umkla
scattering for the transverse and longitudinal modes, res
tively, and the two umklapp scattering exponents. A simi
approach was adopted by Rufet al.9 for the case of silicon.
While these models give very satisfactory fits to the expe
mental data, there is no justification given for the magnitu
of the phonon-scattering coefficients. For instance, the c
ficient for umklapp scattering of longitudinal phonons in G
is chosen to be five times that for transverse phono
whereas on the basis of the simple model of Leibfried a
Schlömann15 one would expect the opposite to be the cas
©2002 The American Physical Society04-1
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The purpose of the present paper is to model the lat
thermal conductivity and isotope effect in Ge, Si, and d
mond using an approach similar to that of Asen-Palm
et al.,8 but employing phonon-scattering rates calcula
from a simple model and using parameters derived fr
known phonon-dispersion relations for these crystals. Us
this approach, we can fit the experimental data for both n
ral abundance and isotopically purified germanium and d
mond, and for natural abundance silicon. The recent res
of Ruf et al.9 on isotopically enriched silicon are not consi
tent with the model, however. The latter experimental res
must be considered anomalous, as they exhibit a factor
larger thermal conductivity of the isotopically enriche
sample in the boundary scattering regime, in spite of the
that the crystal dimensions are nearly the same. Addition
the results of Rufet al. indicate an enhancement in the the
mal conductivity of the isotopically enriched sample ov
natural abundance silicon of roughly 60% that is essenti
independent of temperature up to 400 K, a behavior qua
tively different from that in germanium and diamond. F
nally, we use the model developed here to estimate the
tope effect on the lattice thermal conductivity of silico
carbide, boron nitride, and gallium nitride.

MODIFIED DEBYE-CALLAWAY MODEL OF LATTICE
THERMAL CONDUCTIVITY

Following the approach used by Asen-Palmer,8 we calcu-
late the lattice thermal conductivity using the Deby
Callaway formalism and sum over one longitudinal (kL) and
two degenerate transverse (kT) phonon branches:

k5kL12kT , ~1!

where

kL5kL11kL2 . ~2!

The partial conductivitieskL1 andkL2 are the usual Debye
Callaway terms given by

kL15 1
3 CLT3E

0

uL /T tC
L ~x!x4ex

~ex21!2 dx, ~3a!

kL25 1
3 CLT3

F*0
uL /T tC

L ~x!x4ex

tN~x!~ex21!2 dxG2

*0
uL /T tC

L ~x!x4ex

tN
L ~x!tR

L~x!~ex21!2 dx

, ~3b!

and similarly, for the transverse phonons,

kT15 1
3 CTT3E

0

uT /T tC
T~x!x4ex

~ex21!2 dx, ~4a!

kT25
1

3
CTT3

F*0
uT /T tC

T~x!x4ex

tN
T~x!~ex21!2 dxG2

*0
uT /T tC

T~x!x4ex

tN
T~x!tR

T~x!~ex21!2 dx

. ~4b!
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In these expressions, (tN)21 is the scattering rate for norma
phonon processes, (tR)21 is the sum of all resistive scatter
ing processes, and (tC)215(tN)211(tR)21, with super-
scripts L and T denoting longitudinal and transvers
phonons, respectively. The quantitiesuL and uT are Debye
temperatures appropriate for the longitudinal and transve
phonon branches, respectively, and

CL~T!5
kB

4

2p2\3nL~T!
~5!

and

x5
\v

kBT
. ~6!

Here\ is the Planck constant,kB is the Boltzmann constant
v is the phonon frequency, andnL(T) are the longitudinal
~transverse! acoustic phonon velocities, respectively.

The temperature dependence and the magnitude of
lattice thermal conductivity calculated using the Callaw
model are dependent on the temperature and frequency
pendence of the scattering rates comprising (tN)21 and
(tR)21, their coefficients, and the Debye temperatures a
phonon velocities. Thus extreme care must be exerc
when selecting these parameters. In the following sect
we discuss our process for making these selections for
types of crystals considered here.

PHONON-SCATTERING RATES AND DEBYE
TEMPERATURES FOR GROUPS IV AND III-V

SEMICONDUCTORS

For pure single crystals, we assume that the resistive s
tering rate is the sum of scattering rates due to phon
phonon umklapp scattering, point defect scattering due to
presence of isotopes of different mass, and scattering f
the boundaries of the crystal:

~tR
L !215~tU

L !211~t I
L!211~tB

L !21 ~7!

and

~tR
T!215~tU

T !211~t I
T!211~tB

T!21. ~8!

In this approach, unlike that of Asen-Palmer,8 the isotope and
boundary scattering, as well as the umklapp scattering,
pend on phonon mode, as should be the case since ea
the former rates depends on the phonon velocities, which
different for each mode. We now discuss the forms of th
scattering rates.

Phonon-phonon umklapp scattering

That phonon-phonon umklapp processes should give
to an exponential behavior of the lattice thermal conductiv
at high temperatures was proposed long ago by Peierls16 who
suggested the formk}Tn exp(u/bT) with n andb on the or-
der of unity. On the basis of the model of Leibfried an
Schlömann15 and comparing the thermal conductivity of se
eral pure crystals, Slack and Galginaitis17 suggested the fol-
4-2
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TABLE I. Zone-boundary frequenciesf T,L of transverse and longitudinal phonons, respectively,
germanium~Ref. 34!, silicon ~Ref. 35!, diamond~Ref. 36!, silicon carbide~Ref. 37!, boron nitride~Ref. 38!,
and gallium nitride~Ref. 39!, uT and uL are Debye temperatures calculated from these frequencies
comparison, we showuTn anduLn calculated from phonon velocitiesnT andnL using Eq.~13!, and Debye
temperatureuSH determined from the specific heat.

Material f T

~THz!
f L

~THz!
nT

~m s21!
nL

~m s21!
uT

~K!
uL

~K!
uTn

~K!
uLn

~K!
uSH

~K!

Ge 3.1 6.9 3540 4920 150 333 371 516 374
Si 5.1 12.4 5840 8430 240 586 638 919 645
C 25.5 38.0 12 800 17 500 1233 1820 2138 2922 222

SiC 11.0 18.9 8 840 12 430 524 900 946 1330 118
BN 21 31 10 500 15 000 1003 1479 1376 1789 175
GaN ;6.3a ;9 4130 7 960 301 434 631 1010 650

aAverage of two nondegenerate TA modes alongG-M in the wurtzite structure Brillouin zone.
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lowing form for the umklapp scattering rate for phonons
velocity n and Grüneisen parameterg.

tU
21~v!5BUv2Te2u/3T ~9!

with

BU'
\g2

Mn2u
, ~10!

whereM is the average mass of an atom in the crystal. Th
found that this expression could fit the thermal conductiv
of several pure crystals above the maximum in the ther
conductivity to within 20%. Several other expressions us
other values forn andb for the umklapp scattering rate hav
appeared in the literature.18–21 Clearly the values chosen ar
sensitive to other parameters used in the fit; for instan
choosing too high a value for the Debye temperature requ
a larger value ofb or a larger value of the coefficientBU .
Abeles22 also attempted to include normal processes, but
approach, in which the exponential behavior of umklapp p
cesses is ignored, is suitable only for temperatures w
above the Debye temperature. In view of the results of Sl
and Galginaitis, we choose here to fix the umklapp scatte
rate for longitudinal and transverse phonons as~replacingv
with x!

@tU
L ~x!#215BU

L S kB

\ D 2

x2T3e2uL/3T ~11a!

with

BU
L 5

\gL
2

MnL
2uL

~11b!

and

@tU
T ~x!#215BU

T S kB

\ D 2

x2T3e2uT/3T ~12a!

with

BU
T '

\gT
2

MnT
2uT

. ~12b!
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The umklapp scattering rate thus depends on the transv
and longitudinal Debye temperature, phonon velocities,
Grüneisen parameters and, as such, will be different for
ferent phonon modes. Since it is assumed that heat is ca
only by acoustic phonons, we must be careful to choose
parameters corresponding only to these modes. This has
discussed in detail by Slack.23 For instance, using a value o
Debye temperature calculated from the specific heat at
temperatures~which for diamond is roughly 2200 K! clearly
is not suitable, since this value would average in all phon
modes, both acoustic and optic, and would be too high
estimate for the acoustic modes only. Another appro
would be to calculate the Debye temperature for each ac
tic branchi from the acoustic-mode phonon velocity accor
ing to

u i5S up2

V D 1/3

\n i /kB , ~13!

whereV is the volume per atom. This has been done in
past for diamond.6,24 This again yields an overestimate ofu,
because it neglects dispersion of the phonon branches
the zone boundary. Clearly we want to consider phonons
frequency only up to but not exceeding the maximum f
quencyvmax at the zone boundary. For the crystals cons
ered here, these are available either from inelastic neut
scattering experiments or lattice-dynamical calculatio
Table I displays the zone-boundary frequencies and the
bye temperatures calculated from them. Also shown for co
parison are the Debye temperatures determined from
phonon velocities and from the specific heat. The differen
are quite large and obviously have affected the choice
parametersb andBU in the umklapp scattering rate in prev
ous analyses of the thermal conductivity.6,24

The other piece of information we require to calculate o
values ofBU are the mode Gru¨neisen parameters. The situ
tion is problematic, because for some of the crystals con
ered here some of the mode Gru¨neisen parameters evolv
from positive to negative values as the phonon wave ve
moves outward from the zone center to the zone edg25

Generally speaking, the longitudinal modes haveg
;0.9– 1.3 independent of frequency whereas the transv
4-3
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D. T. MORELLI, J. P. HEREMANS, AND G. A. SLACK PHYSICAL REVIEW B66, 195304 ~2002!
modes alonĝ 100& are in the range 0.3–1.0 for low fre
quency. In our model, we will use the longitudinal and tran
verse phonon Gru¨neisen constants as adjustable paramet

Phonon-isotope scattering

Klemens26 first provided the calculation of the scatterin
rate of phonons by isolated defects of mass different fr
that of the host in an otherwise perfect crystal. For
present cases of both longitudinal and transverse modes
scattering rate takes the form

@t I
L~x!#215

VkB
4G

4p\4nL
3 x4T4 ~14a!

and

@t I
T~x!#215

VkB
4G

4p\4nT
3 x4T4. ~14b!

Thus the scattering rate by isotopes also depends on the
non mode through the phonon velocity. The mass-fluctua
phonon-scattering parameterG for a single element made u
of several naturally occurring isotopes is

G5(
i

ciFmi2m̄

m̄ G2

~15a!

with

m̄5(
i

cimi , ~15b!

wheremi is the atomic mass of thei th isotope andci is the
fractional atomic natural abundance. The correct calcula
of G for a binary compoundAB composed of two differen
elements is given by27

G~AB!52F S MA

MA1MB
D 2

G~A!1S MB

MA1MB
D 2

G~B!G ,
~16!

whereMA is the average atomic mass ofA andMB is that of
B. The factor of 2 in front of the square brackets is due to
fact that AB is a binary compound.27 The values ofG for
several of the group IV and group III-V semiconductors co
sidered here are given in Table II and are used to calcu
the phonon-isotope scattering rates used in the model ab

Phonon-boundary scattering

The phonon-boundary scattering rate is assumed inde
dent of temperature and frequency, and can be written a

~tB
L !215

nL

d
~17a!

and

~tB
T!215

nT

d
, ~17b!
19530
-
s.

e
his

ho-
n

n

e

-
te
ve.

n-

whered is the effective diameter of the sample. The value
d will be adjusted slightly for each crystal in order to fit th
T3 dependence of the thermal conductivity at the lowest te
peratures.

Phonon-phonon normal scattering

Although normal phonon scattering is not a resistive p
cess, the Callaway model requires knowledge of this sca
ing rate in order to calculate the thermal conductivi
Herring28 has suggested several forms depending on
crystal class. For the present crystallographic class of m
rials, following the approach of Asen-Palmer,8 the appropri-
ate forms for longitudinal and transverse phonons are

@tN
L ~v!#215BN

L v2T3 ~18a!

and

@tN
T~v!#215BN

TvT4 ~18b!

or in terms of the dimensionless variablex,

@tN
L ~x!#215BN

L S kB

\ D 2

x2T5 ~19a!

and

@tN
T~x!#215BN

T S kB

\ D xT5. ~19b!

TABLE II. Natural isotope composition and associated scat
ing parameterG @Eqs.~15! and~16!# for several group III, IV, and V
elements and group III-V semiconductors. The fourth and fifth c
umns display hypothetical isotopically disordered crystals and t
associated scattering parameters, respectively.

Material Natural
isotope

composition

G(1024) Disordered
isotope

composition

Gdis(1024)

B 19.9%10B 13.5 50%10B 22.5
80.1%11B 50% 11B

C 98.9%12C 0.75 50%12C 16.1
1.1% 13C 50% 13C

N 99.63%14N 0.19 50%13N 11.9
0.37%15N 50% 15N

Si 92.2%28Si 2.0 50%28Si 11.8
4.7% 29Si 50% 30Si
3.1% 30Si

Ga 60.1%69Ga 1.98 50%69Ga 2.18
39.9%71Ga 50%71Ga

Ge 20.5%70Ge 6.08 50%70Ge 11.9
27.4%72Ge 50%76Ge
7.8% 73Ge
36.5%74Ge
7.8% 76Ge

SiC 2.09 14.5
BN 5.12 16.1
GaN 2.74 3.7
4-4
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ESTIMATION OF THE ISOTOPE EFFECT ON THE . . . PHYSICAL REVIEW B 66, 195304 ~2002!
Little is known about the magnitudesBN of the normal
phonon-scattering rates. The usual approach is to simply
these quantities as adjustable parameters without rega
their dependence on the properties of a given crystal. H
we assert that these rates must be chosen to satisfy the
lowing dependence on phonon velocity:29

BN
L '

kB
3gL

2V

M\2nL
5 ~20a!

and

BN
T'

kB
4gT

2V

M\3nT
5 . ~20b!

For the time being, we will present these forms of the sc
tering rate coefficients without proof and consider them
empirical relations only. A more general case and furt
discussion is considered in the Appendix. Thus, in our
proach, these parameters are only adjustable to the e
that the Gru¨neisen parameters~which are the same value
used for the umklapp rate! are allowed to vary in order to fi
the data. We shall see later that this assertion is justified
the resulting values forgT andgL that emerge from the fits

The procedure thus is to fit the experimental data on n
ral abundance crystals using only the transverse and lon
dinal phonon Gru¨neisen constants as adjustable parame
~aside from slight adjustment of the effective sample dim
siond to fit the data at the lowest temperature!. The effect of
isotopic enrichment is then calculated by allowingG to
assume its value appropriate for the purified form of ea
crystal.

RESULTS AND DISCUSSION

The model fits to the lattice thermal conductivity of nat
ral abundance and isotopically purified germanium, natu
abundance and isotopically purified silicon, natural ab
dance and isotopically purified diamond, and natural ab
dance SiC are shown in Figs. 1–4 respectively. The data
germanium are from Asen-Palmeret al.8 for isotopically
pure Ge and Glassbrenner and Slack30 for natural abundance
Ge ~the latter data extend the fitting range up to several h
dred Kelvin!. Those for isotopically pure silicon are from
Ruf et al.,9 whereas we again use the data of Glassbren
and Slack30 for natural abundance Si since these extend u
'1000 K. The data for diamond are from Olsonet al.6 and
the data for SiC are from an ultrahigh purity single crys
measured in our laboratory. The values ofgL andgT used to
generate the fits and the resulting values of the umklapp
normal phonon-scattering rate coefficients are displayed
Table III as are the calculated and observed magnitude
the isotope effect at 300 K for germanium, silicon, and d
mond. The mode Gru¨neisen parameters as a function of ph
non frequency for some of the crystals here have been
culated usingab initio lattice-dynamical models. These a
shown in Fig. 5 for the cases of Si, diamond, and BN. Sin
the scattering cross section for phonon interaction goes a
average valuêg2&, we have calculatedA^g2& from these
curves; these values are shown in Table III. The agreem
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between these values and those found from the fit to
thermal conductivity is quite good. Clearly the Gru¨neisen
parameters for these crystals deviate significantly from
nominal value ofg52 chosen many times to describe anh
monicity effects on the thermal conductivity.

We see that the model calculations can account quite w
for both the magnitude and temperature dependence of
thermal conductivity as well as the magnitude of the isoto
effect in germanium and diamond. In the case of silicon,
magnitude of the isotope effect at room temperature repo
in Ref. 8 is much larger than that predicted by the model.
can be seen in Table III the experimental data reported
the isotopically purified silicon sample below 10 K requi
an anomalously large value of effective sample diameted.
This is possible if there is significant specular reflection fro
the surfaces of the sample. However, both the natural ab
dance and isotopically purified silicon specimens we
grown and handled in the same way and presumably h
similar surface conditions.9 It is not known why a reduction
in isotope concentration would influence the nature of sc
tering deep into the boundary scattering regime. Further,
model neither predicts the observed 60% isotope effec
silicon at room temperature nor its near temperature indep
dence from 100–400 K. This situation is quite unlike that f
germanium and diamond for which the fit is able to rep
duce quite well the magnitude and temperature depende
of both natural abundance and isotopically purified samp
It has been suggested31 that isotopically purified silicon with

FIG. 1. Experimental data and model calculations of the ther
conductivity of natural abundance and isotopically pure germani
Also shown is the model calculation of the thermal conductivity
an isotopically disordered Ge crystal whose composition is give
Table II.
4-5
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D. T. MORELLI, J. P. HEREMANS, AND G. A. SLACK PHYSICAL REVIEW B66, 195304 ~2002!
enhanced thermal conductivity may find use in improv
thermal management of high-power silicon-based microe
tronics. Further experimental investigation of the isotope
fect in silicon would be desirable in order to confirm th
effect.

Using the average valuesgT51.1 andgL50.7, we can
estimate the strength of the normal phonon-scattering rate
gallium nitride and boron nitride and thus estimate the th
mal conductivity. The results are shown in Figs. 6 and
respectively. The data for GaN are for a high-purity sing
crystal. We see that the model can account well for both
magnitude and the temperature dependence of the the
conductivity of GaN. The model predicts an isotope effect
5% in gallium nitride and greater than 100% in boron nitrid
The latter effect is quite large due to the large isotope s
tering parameter of boron, which is, in turn, due to both
small atomic number of boron and the abundance of
different isotopes of this element.

To estimate the degree to which the thermal conductiv
of these semiconductors can bereducedusing isotopic disor-
der, we have calculated the thermal conductivity for isoto
compositions at or near the maximum amount of disord
see Table II. The results are shown in Figures 1–4, 6, an
We see that significant further reduction of the roo
temperature thermal conductivity below that for the natu
abundance of isotopes is possible in silicon, diamond, sili
carbide, and boron nitride. The thermal conductivity red

FIG. 2. Experimental data and model calculations of the ther
conductivity of natural abundance and isotopically pure silic
Also shown is the model calculation of the thermal conductivity
an isotopically disordered Si crystal whose composition is given
Table II.
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tion in germanium and gallium nitride for natural abundan
of isotopes in these semiconductors is already close to m
mum reduction achievable using isotope scattering.

SUMMARY

A Debye-Callaway model modified to include both long
tudinal and transverse phonon modes explicitly has been
veloped to describe the lattice thermal conductivity and i
tope effect in diamond, silicon, and germanium. The mo
uses umklapp and normal phonon-scattering parameters
scale in a consistent manner with Debye temperature
phonon velocity. The calculated magnitude of the isoto
effect is in good agreement with experiment for diamond a
germanium, but not for silicon. Finally, the magnitude of t
isotope effect has been estimated for gallium nitride, silic
carbide, and boron nitride. The method used here also
vides a simple guide for estimating the magnitudes of
normal and umklapp phonon-scattering rates given the
persion relations and mode Gru¨neisen parameters.

APPENDIX: OTHER FORMS OF THE NORMAL
PHONON-SCATTERING RATE AND THEIR APPLICATION

TO LITHIUM FLUORIDE AND SOLID NEON

In the treatment of Herring,27 the normal phonon-
scattering rate is written as

al
.
f
n

FIG. 3. Experimental data and model calculations of the ther
conductivity of natural abundance and isotopically pure diamo
Also shown is the model calculation of the thermal conductivity
an isotopically disordered diamond crystal whose composition
given in Table II.
4-6
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@tN
L ~v!#215BNvaTb. ~21!

We have considered the cases (a,b)5(1,4) and (a,b)
5(2,3) above and have shown that the following equatio
give a good description of the coefficient:

BN~1,4!5
kB

4gT
2V

M\3n5 ~22a!

FIG. 4. Experimental data for the thermal conductivity of na
ral abundance silicon carbide and model calculations of the the
conductivity of natural abundance and isotopically pure cryst
Also shown is the model calculation of the thermal conductivity
an isotopically disordered SiC crystal whose composition is gi
in Table II.
19530
s

and

BN~2,3!5
kB

3gT
3V

M\2n5 , ~22b!

wheren is the phonon velocity. Another form of the norm
scattering rate often employed to fit experimental data is

@tN
L ~v!#215BNvT3, ~23!

for which the corresponding coefficient would take the fo

BN~1,3!'
kB

3g2V2/3

M\2n4 , ~24!

Equation~23! has been used by Novikovet al.13 to fit the
thermal conductivity of diamond for which they fin
BN(1,3)54.4310211 K23. Using g51.1 and v51.28
3104 m s21 in Eq. ~24! we calculate BN(1,3)51.7
310211 K23.

Another case where Eq.~23! was used in a Debye
Callaway fit to the thermal conductivity is LiF.20 In this case,
the authors foundBN(1,3)52.7310210 K23. Using V
51.01310230 m23, g51.5,32 and n55.33103 m s21 as
the appropriate average sound velocity in LiF,33 we find
BN(1,3)53.1310210 K23, again in quite good agreemen
with the fitted value.

For different values ofa and b the normal phonon-
scattering rate coefficient may be expressed as

BN~a,b!'S kB

\ D b \g2V~a1b22!/3

Mna1b . ~25!

This form for the normal phonon-scattering rate is similar
that for umklapp processes, Eq.~12!, except that the depen
dence on Debye temperature is replaced by dependenc
phonon velocity. This reflects the fact that normal proces
involve mostly phonons with low wave vector for whic
dispersion at the zone boundary is unimportant.

As a final example, Kimber and Rogers21 used the Calla-
way model to interpret the thermal conductivity of isotop

-
al
.

f
n

normal

richment.
TABLE III. Values of Grüneisen parameters used in the fits of the thermal conductivity, and calculated values of the umklapp
phonon-scattering rate coefficients for longitudinal and transverse phonons.lL8 andgT8 are the average values of the Gru¨neisen parameters
calculated from lattice-dynamical calculations as described in the text.d is the effective sample diameter@Eqs.~17a! and~17b!# used in the
fits. The last two columns show the measured and calculated increase in room-temperature thermal conductivity upon isotope en

Material gL gT gL8 gT8 (BU)T

~s21 K23!
(BU)L

~s21 K23!
(BN)T

~s21 K25!
(BN)L

~s21 K25!
d

(1023 m)
Dk/knatural

~%!

Expt. Model

Ge 1.1 0.6 1.6310219 1.3310219 3.7310212 1.9310223 4 30 28
Si 1.1 0.6 1.04 0.56 1.0310219 5.5310220 7.1310213 2.4310224 4 ~natural!

14 ~enriched!
60 12

C 1.0 0.9 0.91 0.73 2.7310220 9.6310221 2.5310214 4.1310226 0.55 35 23
SiC 1.0 0.7 3.7310220 2.3310220 1.7310213 4.8310225 1 36
BN 1.0 0.7 0.94 0.74 2.2310220 1.5310220 5.7310214 1.5310225 1 125
GaN 1.0 0.7 1.1310219 5.5310220 1.5310212 1.2310224 0.8 5
4-7
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D. T. MORELLI, J. P. HEREMANS, AND G. A. SLACK PHYSICAL REVIEW B66, 195304 ~2002!
FIG. 5. Mode Gru¨neisen parameters alon
^100& from lattice-dynamical calculations for~a!
silicon, ~b! diamond, and~c! boron nitride. Light
lines are longitudinal-acoustic modes and bo
lines are transverse-acoustic modes.
u-
th
lly

u-
n a
ula-
N

FIG. 6. Model calculations of the thermal conductivity of nat
ral abundance and isotopically pure boron nitride. Also shown is
model calculation of the thermal conductivity of an isotopica
disordered BN crystal whose composition is given in Table II.
19530
e

FIG. 7. Model calculations of the thermal conductivity of nat
ral abundance and isotopically pure gallium nitride, and data o
natural abundance single crystal. Also shown is the model calc
tion of the thermal conductivity of an isotopically disordered Ga
crystal whose composition is given in Table II.
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mixtures of solid neon using a normal phonon-scattering
of

tN
215BNv2T2 ~26!

with BN52.6310217 s K22. This corresponds to the cas
(a,b)5(2,2) for which Eq.~25! yields

BN~2,2!mFS kB

\ D 2 \g2V2/3

Mn4 . ~27!
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