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Metal-insulator transition and charge ordering in the extended Hubbard model
at one-quarter filling
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We study, with exact diagonalization, the zero temperature properties of the quarter-filled extended Hubbard
model on a square lattice. We find that increasing the ratio of the intersite Coulomb repulsion,V, to the
bandwidth drives the system from a metal to a charge ordered insulator. The evolution of the optical conduc-
tivity spectrum with increasingV is in agreement with the observed optical conductivity of several layered
molecular crystals with theu andb9 crystal structures.
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Charge ordering in strongly correlated electron system
currently under intense investigation. Charge ordering is
evant to a broad range of materials including cuprate1

manganates,2 magnetite,3 vanadium oxides,4 and Bechgaard
salts.5 u andb9 types of layered molecular crystals based
molecules such as BEDT-TTF ~bisethylenedithio-
tetrathiafulvalene! ~Ref. 6!, display charge ordering, metallic
and superconducting phases close to each other.7 Charge or-
dering driven by a strong intersite Coulomb repulsion8,9 is
possible in crystals withu and b9 arrangements of BEDT
TTF molecules because their bands are quarter-filled w
holes, in contrast to the well-studiedk-type, crystals for
which strong dimerization of the molecules lead to a ha
filled band.10 u-type crystals undergo a transition from
metal to a charge-ordered insulator as the temperature, p
sure, uniaxial stress, or anion is varied.7,8 Furthermore, the
metallic phase exhibits features characteristic of a stron
correlated system. In particular, the optical conductiv
spectra display a broad midinfrared band and the near
sence of a Drude-like peak.11 This is in contrast to conven
tional metals, for which the total spectral weight is dom
nated by a Drude peak.

In this paper, we use the results of an exact diagonal
tion study of the relevant extended Hubbard model to ar
that the intersite Coulomb repulsion is responsible for
observed metal-insulator transition in theu andb9 crystals.
We show how the Drude weight decreases as the inte
Coulomb repulsionV is increased, until, at a finite value o
V, a transition to an insulating phase occurs. Simultaneou
long-range charge ordering gradually sets in. We further fi
that a redistribution of the optical conductivity spectra occ
close to the metal-insulator transition. This finding is
qualitative agreement with experimental data onu and b9
organic salts.11–14 Our results are relevant to the optical r
sponse of sodium vanadates, such asb-Na0.33V2O3, which
also display charge ordering.

The quarter-filled extended Hubbard model on a squ
lattice is thesimpleststrongly correlated model that can p
tentially describe the competition between metallic, sup
conducting, and insulating phases in theu and b9
materials.15,16 The Hamiltonian is
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i j &

ninj ,

~1!

wherecis
† creates an electron of spins at site i. For V50,

previous calculations suggested that the system is met
with no charge order.17 In the limit of U,V@t the double
occupation of sites is suppressed and the ground state i
sulating with checkerboard charge ordering and long-ra
antiferromagnetic correlations along the diagonals.15

In the present work we consider large~but finite! U/t and
vary V/t.18 Previously, an SU~N! generalization of the
model, with U→`, was studied in the large-N limit using
slave bosons.15,16 It was found that asV/t increased there
was a transition from a metallic phase to a superconduc
phase~with dxy symmetry! to a charge-ordered phase. Give
this potentially rich phase diagram it is important to det
mine whether or not these previous results are an artifac
the approximations used or whether they reflect the ac
physics (N52 and finiteU/t). An exact diagonalization of
small systems provides such a test. Previously, similar m
els with more parameters, aimed at a more realistic desc
tion of the details of the materials, were studied
Hartree-Fock,9 quantum Monte Carlo,19 and exact
diagonalizations.20 We performed a Lanczos calculation o
L58, 16, and 20 site clusters17 avoiding uncompensated spi
moments in the cluster (N↑5N↓) at quarter-filling: ^n&
51/2. A powerful method to determine from small system
whether the bulk system is metallic or insulating is to eva
ate the Drude weightD.21–23 It is given by

D

2pe2
52

^0uTu0&
4L

2
1

L (
nÞ0

u^nu j xu0&u2

En2E0
, ~2!

whereE0 andEn denote the ground- and excited-state en
gies of the system, respectively.T is the kinetic-energy op-
erator@first term in Eq.~1!#, e the electron charge, andj x the
current operator in thex direction,
©2002 The American Physical Society02-1
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j x5 i t(
i ,s

~ci 1xs
† cis2cis

† ci 1xs!. ~3!

The occurrence of an insulating phase is marked by the
ponential vanishing ofD ~Ref. 24! with the linear size of the
systemLx5AL.22,23,25

In Fig. 1 we plot the Drude weight as a function ofV/t,
for L516 and different values ofU/t. For U510t we also
plot the Drude weight for the cluster withL520. As the
Coulomb nearest-neighbor repulsion is gradually increas
the Drude weight decreases until it eventually vanishes.
L516 we estimate the critical value for the metal-insula
transition to beVc

MI'2.2t; for this value, the Drude weigh
becomes of the order of 1023, and stays at this order up t
V55t. For L520 we do not find any significant change
the dependence of the Drude weight withV, meaning that the
finite-size effects in the Drude weight are weak. This is co
firmed in the inset of Fig. 1, which shows the finite-si
scaling of the Drude weight. Indeed, we find that forV
.Vc

MI'2.2t, the Drude weight displays an exponential d
pendence with 1/Lx , as expected for an insulator.22,23 This
extrapolates to values of the order of 1025 in the thermody-
namic limit. In contrast, forV,Vc

MI , the Drude weight is
weakly dependent on 1/Lx extrapolating to a finite value in
the thermodynamic limit, consistent with a metallic state.

The occurrence of charge ordering can be investigated
computing the charge correlation function

C~q!5
1

L (
i j

eiq•(Ri2Rj)^ninj&, ~4!

whereq are the allowed momenta on the cluster. We find t
at V50, C(q) is featureless. AsV is increased,C(q) peaks
at q5Q[(p,p), signalling a checkerboard charge orderin
In our calculations we do not find any evidence for oth
charge ordering patterns, such as those found in Refs. 9

FIG. 1. Metal-insulator transition induced by the neare
neighbor Coulomb interactionV. The Drude weight,D, is shown as
a function ofV/t, for L516 and various values ofU/t ~continuous
and dotted lines! and for L520, andU510t ~dashed line!. The
arrow in the horizontal axis marks the onset of checkerboard ch
ordering atV5Vc

CO , for U510t ~see Fig. 2!. The inset shows the
finite-size scaling ofD as a function of 1/Lx for different values of
V/t with U510t. The metal-insulator transition occurs atVc

MI

'2.2t.
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20. The system has long-range charge ordering ifC(Q) re-
mains finite in the thermodynamic limit. In Fig. 2 we plo
C(Q) as a function of 1/L. A linear dependence with 1/L is
expected for the finite size scaling of an order parameter w
a discrete symmetry in two dimensions.26 For V50, we ob-
serve that the linear extrapolation ofC(Q) ~using L516,
and 20! to the infinite volume limit tends to zero, i.e., th
charge is homogeneously distributed in the lattice. We fi
that the extrapolation of a linear fit ofL58, 16, and 20 to
the thermodynamic limit becomes finite at aboutVc

CO

'(1.4–1.8)t.27 If we decreaseU, the critical valueVc
CO in-

creases. This is because doubly occupied sites proliferat
that inducing the checkerboard charge-ordered state beco
energetically less favorable. Further insight into the tran
tion can be obtained by computing the charge-order
parameter,28 h5AC(Q)/^n2&. A nonzero h means long-
range charge ordering. In particular, forh51 the checker-
board charge ordered state is fully formed, while forh50
the charge is homogeneously distributed in the lattice. AV
52.2t we find that the checkerboard is close to being co
pleted,h'0.75. We note that the results we find here a
different from the ones obtained in two-leg ladders,28 where
a transition from an homogeneous insulating phase t
charge-ordered insulating phase takes place. This differe
is due to the one-dimensional nature of the two-leg ladde

At this stage we can provide a physical interpretation
our findings. Only whenV is sufficiently large so that the
checkerboard charge-ordered state is nearly complete
transition to an insulating state is possible. This is beca
moving an electron within the checkerboard ordered s
would cost an energy of'3V, which is comparable to the
bandwidth,W58t. As a consequence electrons can beco
localized. As an aside we note that Fig. 1 shows that incre
ing U from 10t to 20t, leads to only a slight decrease in th
critical value,Vc

MI . This contradicts the results obtained b
Ohtaet al.,29 who claim thatVc'U/4. We note that the criti-
cal valueVc

MI for largeU follows the tendency encountere

-

ge

FIG. 2. Checkerboard charge ordering induced by the near
neighbor Coulomb interaction. Finite-size scaling of the charge c
relation functionC(q) @defined in Eq.~4!# at q5Q[(p,p) for U
510t and several values ofV/t at quarter-filling. Long-range
checkerboard charge ordering occurs forV.Vc

CO'(1.4–1.8)t.
2-2
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in one-dimensional rings30 and two-leg ladders28 for which
Vc

MI decreases to 2t asU→`.
Since we find thatVc

MI.Vc
CO , it might be possible that a

charge ordered metallic state is realized in the range:Vc
CO

,V,Vc
MI . However, caution is in order because the form

value is quite sensitive to finite-size effects. A possible c
didate for this phase is the quarter-filled organic crys
b9-~BEDT-TTF! 2SF5CH2CF2SO3, which displays a metal-
lic behavior of the resistivity and at the same time a cha
disproportion in alternate molecules.31

In order to further our understanding of the met
insulator transition and make contact with experiments ou
and b9 materials, we have also computed the real p
s(v), of the optical conductivity32 at frequencyv:

s~v!5Dd~v!1
pe2

L (
nÞ0

u^nu j xu0&u2

En2E0
d~v2En1E0!.

~5!

This obeys the following sum rule:33

E
0

`

s~v!dv52
pe2

4L
^0uTu0&. ~6!

In Fig. 3 we plot the evolution of the optical conductivit
for different values ofV/t andL520. We also found that the
plots were qualitatively similar forL516 ~not shown!. For
the regular Hubbard model, i.e.,V50 @Fig. 3~a!#, there are
two features at a nonzero frequency. The highest-energy
ture is related to transitions associated with the Hubb
bands and the other is the ‘‘midinfrared’’ band, previous
found by Stephan and Horsch.21 At V51.8t @Fig. 3~b!#, the
Drude peak is reduced~see Fig. 1!, signaling an incipient
localization of the charge carriers. Spectral weight is tra
ferred from both the Hubbard feature and the Drude pea
the midinfrared band found atV50. This effect is more

FIG. 3. Transfer of spectral weight in the optical conductiv
with increasingV/t. The frequency dependence of the real part
the conductivitys(v) for L520 andU510t is shown in both the
metallic @V50 ~a!, V51.8t ~b!, V52t ~c!# and insulating@V53t
~d!# phases. Note that close to the metal-insulator transition
spectral weight from the Drude peak and the Hubbard featur
transferred to the ‘‘midinfrared’’ peak.
19510
r
-

l,

e

t,

a-
d

-
to

clearly observed forV52t in Fig. 3~c!: the Drude peak is
further suppressed and most of the spectral weight appea
low frequencies, in the rangeV,v,3V. IncreasingV fur-
ther to just belowVMI gives a similar shape of the optica
conductivity ~not shown! with a very small Drude weight.
Finally, Fig. 3~d! shows the optical conductivity on the insu
lating side of the transition:V53t. An optical gap opens and
most of the spectral weight concentrates at larger frequ
cies, building up a single broad resonance. IfV is further
increased,V@U/4, then the band associated with charge e
citations due toV appears above the Hubbard band situa
nearv;U, as discussed by Ohtaet al.29 In summary, Fig. 3
shows that close to the metal-insulator transition the opt
conductivity is dominated by the ‘‘midinfrared’’ feature, fo
both metallic and insulating phases. We now discuss h
this is what is observed in theu andb9 materials.

The optical conductivity we find close to the meta
insulator transition,V&Vc

MI , is qualitatively similar to the
optical conductivity of b9-~BEDT-TTF! 2SF5CH2CF2SO3,
measured by Donget al.11 ~at a temperature,T514 K). In-
deed, the small spectral weight at zero frequency found h
is consistent with their failure to observe a Drude peak, e
though the system is metallic. Also their observation of la
spectral weight at low frequencies is consistent with the m
infrared band we find in our calculations. AtV&Vc

MI , the
system is still on the metallic side of the metal-insula
transition which is consistent with the observed metallic b
havior of the resistivity. From the above discussion we co
clude thatb9-~BEDT-TTF! 2SF5CH2CF2SO3 is a metal close
to a metal-charge-ordered insulator transition. This asser
is corroborated by the fact that an external perturbation, s
as a magnetic field34 or pressure,35 or replacing the anion
CH2CF2 by CH2,36 drives the system into an insulatin
phase.

Optical conductivity measurements on theu-type
crystals all show a broad feature from arou
1000 to 5000 cm21.12–14,37 As an example,
u-(BDT-TTF)2Cu(NCS)2 and u-(BEDT-TTF)2Rb
Zn(SCN)4 are in remarkable agreement with our results
we assign the broadband at about 3000 cm21 to our ‘‘mid-
infrared’’ band forV*Vc

MI . We now compare this interpre
tation to previous work.u-(BEDT-TTF)2CsZn(SCN)4, is a
metal above 20 K and an insulator below 20 K. T
frequency-dependent conductivity from 650 to 5000 cm21 at
temperatures above 20 K shows a feature from 650 to ab
1200 cm21,12 which Tajimaet al. assigned to a Drude peak
with a phenomenological damping rate of 0.1 e
.800 cm21. u-(BEDT-TTF)2I3 is a metal which undergoe
a transition to a superconductor at 3.6 K. Tamuraet al.37

measured the optical conductivity from about 700
4000 cm21 in the metallic phase. They assigned the sp
trum below about 1000 cm21 to the tail of a Drude peak
with a phenomenological damping rate of 400–800 cm21,
depending on the temperature. We disagree with the ass
ment of these low-energy features to a Drude peak becau
requires large scattering rates, comparable tot, implying a
‘‘bad’’ metal. In the k materials the observed widths of th
Drude peak~and thus the scattering rate! at low temperatures
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are orders of magnitude smaller than this, typically of t
order of tens of cm21.38 We would assign all of the spectrum
observed foru-(BEDT-TTF)2I3 ~Ref. 37! to the ‘‘midinfra-
red’’ band. The experiment of Tamuraet al.37 did not go to
low enough frequencies to observe the actual Drude p
The feature inu-(BEDT-TTF)2CsZn(SCN)4, that Tajima
et al.12 assigned to a Drude peak, we would assign to a p
non ~and possibly its interference with the tail of the ‘‘mid
infrared’’ band! for the following reason. The optical conduc
tivity spectrum of u-(BEDT-TTF)2RbCo(SCN)4 was
studied in detail by Tajimaet al.12 This material becomes
charge-ordered insulator below 190 K. In slowly cool
samples the only significant spectral weight belo
2000 cm21 is a phonon around 1200 cm21 @compare Fig.
5~a! in Ref. 12#. If the sample is quenched~i.e., rapidly
cooled! there is a broad feature around this frequency. In
organics such quenching is usually associated with sig
cant amounts of disorder.39

Tajima et al.12 assigned the second broad feature exte
ing from above about 1200 cm21 to domains associated wit
the onset of charge ordering. This was based on the ca
lated optical conductivity for a mean-field solution of th
extended Hubbard model. Although we have essentially
same assignment as theirs for the ‘‘midinfrared’’ band,
note that their mean-field calculation cannot actually prod
this feature in the metallic phase. This underscores the m
body physics underlying this feature and the need for
exact diagonalization calculation.

We suggest two possible reasons for the absence of
Hubbard resonance in the experimental spectra. First, F
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