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Tunable photonic band gap in self-assembled clusters of floating magnetic particles
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We fabricated a 3D photonic crystal consisting of metal coated disk-shaped magnetic particles floating at the
liquid-air interface inside a stack of containers. The particles self-assemble into an ordered crystal whose
in-plane lattice constant can be varied by external magnetic field in very broad limits. This crystal exhibits
photonic stopband at microwave frequencies. The stopband can be continuously tuned by external magnetic
field until complete disappearance.
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I. INTRODUCTION

Photonic crystals are two-dimensional~2D! or three-
dimensional~3D! ordered structures composed of millimet
to nano-sized objects. When these structures are perio
their refractive index is spatially modulated. Therefore, th
exhibit strong ‘‘Bragg’’ reflections1 associated with the open
ing of a band-gap in the photonic Brillouin zone. Today the
is a quest for tunable photonic bandgap materials, since
ability allows external modulation, or at least fine-tuning
the crystal parameters at the fabrication process. Severa
rections to achieve tunability have been explored theor
cally and few of them have been realized experimentally
particular, tunability in semiconductor structures may
achieved by varying temperature2 ~through its effect on the
plasmon frequency! or by varying voltage3 ~in the structures
with p2 i 2n transitions!. Tunability can be also achieved b
liquid crystal infiltration in inverse opal structure,4–6 appli-
cation of elastic stress,7 or by using magnetic field.8–12 In the
last case the tunability is achieved via Faraday effect in
of the constituents or via field dependence of the magn
permeability. Most of these ways result in few percent var
tion of the lattice constant, yet the extreme sensitivity of
photonic bandgap in dielectric mixtures to the symmetry a
crystal parameters allows considerable variation in the ba
gap.

We use self-assembly under magnetic forces11–22 and ex-
plore the possibility of achieving tunability in self-assembl
photonic crystals via variation of the in-plane lattice co
stant. Magnetic field dependence of the lattice constan
such systems has been reported recently11,12,19–21and its use-
fulness for photonic crystals in the optical range has b
demonstrated.11,12 We report here 3D metal-dielectric photo
nic crystals with a magnetically tunable in-plane lattice co
stant. The tunability is so high that the bandgap may co
pletely disappear.

While our photonic crystals are too big to be useful
their present form, they represent a nice model system
explore tunability of the in-plane lattice constant and its
fect on photonic bandgap. Having in view applications in t
infrared and optical range, it is possible to reduce the siz
the crystal by going to colloidal magnetic particles. In th
context, the most promising applications will be~i! the con-
trol of the self-assembly of the three-dimensional photo
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crystals at the fabrication stage and (i i ) the control of sur-
face plasmon propagation along the conducting layer
mersed in a two-dimensional tunable photonic crystal ba
on colloidal magnetic particles in the liquid.

II. EXPERIMENTAL SETUP

Figure 1~a! shows a 2D-structure self-assembled fro
composite particles consisting of a Styrofoam disk cove
with a conducting coating, and a small cylindrical axiall
magnetized NdFeB permanent magnet attached to the ce

FIG. 1. Particle arrangement.~a! 2D particle configuration in a
container. The particle size isD f530 mm, hf52 mm. The size of
the NdFeB magnet isDm55 mm, hm52 mm. Container wall
thickness is 2 mm and the thickness of the liquid layer is 6 m
Air-gap between the layers is 12 mm.~b! ‘‘Ferromagnetic’’ configu-
ration ~direction of the magnetic moment is the same in all layer!.
~c! ‘‘Antiferromagnetic’’ configuration~direction of the magnetic
moment alternates between successive layers!.
©2002 The American Physical Society08-1
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of the disk. These composite particles float on the liquid-
interface in a transparent plexiglass container. In the equ
rium state the particles self-assemble into hexagona
ordered cluster due to magnetic repulsion. The liquid ser
two goals:~i! lubrication—to allow self-assembly driven b
weak lateral forces and (i i ) stabilization against the flip. A
side-effect introduced by the liquid—weak capillary attra
tion between the particles—is negligible compared to m
netic repulsion. In the absence of an external magnetic fi
the particle configuration depends on container shape an
particle number. For certain ‘‘magic’’ particle numbers (Z
537, Z561, etc.! and for hexagonally-shaped container t
defect-free configuration is achieved.19 The in-plane lattice
constanta is determined by the particle numberZ and by the
external magnetic field.

Several containers are mounted in a stack@Figs. 1~b! and
1~c!#. The separation between containers is small enoug
allow magnetic interaction across the stack. There are
possible configurations: ‘‘ferromagnetic’’@Fig. 1~b!# and
‘‘antiferromagnetic’’ @Fig. 1~c!#. For the ‘‘ferromagnetic’’
configuration the direction of the particle magnetic mom
is the same in all containers. If we consider only near
neighbors, the in-plane particle interaction is repulsive, wh
the out-of-plane interaction is attractive. Consequently,
particles arrange in columns stretching across the stack.
‘‘antiferromagnetic’’ configuration the direction of the pa
ticle magnetic moment alternates between successive la
Here, the in-plane and out-of-plane nearest-neighbor inte
tions are repulsive, hence the particles acquire a chess
configuration.

The ‘‘ferromagnetic’’ configuration allows us to tune th
in-plane lattice constant by external magnetic field~Fig. 2!.
We perform such tuning by a current-carrying coil~500
turns, R520 cm andh510 cm) encircling the stack. Th
coil produces an axial magnetic field with a radial gradie
which, for r;0.9R, can approximated by:

B~r !'B0S 110.75
r 2

R22r 2D , ~1!

whereB0 is the field in the center of the coil. When the fie
is antiparallel to the particle magnetic moment, the partic
are pushed towards the center of container, while in the
posite case they are pushed towards the periphery. To
the lattice constant we use the antiparallel field configurat

The container stack and the coil are mounted inside a
360 cm2 chamber covered by the microwave absorber~Fig.
2!. We choose decane (C10H22) as a lubricating liquid due to
its low refraction index and low microwave losses. Transm
sion measurements were performed using an HP-8510C
tor network analyzer and two wide-band~2–18 GHz! anten-
nae separated by 80 cm. To prevent multiple reflection pa
which do not pass through the sample, we mounted abo
an absorbing screen with a 30 cm diameter aperture. E
particle configuration has been photographed by a CCD c
era. The crystal symmetry and the in-plane lattice cons
were determined using MATLAB image processing toolbo
We studied microwave transmission in the range 2–10 G
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at normal incidence, as a function of the interlayer distan
number of layers, and the in-plane lattice constant.

III. PARTICLE ARRANGEMENT IN EXTERNAL
MAGNETIC FIELD

Figure 3 shows that identically-oriented particles se
assemble into a 3D hexagonally-ordered column array wh
may be compressed by external magnetic field. It is notew
thy that the internal symmetry of the array remains u
changed upon magnetic field variation. The lattice constan
quite uniform across the crystal. A detailed analysis sho
however, that there is a small radial gradient, although
average elastic deformation does not exceed 4%–5% foZ
;100 particles.

To determine the particle configuration we write down t
Hamiltonian which reduces here to potential energy:

H5Eint1Efield5
m0

4p (
i , j

M iM j

ur i2r j u
1(

i 51

N

MiB~r i !l . ~2!

We make a very rough assumption that the crystal consist
long axially-magnetized columns of lengthl with magnetiza-
tion per unit lengthM. The first term in Eq.~2! is the inter-
action energy between the columns and the second ter
the energy in the external field. We substitute Eq.~1! into Eq.
~2!, introduce distance and energy scales

r 05S m0MR2

3pB0l D 1/3

;E05
m0M2

4pr 0
, ~3!

and recast Eq.~2! in dimensionless form:

FIG. 2. Experimental setup. The stack with containers
mounted inside the current-carrying coil which produces magn
field with radial gradient. The whole fixture is mounted inside
chamber with the sides covered by a microwave absorber. Mi
wave transmission measurements have been performed using
2–18 GHz antenna separated by 80 cm.
8-2
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FIG. 3. A photonic crystal~three layers, ferromagnetic configu
ration,Z537 particles in each layer!. Magnetic field in the center o
the array increases from 0.4 mT in~a! to 1.2 mT in ~c!. Note
corresponding lattice constant decrease.
E5Eint1Efield5(
i , j

1

ur i2r j u
1(

i 51

N r i
2

12r i
2/R2

. ~4!

in
es
ite

19510
Equation~3! suggests the power-law dependence of the
plane lattice constanta;r 0;B0

21/3 which agrees well with
our experimental results~Fig. 4!. Note that the lattice con-
stant can be reversibly changed by 50%. Too strong co
pression is precluded by the loss of stability due to parti
flip.

IV. COMPUTER SIMULATIONS

We used ANSOFT-HFSS 3D Maxwell Equation solver
calculate microwave transmission and reflection through
periodic structure shown in Fig. 1. The solver is based on
finite element method~FEM! and has the option to analyze
single unit cell out of infinite periodic array by employin
periodic boundary conditions. Exploiting this capability w
modeled the exact geometry of a lateral unit cell th
includes the container stack, the liquid, and the floating m
nets covered with conducting foil. Proper material propert
were assigned to each component, including dielectric los
Periodic boundary conditions for normal incidence were
signed, and higher propagating Floquet modes were ta
into account whenever the lattice constant exceeded
wavelength. The solver divides the geometrical model int
large number of simple polygons~tetrahedrals! and adap-
tively refines the mesh to reach convergent results for tra
mission coefficients. After completing the adaptive soluti
at upper frequency, a fast frequency sweep, based on
vanced Pade approximation, was used to recover the solu
over a wide band of frequencies. The main simplifying a
proximation here was the use of the square rather than
agonal lattice of scatterers for each layer, due to some li
tations of the solver. We kept the filling factor of the squa
lattice identical to that of the hexagonal lattice measured
the experiments. Calculations with finite hexagonal lattic
in HFSSS and a complementary comparison with the Fin
Difference Time Domain~FDTD! solver CST Microwave

FIG. 4. The in-plane lattice constanta as a function of magnetic
field for a five-layer photonic structure~‘‘ferromagnetic’’ configu-
ration!. The solid curve shows model approximation,a;B0

21/3

where B0 is the field in the center of the coil.R is the particle
radius.
8-3
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Studio23 showed that at least for normal incidence the res
are very similar to those of the square lattice.

We used the simulations to identify the photonic bandg
and to optimize the structure for the widest stopband.
varied the disk size, the separation between the layers
the in-plane lattice constant. Finally, we chose the optim
combination of parameters for which the 3–6 GHz stopba
was most pronounced and fabricated the experimental s
ture accordingly. At the next step we simulated all the var
tions of the structure that has been tested experiment
different number of layers, lattice constant and arrangem

V. MICROWAVE TRANSMISSION THROUGH
PHOTONIC CRYSTAL

The microwave transmission through the stack of conta
ers containing only liquid is rather high and exhibits a dip
;6 GHz ~not shown here!. This dip corresponds to Brag
reflection from the layered dielectric structure. When we
sert the particles, the transmission spectrum is more com
cated and depends now on the particle concentration~filling
factor!.

Figure 5 shows computer simulation of the microwa
transmission at normal incidence as a function of numbe
layers for the ‘‘ferromagnetic’’ configuration@Fig. 1~b!#. We
observe several regions. Below 3.2 GHz there is almost c
plete transparency and the microwave transmission ha
changes upon increase in layer number. Between 3.2 and
GHz a photonic stopband develops. Transmission beco
progressively smaller upon increasing number of layers, e
layer introduces;10 dB attenuation. Between 6 and 6.2
GHz there appears a sharp dip, probably a resonance, w
frequency slightly varies depending on whether the num
of layers is even or odd. This dip is followed by the region
relative transparency. Above 7.7 GHz another, less p
nounced stopband appears.

Figure 6 shows corresponding experimental results.
overall agreement between simulations~Fig. 5! and experi-

FIG. 5. Computer simulation of the microwave transmiss
through photonic structure~‘‘ferromagnetic’’ configuration!. The
number of layers is shown at each curve. Note almost full transm
sion at low frequencies and the stopband at 3.2–5.7 GHz.
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mental results is quite satisfactory. Indeed, below 3.2 G
the microwave transmission is rather high and is nearly
dependent of the number of layers. The dip at 2 GHz
probably related to cut-off effect in antennae. Between
and 5 GHz there is a clear photonic stopband. Between 5
7 GHz there is a broad dip followed by the region of relati
transparency where transmission is almost independen
the number of layers. Around 9 GHz there develops anot
stopband.

‘‘Ferromagnetic’’ configuration offers the unique possib
ity to vary the lattice constant by external magnetic fie
Figure 7 shows computer simulation of the microwave tra
mission at normal incidence for a five-layer crystal. Up
increasing in-plane lattice constant the stopband shrink
such a way that the low-frequency edge remains almost c
stant while the high-frequency edge moves to lower frequ
cies. The depth of the stopband hardly changes until,
some lattice constanta, the gap abruptly disappears leavin
behind a small dip. The sharp dip at 5.9–6.4 GHz also d
appears.

Figure 8 shows corresponding experimental results. T
overall agreement between simulations~Fig. 7! and experi-
mental results is quite satisfactory. Upon increasing latt
constant the stopband shrinks and eventually disappears
low-frequency edge hardly changes while the high-freque
edge moves to low frequencies.

VI. DISCUSSION AND CONCLUSIONS

The metal-dielectric structures are exceptional amo
photonic crystals in that their stopband is wide24 and robust.
Indeed, it is determined by the filling factor and by the loc
symmetry while the long-range order plays a minor role25

Our computer simulations also do not show high sensitiv
to in-plane symmetry and even suggest similar transmiss
spectra for ‘‘ferromagnetic’’ and ‘‘antiferromagnetic’’ con
figurations@Figs. 1~b! and 1~c!#.

The basic understanding of the transmission spectra in

s-

FIG. 6. Experimentally measured microwave transmiss
through photonic structure. The number of layers is shown at e
curve. Note the stopband at 3–5.1 GHz.
8-4
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samples is achieved by considering~i! transmittance of the
Bragg reflector,26 and (i i ) Mie resonance of conductin
disks.27 Indeed, our sample may be represented by a Br
reflector with the unit cell shown in Fig. 1~a!. Since refrac-
tive indices of the liquid (n51.45) and of the plexiglass
(n51.65) are rather close, we consider our unit cell a
two-layer structure, where one layer is the air gap (d1
512 mm,n151) and another layer is an effective mediu
consisting of the dielectric (d258 mm,n251.5) with em-
bedded conducting disks. In the absence of the disks
structure represents a quarter-wavelength Bragg refle
since n1d1'n2d2. Upon insertion of conducting disks th
effective refraction index of the liquid layer increases a
depends now on the filling ratio, ordering, and~frequency-
dependent! polarizability of a single disk.

Transmittance of the Bragg reflector at normal in
dence is26

T5
t1

t11r 1sin2 ~NKd!/sin2 ~Kd!
, ~5!

where t1 and r 1 are transmission and reflection coefficien
of the single layer,N is the number of layers,K is the
wavevector, andd is the interlayer spacing.

Bragg reflector exhibits its first gap atKd5p that corre-
sponds to

f 05
up

2~n1d11n2d2!
, ~6!

whereup is the phase velocity. The gap width is

D f / f 0'
4

p

n22n1

n21n1
. ~7!

The imaginary part of the wavevector at the center of the
is

FIG. 7. Computer simulation of the microwave transmiss
through a five-layer photonic structure for different values of
in-plane lattice constanta. Note shrinking and eventual disappea
ance of the stopband upon increasing lattice constant.
19510
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Im~Kd!52
n22n1

n21n1
. ~8!

Then Eq.~5! yields exponentially small transmittance in th
gap

T5
t1

t11r 1sinh2 @NIm~Kd!#/sinh2 @ Im~Kd!#

;
t1

r 1
e22(N21)Im(Kd). ~9!

For the five-layer sample and in the absence of conduc
disks our measurements yield the gap centered atf 0
55.8 GHz, with the width ofD f / f 0;0.4 and attenuation in
the gap of;2.4 dB/layer~not shown here!. This satisfacto-
rily agrees with the estimates based on Eqs.~6!–~9!, namely,
f 056 GHz, D f / f 050.25, and attenuation of 2.8 dB/laye
Upon insertion of conducting disks the central frequency
the gap moves down,f 054.5 GHz, the width increase
D f / f 050.420.55, and the attenuation increases up to 8
dB/layer ~Figs. 5 and 6!. Using Eqs.~6!–~9! for this new
configuration we deduce that upon insertion of conduct
disks the effective refraction index of the liquid laye
changes from n251.5 to n2

eff52.67. This yields f 0

54.5 GHz, D f / f 050.58 and attenuation of 8 dB/laye
which is in good agreement with above experiment
computational results.

Consider now the effect of the disks on the overall fr
quency dependence of the mm-wave transmission. Acc
ing to Eqs.~5! and~9!, the whole transmission spectra can
roughly represented as a single layer transmittivityt1 multi-
plied by a Bragg factor (sin2 NKd/sin2 Kd). At low frequen-
cies the conducting disks do not play a major role since th
size is much smaller than the wavelength~Rayleigh limit!.
However, upon increasing frequency the scattering cros
tion of the disks increases and achieves a maximum at
Mie resonance (KR51.627!. We relate the dip in transmis
sion at 6.2 GHz~Figs. 5 and 6, transmission through on

FIG. 8. Experimentally measured microwave transmiss
through photonic structure for the different values of the in-pla
lattice constant. Note shrinking and eventual disappearance o
stopband upon increasing lattice constant.
8-5
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SAADO et al. PHYSICAL REVIEW B 66, 195108 ~2002!
layer! to the Mie resonance of conducting disk. This fr
quency differs from that expected for a single disk~5.1 GHz
in air! due to the coupling between adjacent disks and
in-plane ordering.

To account for the dependence of the transmittivity on
in-plane ordering and lattice constant~Figs. 7 and 8! we
adopt a different approach which is analogous to the tig
binding approximation28 ~while the complementary approac
based on effective medium29 is analogous to the model o
nearly free electrons in solid-state physics!. Following Ref.
25 we relate the high-frequency edge of the photonic st
band in the metal-dielectric structures to the cut-off effect
the voids between conducting particles. Indeed, ass
closely packed conducting disks. The voids between th
represent waveguides~this is especially evident for column
like particle arrangement!. Short waves can freely squeeze
the voids between the columns. The high-frequency edg
the photonic stopband corresponds to the cut-off in the v
given by

f h f5
up

2dvoid
~10!

whereup is the phase velocity anddvoid is the size of the
void. For closely packed hexagonal lattice of conduct
disksdvoid;(A321)R whereR is the disk radius. Upon in-
creasing lattice constant the size of the voids increases
adjacent voids become coupled. When the lattice consta
big enough, the coupling is so strong that the cut-off eff
disappears. Both these factors yield inverse dependenc
the high-frequency edge of the stopband on the lattice c
stant~Figs. 7 and 8!. Note also that, upon increasing lattic
constant, the notion of the voids starts to lose sense, h
the dip in transmission does not have steep edges anym
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