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Buckling instability in thin soft elliptical particles
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Buckling instability is proved to be the easiest nucleation mode for an elongated soft elliptical particle with
a thickness of the order of the exchange length. The nucleation field saturates as a function of the particle
length, and approaches that of a very long bar with a rectangular cross section. The bar nucleation field is
estimated theoretically as a function of the bar width, thickness, and material parameters. A step like behavior
of nucleation field is revealed by means of a numerical simulation for elliptical particles with a moderate aspect
ratio.
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I. INTRODUCTION

Understanding magnetization reversal in thin ferrom
netic particles and patterned ferromagnetic structures is
portant both for fundamental magnetism and for vario
technological applications.1 It is found experimentally tha
there is a difference in magnetization reversal mechani
for particles of rectangular2–4 and smooth elliptical shapes.5,6

For soft rectangular particles of submicron sizes there
closure domain structure near the particles’ edges. As a
sult, for these particles magnetization reversal begins fr
the end domains.4 Also, trapped vortices can cause a
anomalous switching between stable magnetization state
rectangular particles. To expel the vortices a large exte
magnetic field, of the order of the saturation magnetizati
is required.3

Quite a different scenario of the magnetization rever
was revealed recently in cylindrical and elliptic
particles.5–7 As numerical simulations showed,7 for a soft
elliptical particle the range of stability of a quasiunifor
magnetization increases considerably with an increase o
particle aspect ratio,Lx /Ly.1. Therefore, after saturation o
an elongated submicron particle in a large external magn
field the quasiuniform state remains stable when the app
field decreases to zero. Magnetization reversal starts
negative field due to the development of a certain instab
mode. The shape of the mode observed,7 as shown in Fig. 1,
resembles a buckling mode known for an elongated ellip
dal particle.8

According to a numerical simulation carried out in th
paper, for an elliptical particle with a moderate aspect ra
Lx /Ly,2;2.5, the instability mode can be stable in a c
tain interval of the external magnetic field, though in th
interval the mode amplitude increases gradually as a func
of the field. Eventually magnetization reversal occurs due
a penetration of several vortices across the particle. On
other hand, for elongated elliptical particles withLx /Ly.3
the buckling occurs at large enough reversed magnetic fi
As a result, there is no interval for mode stability, the hy
teresis loop is rectangular, and the vortices can exist onl
transient magnetization states. Thus one may hope tha
magnetization reversal in an elongated elliptical particle
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-
-

s

s

a
e-
m

in
al
,

l

he

tic
d
a

y

i-

o
-

n
o
he

ld.
-
as
he
s

more stable with respect to shape deviations, the presenc
imperfections, etc.

The goal of the present paper is to estimate theoretic
the characteristic field for the onset of a buckling instabil
in a thin elongated elliptical particle. Using the variation
approach,8 in Sec. II we first calculate the nucleation field fo
a very long bar with a rectangular cross section. Then
result is generalized to the case of an elongated ellipt
particle taking into account a demagnetizing field near
middle part of the particle.6 The results of a numerical simu
lation of the buckling instability in a soft elliptical particle
as a function of the particle aspect ratio, are presented in
III.

II. BUCKLING INSTABILITY

Consider a very long ferromagnetic bar with a rectangu
cross section with a widthLy52a and a thicknessLz52b.
Due to shape anisotropy the bar, with a large saturation m
netizationMs and small magnetic anisotropy constantK1, is
uniformly magnetized along thex direction, the unit magne-
tization vector beinga5(1,0,0). Let an external uniform
magnetic fieldH0 be applied opposite to the bar magnetiz
tion. A typical problem of micromagnetics9 is to find a criti-
cal value of the applied field, the so-called nucleation fie
Hc , at which the bar magnetization deviates from the u
form one. It is sufficient to consider a small perturbation
the unit magnetization vector,da5(0,ay ,az), and minimize
its free energy associated with this deviation,9

FIG. 1. The buckling spin configuration in an elliptical eleme
under the reversed magnetic field 980 Oe, which is smaller than
switching field 1000 Oe. The dimension of the element is 360 nm
the long axis, 120 nm in the short axis, and 30 nm in thickne
respectively.
©2002 The American Physical Society31-1
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W5
C

2E dn@~¹ay!21~¹az!
2#

1S K11
H0Ms

2 D E dn@~ay!21~az!
2#1Wm , ~1!

whereC is the exchange constant andWm is the magneto-
static energy contribution. The easy anisotropy axis is ta
to be parallel to the long side of the bar. In the present pa
we are interested in the case of a sufficiently flat bar,b/a
!1. One can expect that in this case the buckling mo
discussed earlier for infinite ferromagnetic cylinder8 has the
lowest nucleation field. Note that this possibility was n
considered in the Refs. 10 and 11.

For a bar with an aspect ratiob/a!1 one can neglect the
transverse magnetization componentuazu!uayu. In addition,
in the case when the bar thicknessLz is of the order of the
exchange lengthR05AC/Ms , the ay component does no
depend on thez coordinate. Therefore, Brown’s equation9 for
the ay component can be written as

2CS ]2ay

]x2
1

]2ay

]y2 D 1~2K11MsH0!ay1Ms

]U

]y
50,

]ay

]y U
y56a

50. ~2!

Due to the small thickness of the bar, it is sufficient to d
termine a magnetic potentialU near the middle plate of the
bar, atz50 only, so thatU5U(x,y,0). One can separate th
variables in Eq.~2! setting

ay5cos~kx! f ~y!, U5Mscos~kx!F~y!, ~3!

wherek is the mode wave number andF(y) has an integral
representation12

F~y!5E
2`

`

dx1E
2a

a

dy1E
2b

b

dz1cos~kx1! f ~y1!

3
]

]y1

1

@x1
21~y2y1!21z1

2#1/2
. ~4!

Therefore, the functionf (y) satisfies a one-dimensional in
tegrodifferential equation

CS 2
d2f

dy2
1k2f D 1~2K11MsH0! f 1Ms

2 ]F

]y
50, ~5!

with the boundary conditiond f /dy50 at the lateral sides o
the bar,y56a.

A solution of the boundary value problem@Eq. ~5!# can be
presented by a Fourier series

f ~y!5AS 11(
n

an~k!cos~2pny/Ly! D , ~6!

where A is the mode amplitude. The coefficientsan(k), n
51,2, . . . , in Eq.~6! can be estimated by taking into a
count the magnetostatic energy of surface and volume m
netic charges. In the simplest situation one can neglect ty
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dependence of theay component, setting all the coefficien
an50. This means that one takes into account only mag
tostatic energy contribution of the surface magnetic cha
located at the lateral sides of the bar. Then, the correspon
free energy of the buckling mode is given by13

W~j!

Ms
2V

5A2S R0
2

4Ly
2
j21

H0

4Ms
1

K1

2Ms
2

1
2Lz

Ly
E

0

1

dt~12t !

3$K0~jLzt/Ly!2K0@jA11~Lzt/Ly!2#% D ~7!

HereV is the bar volume,j5kLy is the reduced wave num
ber, andK0(x) is the modified Bessel function.14 Using an
analytical approximation for the functionK0,14 one can
minimize Eq. ~7! with respect toj numerically. Evidently,
the result of minimization depends on two dimensionless
rameters,Lz /R0 and Lz /Ly . The nucleation field for the
buckling mode can be obtained then by equating the bra
in the right hand side of Eq.~7! to zero. Actually, the mode
amplitude is zero,A50, while this bracket remains positive

For more accurate estimation of the bar nucleation fi
they dependence of theay component have to be taken int
account. It is found that for a bar with moderate aspect ra
3,Lz /Ly,8, the Fourier series@Eq. ~6!# converges suffi-
ciently fast. Therefore, one can take into account the fi
Fourier coefficient only. The typical value of this coefficien
a1'0.3–0.4, accounts for a relative value of the surfa
magnetic charge scattered into the bar volume. The co
sponding correction to the nucleation field is found to be
the order of 15–20 %. For a wider bar the Fourier series
function f (y) converges more slowly. In this case the R
function

f ~y!512g$exp@h~y2Ly/2!#1exp@2h~y1Ly/2!#%
~8!

turns out to be useful. This function describes the layers
the volume magnetic charge with characteristic width 1h
,Ly located near the lateral sides of the bar. Coefficieng
controls the density of the surface magnetic charge. With
function a reduction in the nucleation field of the order
50% with respect to the value given by Eq.~7! is obtained
for a sufficiently wide bar.15

Figure 2~a! shows the reduced nucleation field for th
buckling instability as a function of the dimensionless p
rameters mentioned, the magnetic anisotropy being
glected. The reduced wavelength of the mode,l/Ly , where
l52p/k, is shown in Fig. 2~b!. One can see in Fig. 2~a! that
at a fixed thickness the absolute value of the nucleation fi
for the buckling mode decreases considerably as the
width decreases. WhenLz /R0,1 the wavelength of the
mode can be very large and the buckling instability is clo
to a uniform rotation. On the other hand, it becomes com
rable with the bar width ifLz /R0>1.

The latter fact means that in the first approximation o
can use a similar approach to estimate the nucleation fiel
an elongated elliptical particle with sizesLx@Ly and
Lz /R0>1. Actually, the width of the elliptical particle is a
1-2
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decreasing function of the longitudinal coordinate,Ly(x)
5Ly(0)@12(2x/Lx)

2#1/2. This function is smooth enoug
near the middle part of the particle, atx'0. Suppose that for
an elongated elliptical particle there is a local nucleation fi
Hc(x), which depends on the local width of the partic
Ly(x). This suggestion can be justified if the wavelength
the mode is of the order of the particle width,l;Ly(0)
!Lx . In this case the lowest local nucleation field~algebra-
ically! corresponds to the middle part of the elliptical e
ment, x'0. On the other hand, in contrast with the bar
demagnetizing fieldHd has a nonzero value near the cen
of a thin (Lz!Lx ;Ly) uniformly magnetized elliptical par
ticle,

Hd'28Ms

LyLz

Lx
2p

@K~p!2E~p!#, p512~Ly /Lx!
2, ~9!

whereK(p) andE(p) are the complete elliptic integrals o
the first and second kind, respectively.14 Then the nucleation
field of an elongated elliptical particle,Hc,el , can be esti-
mated using the approximate relation6 Hc,el5Hc,bar2Hd ,
whereHc,bar is the nucleation field of a very long rectang
lar bar with the same thickness and width.

III. NUMERICAL SIMULATION

The variational estimation of the nucleation field
Permalloy elliptical particles~Ms5800 emu/cm3, C52

FIG. 2. Nucleation field~a! and wavelength~b! of the buckling
instability in a very long bar as a function of the bar aspect rat
18443
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31026 erg/cm), as a function of the particle length, is giv
in Fig. 3. To check and validate the assumptions made
Sec. II, a numerical simulation of the magnetization rever
in a flat elliptical particle, with thicknessLz520 nm and
width Ly5100 nm, is performed for different aspect ratio
1.3<Lx /Ly<10. The numerical simulation data are com
pared with the variational estimation of the particle nuc
ation field in Fig. 3. For a numerical simulation an elliptic
particle is subdivided into an array of uniformly magnetiz
cubes of fixed sizel 055 nm, small enough with respect t
the exchange lengthR05AC/Ms'18 nm. A direct integra-
tion of the Landau-Lifshitz-Gilbert equation is used in th
numerical simulations according to the usual scheme.7,16 Nu-
merically, the nucleation field is determined with accuracy
50 Oe for elliptical particles with an aspect ratio ofLx /Ly
>3, when the particle nucleation field is rather high,Hc
.1000 Oe, and with an accuracy of 20–30 Oe for sma
values of the aspect ratio. The upper bound to the nuclea
field shown in Fig. 3 corresponds to the value of a rever
external magnetic field when the quasiuniform magnetizat
of the particle is certainly stable. The lower bound gives
value of the external magnetic field under which the qua
uniform magnetization becomes certainly unstable during
time evolution according to the Landau-Lifshitz-Gilbe
equation.

One can see in Fig. 3 that the nucleation field of t
elliptical particle estimated numerically saturates as a fu
tion of particle aspect ratio, in qualitative agreement with t
experimental data.6 In addition, the numerical simulation
data turn out to be in reasonable agreement with the va
tional estimation except for the case of small aspect rat
Lx /Ly,2.5, when the basic assumptionHc,el5Hc,bar2Hd
can hardly be justified. It is also interesting to note that
numerical data show a steplike behavior of the parti
nucleation field. The latter is clearly visible in Fig. 3 at sm
enough aspect ratios.

Figure 4 shows the shape of the nucleation mode, i.e.,
ay component, as a function of the reduced coordinatex/Lx ,

FIG. 3. Analytical estimation of the onset of instability in a so
type elliptical element with a thicknessLz520 nm and a widthLy

5100 nm in comparison with the numerical simulation data. T
quasiuniform magnetization is certainly stable above the up
bound and unstable below the lower bound.
1-3
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along the long particle axisy50, for particles with different
aspect ratios. These data are obtained in reversed mag
fields equal to the corresponding lower bounds to the part
nucleation field shown in Fig. 3. Comparing Figs. 3 and
one can see that the steps in the nucleation field show
Fig. 3 correlate with the abrupt changes in the shape of
nucleation mode as a function of the particle length.

As we mentioned in Sec. I, the mode structures shown
Fig. 4 are stable for small aspect ratiosLx /Ly,2.5. For
more elongated particles they are transient pictures o
During the time evolution governed by the Landau-Lifshi
Gilbert equation the mode amplitude increases gradually,
magnetization reversal eventually occurs due to the pene
tion of several vortices across the particle.

One can see in Fig. 4 that in accordance with the ar
ments given in Sec. II, for elongated particlesLx /Ly>3, the
deviation of the magnetization is maximal at the particle c
ter. Both the period of the oscillations and the nucleat
field approach the corresponding valuesl/Ly'1.8 and
Hc,bar'1400 Oe obtained for a long bar with the sam
width and thickness. However, the amplitude of the osci
tions is suppressed considerably close to the particle e
since elongated particles any magnetization deviation

FIG. 4. The instability mode as a function of the reduced co
dinatex/Lx for elliptical particles with different aspect ratios. Th
thickness and width of the particles are the same as in Fig. 3.
s.
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these regions would lead to a strong in-plane demagneti
field. Of course, the dependence of the mode amplitude
the x coordinate makes an additional contribution to the e
change energy, given by the first term in Eq.~1!, but one can
prove that for an elongated particle this contribution is sm
compared to the total mode free energy. Conversely, as F
shows, for particles with an aspect ratioLx /Ly<2.5 the
maximal deviation of the magnetization occurs near the p
ticle ends. Also, the onset of the instability deviates cons
erably from the simple theoretical estimation, and show
steplike behavior. As we mentioned in Sec. I, for these p
ticles the mode amplitude is stable in some interval of fie
after nucleation. The shape of the mode changes cons
ably with an increase of the particle aspect ratio. It resemb
different stable bending states owing to an instability of t
quasiuniform magnetization in thin elliptical particles at su
ficiently large in-plain dimensions.7,15 Clearly, the nucleation
of different bending states is responsible for the steplike
havior of the nucleation field in Fig. 3 at small aspect rati
but the conditions for the bending state nucleation need to
investigated separately.

IV. CONCLUSION

In summary, magnetization reversal in a soft elliptical p
ticle is studied both numerically and analytically as a fun
tion of the particle aspect ratio. It is shown that, unlike p
ticles with a moderate aspect ratio where the maxim
deviation of the magnetization occurs near the particle en
in an elongated elliptical particle the magnetization rever
starts in the middle part of the particle. One can theref
expect that the magnetization reversal in an elongated e
tical particle is more stable with respect to the edge rou
ness, the presence of imperfections, etc., and, conseque
it is easier to control. It is also found that the nucleation fie
in an elongated elliptical particle saturates as a function
the particle length, and approaches the nucleation field
very long bar with the same width and thickness. The
nucleation field is estimated analytically as a function of t
bar width, thickness, and material parameters. Therefore,
results obtained enable one to predict the nucleation field
an elongated elliptical particle with reasonable accuracy.
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