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Structural relaxation in a viscous liquid studied by quasielastic nuclear forward scattering
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Quasielastic nuclear forward scattering~QNFS! of synchrotron radiation is employed as a probe of slow
glass dynamics, in particular for the determination of the stretching parameterb in the Kohlrausch-Williams-
Watts relaxation function. The influence of this type of relaxation on multiple scattering is investigated in
detail, and experimental results on the dynamics of the molecular glass former ferrocene/dibutylphthalate in the
undercooled viscous state are presented. We observe a temperature independent stretching parameter of
0.47~2!. Fitting the high temperature breakdown of the Lamb-Mo¨ssbauer factor with a square root dependence
we obtain a mode-coupling critical temperature ofTc5202 K.
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I. INTRODUCTION

Since the first publications on mode coupling theo
~MCT! applied to the critical freezing of viscous liquids co
siderable progress has been achieved in understanding
microscopic origin of the liquid-to-glass transition. Initiate
by scaling predictions of MCT,1 the microscopic dynamics o
viscous liquids has been studied in great detail~see, e.g., Ref.
2, and references therein!. One of the generally accepte
facts is that the final decay of the density-density correlat
function ~relaxation function! F(t), which describes the so
calleda-relaxation, is stretched when compared to a sim
exponential decay,3 however its precise shape is a matter
actual debate. A simple but common description of this
laxation regime in the time domain is based on the Ko
rausch stretched exponential4,5

F~ t !5 f qexp@2~ t/t r !
b#. ~1!

Here f q is the nonergodicity parameter describing the de
of the correlations due to any process faster than
a-relaxation, i.e., phonon dynamics and fast local relaxati
~the cage or MCTb process!, b is a stretching paramete
with 0,b,1 quantifying the deviation ofF(t) from the
behavior of a simple Debye relaxator (b51), andt r is the
characteristic relaxation time. In the frequency domain sp
tra are usually described by the empirical Havriliak-Nega
function6 or simplified versions, such as the Cole-Cole7 or
Cole-Davidson function8 both very similar to the Fourie
transform of Eq.~1!.

Experimentally this form of the relaxation function
found in quasielastic neutron scattering, light scattering
dielectric spectroscopy measurements for a wide range
glass-forming systems. Concerning the microscopic origin
the stretching there are two pictures discussed in literatur
may either be due to a spatial distribution of simple exp
nential relaxations~heterogeneous picture!9 or, alternatively,
to a correlated relaxation of a cage formed by the neighb
0163-1829/2002/66~18!/184210~8!/$20.00 66 1842
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hood ~homogeneous picture!10 which leads to an inherently
nonexponential relaxation of each individual unit.

It should be noted that also MCT~Refs. 1,11! predicts the
existence of a stretched exponential relaxation. The Ko
rausch law can be derived as the high-wave-vector limit
the MCT equations.3

Resonant nuclear forward scattering~NFS! of synchrotron
radiation is a relatively new scattering technique12 that re-
veals directly in the time domain the relaxational dynam
of the resonant Mo¨ssbauer isotope. NFS is the spatially c
herent scattering variant of classical Mo¨ssbauer spectros
copy, which has also been used to study collective motion
glass-forming liquids~for a review and recent results se
e.g., Refs. 13,14!. NFS has been demonstrated bo
theoretically15 and experimentally16 to yield information
about the self-part of the density-density correlation funct
in a time window of a few nanoseconds up to microseco
at atomic length scales. This length scale is determined
the fixed wave-vectorq57.3 Å21 for experiments with
57Fe. This time window extends the range of dynamics c
ered by neutron scattering techniques~picoseconds up to a
few nanoseconds!.17 Moreover, it provides a link to data
from light scattering techniques or dielectric-loss spectr
copy that cover a similar time window but at much larger
even ill-defined length scales.2 This is exactly the time range
where the critical glass dynamics predicted by MCT is fou
in most low-molecular-weight glass formers.

Thus NFS opens the way to study the structural (a-)
relaxation around and in particular below the MCT crosso
temperatureTc . Neutron experiments in contrast hardly ev
supply data nearTc .18 However, NFS requires a resona
isotope in the sample, for practical purposes a decent am
of iron in the sample. This certainly restricts the selection
suitable systems.

In this paper, we present results using NFS on a molec
glass former that allow us to determine unambiguously
Kohlrausch stretching parameter for relatively lar
wavevectors, i.e., on sub-Å length scales. Also we elucid
in general the rather complicated influence of a particu
©2002 The American Physical Society10-1
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SERGUEEVet al. PHYSICAL REVIEW B 66, 184210 ~2002!
nonexponential relaxation~Kohlrausch relaxation! on
nuclear resonant multiple scattering.

The paper is organized as follows. After presenting
theoretical basis of nuclear resonant scattering in the p
ence of Kohlrausch relaxation, we briefly describe the
periment and our method of data evaluation. We then disc
our results in the light of the theoretical predictions and
lated experimental results.

II. THEORY

A. General

The theory of the influence of relaxation on scattering a
absorption cross-sections in kinematical approximation g
back to the basic papers of Singwi and Sjo¨lander covering
both quasielastic neutron scattering19 and quasielastic Mo¨ss-
bauer spectroscopy.20 Whereas these first papers deal w
energy resolved spectroscopy, experimental progress al
meanwhile to observe the relaxation directly in the time d
main, i.e., by neutron spin echo21 and nuclear resonant sca
tering ~NRS!.22 The general theory of the influence of slo
relaxation on the coherent quasielastic nuclear forward s
tering of synchrotron radiation~QNFS! was derived in Refs.
15,23.

The time-dependent electric field amplitudeE(t) of ra-
diation transmitted through a target with a single transit
~no hyperfine interaction! in the forward direction can be
represented as Fourier transformation of the response f
tion of the target24

E~t!5
A

t0
E

2`

` dv

2p
e2 ivte2j0w(v), ~2!

wheret5t/t0 is the time scaled by the lifetime of the ex
cited nuclear levelt0 (t05141.1 ns for57Fe), v is the fre-
quency scaled by the inverse lifetime,A5AI /Dv exp
(2mez/2) is the amplitude of the incident radiation multiplie
by the electronic absorption in the target,j5 f LMj0
5 f LMs0nhz/4 is the effective thickness parameter of t
target. It is proportional to the resonance cross sections0,
the Fe number densityn, 57Fe enrichmenth, thickness of the
targetz and the Lamb-Mo¨ssbauer-factor~or recoil-free frac-
tion! f LM . The universal resonance functionw(v) depends
on the relaxation functionFs(t) as follows:15

w~v!5E
0

`

dt̃ eivt̃2 t̃/2Fs~ t̃ !. ~3!

Note thatFs(t) here is the full van Hove self-correlatio
function taking into account both fast and slow atomic m
tion. This is in contrast to some older papers where fast
slow motion were divided rather artificially.

Combining Eq.~2! and Eq.~3! in time domain, as is done
in the Appendix, we can write the intensity of the delay
signal as@see Eq.~A7!#

I ~t!5I kin~t!R2~t!, ~4!
18421
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t0
D 2

j0
2e2tFs

2~t!. ~5!

This set of equations describes the scattered intensit
general. The factorR(t) in Eq. ~4! results from multiple
scattering of theg quantum by the nuclear ensemble. Due
the relatively large resonance cross section of the nuc
scattering, multiple scattering turns out to be important
many experiments.

In absence of relaxation@Fs(t)5const# the analytical ex-
pression

R~t!5
J1~2Ajt!

Ajt
~6!

was derived24 ~see also overview Ref. 25!, whereJ1(x) is the
Bessel function of first kind and first order. The functio
R2(t) shows oscillations called dynamical beats~DB! with
minima atj t53.7, 12.3, . . . , defined by the roots of the
Bessel function. The DB modulation originates from the co
tinuous energy exchange between the radiation field and
nuclear oscillator system by multiple scattering.25,26 Note
that the apparent beat periods increase with time and
crease with optical thickness in a characteristic way. T
simple relation between quasiperiodicity in the dynami
beating and effective thickness is an important tool to extr
information from experimental data.

When the value ofjt is relatively small, mostly the in-
teraction of the primary radiation with the nuclei is essen
and the factorR(t) may be approximated by exp(2j t/2).27

This approximation holds in the time region near zero tim
and its validity extends to larger time with decreasing effe
tive thickness.

B. Stretched exponential relaxation

In this chapter we will focus on relaxations described
the Kohlrausch self-correlation function

Fs~t!5 f qexp@2~t/t r !
b#, ~7!

wheret r5t r /t0 is the rescaled relaxation time. In this co
text f q is equal to the Lamb-Mo¨ssbauer factorf LM describing
relaxations faster than the accessible time window. The se
ration of fast and slow relaxation is a purely technical iss
which results from the finite width of the exciting synchr
tron pulse and the performance of the detectors.28 In the case
of glass dynamics at least both phonon vibrations and M
b-relaxation are included inf LM . In a more stringent treat
ment of the short time behavior (t!1 ns) f LM must be re-
placed by a time-dependent term.

In kinematical approximation the intensity for this type
relaxation is given by Eq.~5!. The time dependence of th
intensity is shown in Fig. 1 for differentb. The deviation of
b from one appears as a bending-up of the correlation fu
tion and accordingly of the intensity on a logarithmic sca
The determination ofb is most reliable in the time rang
where the intensity curve shows the strongest curvature. T
occurs at very early times where the decay is much fa
than natural. The observation in this range, however, is
0-2
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STRUCTURAL RELAXATION IN A VISCOUS LIQUID . . . PHYSICAL REVIEW B66, 184210 ~2002!
ficult. In order to extract the non-exponential behavior in t
kinematical approximation one has to observe the signa
least over two decades of time11 ~see inset in Fig. 1!.

When jt is relatively large~large effective thickness o
long observation times! multiple scattering becomes impo
tant and the dynamical beat structure appears in the ac
sible time window. Fast relaxations described byf LM just
stretch the DB structure in time. It is important to notice th
the coefficient of stretching is the same for the entire ti
region and equal tof LM . Phenomenologically one can sa
that only a fraction of the nuclei inside the target takes par
the process of scattering.

For the simplest case of slow relaxation, i.e., free dif
sion with a simple exponential self-correlation function,
was shown that the multiple scattering termR(t) is not
modified. The self-correlation function enters only as an
ditional exponential factor in Eq.~4!.15 Any other self-
correlation function influences the multiple scattering te
R(t). In Fig. 2 we show the forward scattered intensityI (t)
under the influence of a stretched exponential relaxation
different values ofb andt r . The effective thickness param
eter j is taken to be 10. One can see that forb51 the
positions of the DB minima are identical for any value of t
relaxation timet r . The positions depend only onj. With
decreasingb the DB minima shift to larger times. The sam
effect is observed for decreasingt r for a given b,1. In
other words, the intensity curve is stretched over the ti
axis like in the case of decreasingj, but now the stretching
coefficient depends on time. The shifts of the first, seco
and third DB minima, normalized to the value of the corr
sponding minimum for the static case, are shown in Fig. 3
a function of relaxation ratel r51/t r . One can see that a
curves can be separated into three parts:l r close to zero
~long relaxation time! where a root dependence is observe
a region of largel r where the curves drastically rise and
transition region. One can show analytically~see appendix!
that for relaxation times much larger than the nuclear
time t0 the relative shift of thei th DB minimum is

D i5Ail r
b , ~8!

FIG. 1. Kinematical approximation of the delayed intensity f
different b andt r51 in lin/log and log/log~inset! scales.
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whereAi is a coefficient independent ofl r . For the case of
b50.5 we obtain a square root dependence. The result is
even for very long relaxation timest r the shift of the DB
minima is quite appreciable due to the behavior of the squ
root function near zero. By contrast the relative shifts of t
DB minima as a function off LM ~e.g., no slow relaxation!
coincide, as shown in the inset of Fig. 3 and show a lin
dependence for largef LM .

To understand the behavior of the DB structure in detai
is useful to consider also the frequency domain. In the g

FIG. 2. Delayed intensity taking into account multiple scatteri
for different b andt r . The effective thickness parameter was ch
sen asj510.

FIG. 3. Relative positions of the DB minima as a function
relaxation rate. Circles: first minimum, squares: second minimu
diamonds: third minimum, solid line:b50.5, dotted line:b50.8.
In the inset we show relative positions of the DB minima~all three
curves coincide! as a function off LM , i.e., the case of fast relax
ation.
0-3
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SERGUEEVet al. PHYSICAL REVIEW B 66, 184210 ~2002!
eral theory diffusion manifests itself as an averaging o
Doppler shifts of the resonance energy.15 Accordingly we
present the Kohlrausch function as a distribution of expon
tial decays over relaxation rates

Fs~t!5E
0

`

dle2ltr~l!. ~9!

The functionr(l) is shown in Fig. 4 for differentb andt r .
For b51 the distribution is a delta function. The rate

dephasing between the radiation field and the nuclear
semble is independent of time and identical for each nucle

For b,1 the distribution has a cutoff at the low
frequency side and a very long tail at high frequencies. O
can interpret this distribution phenomenologically as a dis
bution of nuclei in the target, each of which has an expon
tial self-correlation function with a certain frequency, d
pending on position or/and time. It accounts for both t
homogeneous and the heterogeneous picture of the stre
relaxation. In the first case the stretched relaxation is in
preted as the envelope of instantaneous exponential re
ators with a time-dependent relaxation rate. In the sec
case we have a spatial distribution of exponential relaxat
each of which has its individual now time-independent rel
ation rate.

We can interpret the shifts of the DB minima as shown
Fig. 3 as due to an apparent decrease of the effective th
ness of the target.g quanta reemitted from nuclei with larg
l run out of phase rather soon and are effectively lost
multiple forward scattering at later times. Thus with increa
ing time less and less nuclei participate in multiple forwa
scattering, and therefore the DB minima become more
more shifted to later times. This picture, which is used h
for a continuous distribution of exponential decays, has b
introduced originally in the study of jump diffusion for
discrete set of exponential decays with different weights
relaxation rates.23,29

The high sensitivity of the positions of the different D
minima to the Kohlrausch parameterb, as displayed in Figs
2 and 3, is a key feature of multiple nuclear scattering un

FIG. 4. Distribution of exponential decays over relaxation r
for a Kohlrausch self-correlation function.
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relaxation conditions. For sufficiently thick targets it will a
low one to determineb andt r as a function of temperatur
with high precision. This holds until for smallt r the NFS
signal decays too fast so that the late evolution of the
structure cannot be observed any longer.

III. THE EXPERIMENT

As a model substance we have chosen the molecular g
former 95% dibutylphthalate/5% ferrocene which has be
the subject of a previous QNFS study in a time window up
176 ns.16 The procedure to obtain samples enriched in57Fe
in high yield is described in Ref. 30.

First studies were carried out at the low-energy section
the PETRA undulator beamline at Hasylab, PETRA1.31 The
filling modes were 8 bunch and 16 bunch, resulting in tim
windows of 960 and 480 ns, respectively. An indirec
water-cooled diamond~111! high-heat load monochromato
and a sapphire backscattering setup as high resolu
monochromator32 were used. Further QNFS experimen
were carried out at the beamlines ID18 and ID22N at
European Synchrotron Radiation Facility.33,34 A Si~111!
high-heat load monochromator with He gas~ID18! or LN2
cooling ~ID22N! and a 6 meV four-bounce high-resolutio
monochromator serve to increase the ratio of incoming re
nant to nonresonant x-ray quanta and thus reduce the loa
the detectors. To obtain QNFS spectra within a long ti
window, single bunch mode with a time window of 2800
and hybrid bunch mode with a time window of 930 ns we
used.

The sample temperature was varied between 40 and
K, using a closed-cycle helium cryostat having a stabil
better than60.5 K. The reproducibility of the true sampl
temperature was estimated to 1 K. The sample was mou
in copper holders sealed with Kapton windows.

IV. DATA TREATMENT

Equation~4! describes the delayed intensity in the case
a single excited level of the nucleus. In the case of ferroc
the quadrupole splitting of the excited level changes the
layed intensity as follows~under the assumption that the le
els are well separated!

I del8 ~t!5I del~t!4 cos2@V~t2a!/2#, ~10!

whereV is the value of the quadrupole splitting,a is a phase
shift due to the mutual influence of the quadrupole line27

and I del(t) is equal toI (t) from Eq. ~4! with j replaced by
0.5 j because of the splitting into two lines. In accordan
with the results of Ref. 35 we assume here that rotatio
relaxation can be neglected compared to translational re
ation. The additional oscillations described by Eq.~10! are
called quantum beats~QB’s! and originate from the coheren
superposition of wave packets with slightly different ene
gies. Figure 5 shows two original spectra in the limitin
cases of large and small effective thickness of the sample
order to avoid additional parameters in the fit procedure
to increase the statistics at the end of our time window,
integrated the time spectra over the QB oscillations. The
0-4
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STRUCTURAL RELAXATION IN A VISCOUS LIQUID . . . PHYSICAL REVIEW B66, 184210 ~2002!
tegration was performed for each QB period, and the abs
sae of the integrated data were set at the positions of
maxima of the beat pattern. The resulting set of points w
fitted by Eq.~4!, with modified incident intensityA8.

We checked the correctness of this procedure in the l
temperature region where relaxation is absent. Compar
of the fit parameters for original and integrated data sho
agreement within the limit of the experimental error. Figu
5 shows this comparison between the original and the m
fied data for two temperatures. One can see that foT
5202 K the modified data is more informative in the tim
region after severalt0 than the original one.

V. RESULTS

Figure 6 shows the delayed intensity emerging from
sample treated as pointed out in the previous section at v
ous temperatures, starting from 173 K~below the calorimet-
ric glass-transition temperature of 178 K! up to 202 K. All
experimental data were fitted using Eqs.~4! and ~10!. For
temperatures below 190 K additional fits have been p
formed with b fixed to 0.5 and 1~Debye relaxation!. The
results forb ~treated as a free parameter! are listed in Table
I. Obviously b is quite stable and in average equal to 0.
60.02. In order to demonstrate the sensitivity of the exp
ment to changes ofb, Fig. 7 shows fits of the spectra take
at 202 K withb fixed at 1, 0.75 and as free parameter.

In the low-temperature region, the large effective thic
ness~large Lamb-Mo¨ssbauer factor! leads to significant mul-
tiple scattering resulting in dynamical beats. Thanks to
nontrivial behavior of the dynamical beating, values forf LM
andt r can be determined with high accuracy since the cr
correlation of the fit parameters is weak. As pointed out
the theoretical part of this paper, the shift of the minima
the dynamic beat oscillations in the case of a stretched re
ation allows to determine the stretching parameterb. One
can see this effect comparing the exponential and the K
rausch fit of the data for example in Fig. 6 atT5188 K.
There is a small but clearly visible shift. Unfortunately th
statistics of the data~as this concerns a minimum in inten

FIG. 5. Data treatment procedure: dots: original experime
data; diamonds: modified data corrected to the average intensit
one dynamical beat; solid line: fit to the modified data.
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sity! is not very good. Nevertheless the fit gives a rath
stable value ofb in the entire temperature range.

In the high-temperature regiont r is small enough to see
clear bending-up in the data like in the theoretical pictu
~Fig. 1!. At the same timef LM is so small that the role o
multiple scattering is weak. In this case multiple scatter
manifests itself as an additional term in the exponent27,16 as
discussed at the end of Sec. II A, which reduces the appa
life time of the excited state. This fact prevents a uniq
separation oft r and f LM . In order to resolve this problem
one has to use additional information. There are two way
obtain this information: either the incoherent intensity
measured simultaneously by a second detector setup at
nite scattering angle16 or the delayed rocking curve of th

l
for

FIG. 6. Experimental data treated as pointed out in Sec. IV
selected temperatures. Solid line: fit as described in the text, da
line: fit with b fixed to 1. In the last case the bending up of the
curve is due to an unreasonably high background.

TABLE I. Value of b for different temperatures.

T/K 173 178 188 192 195 200 20

b 0.46~15! 0.38~15! 0.48~15! 0.46~2! 0.49~1! 0.45~2! 0.48~2
0-5
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SERGUEEVet al. PHYSICAL REVIEW B 66, 184210 ~2002!
high resolution monochromator is determined for ea
temperature.30 We used both methods in our measureme
and with this additional information we could determinet r
and f LM independently. Moreover, due to the large bend
of the experimental curve we are able to get informat
about the stretching parameterb with rather high accuracy.

In Fig. 8 we show the temperature dependence off LM as
obtained from the fits. The curve shows two distinct regio
at low temperatures a harmonic decrease and abovT
;150 K a faster decay due to an additional process.
identify this process with the MCTb-relaxation,11 a local
rattling of the molecules in the cage formed by their neig
bors.

In order to explain the harmonic part of the curve we us
the high-temperature approximation of the Debye model
temperatures below 150 K. This yields a Debye tempera
Q541 K. For higher temperatures we added a square-

FIG. 7. Log-log picture of the intensity forT5202 K. Solid
line: fit with b as a free parameter, dashed line: fit withb fixed to
0.75, dash-dotted line: fit withb fixed to 1.

FIG. 8. Dependence of the Lamb-Mo¨ssbauer factorf LM on tem-
perature. The different symbols refer to different beam times.
solid line is a fit using the Debye model withQ541 K below T
5150 K. Above a square-root termf LM;A@(Tc2T)/Tc# was
added to the regular solution. The straight dashed line extends
low temperature data not shown in this figure.
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behavior to the harmonic decay according to the MCT re
tion f q;A(Tc2T)/Tc.

36 The solid line in Fig. 8 gives a
value for the MCT crossover temperatureTc of 202~2! K. As
expected for the high momentum transfer of NRS on57Fe,
the nonergodicity parameter aboveTc ~named also critical
form factor! is very small and below our detection limit.

VI. CONCLUSION

Our data allow to determine the relaxation parameters
glass-forming liquid near and below the MCT crossover te
peratureTc on atomic length scale. Using the Kohlraus
function to describe thea-relaxation we determined a
stretching parameterb50.47(2). As NFSobserves the re-
laxation at rather large wave vectors, the value ofb deter-
mined in this experiment should be a good approximation
the von Schweidler exponentb describing the power law o
the full MCT relaxation function.36 Evaluating the square
root behavior of the nonergodicity parameter belowTc we
found a critical temperatureTc of 202 K.

Those values may be compared to results of optical m
surements performed on pure dibutyl phthalate.37 In this
work a Tc of 227 K and an exponent ofb50.57 was found.
In comparing these values it must be noted, however, tha
Ref. 37 the orientational relaxation is observed. It is w
known that different correlators may lead to different rela
ation times. In particular a decoupling of the translation
from the orientational dynamics has been observed.38

The present result forb compares well with results ob
tained by numerical simulations of a Lennard-Jon
system.39 On the other hand glycerol, which is assumed to
a model system for medium strong glasses, has a stretc
parameter of 0.7~Ref. 40! which shows the range of possib
values of this exponent.

The results for the relaxation timet r are identical to our
earlier results16 within the error bars. First indications of
relaxation on the time scale of microseconds appear alre
at 170 K even below the calorimetric glass-transition te
perature. It should be noted that also Rubyet al.35 have ob-
served the onset of a line broadening effect at 175 K
conventional Mo¨ssbauer spectroscopy. Whereas the ideali
MCT predicts a complete freezing of the system belowTc
there are always thermally activated processes restoring
godicity at long~macroscopic! times. This is included in the
extended MCT by the so-called hopping parameterd.41

Above 190 K there is a steep increase in relaxation rate.
a more detailed discussion of the temperature dependenc
refer to Ref. 16.

We would like to point out two important facts: On th
one hand, in the kinematical approximation a large time w
dow is required to see the stretched-exponential behavio
the self-correlation function nearTc . Therefore the extended
time window as compared to our earlier experiment16 is of
crucial importance for the reliability of the data analysis. O
the other hand, the analytical expression for the dynam
beat structure in the presence of arbitrary relaxation is m
datory to understand the effects seen in the temperature
gion where the kinematical approximation breaks down
allows in principle to extract relaxation rates andb values
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with high precision. Unfortunately the most significant e
fects appear at late times where the scattering intensity is
and accordingly the statistics is poor.

A drawback of the method used is that one cannot st
any material but needs to insert dopant molecules contai
a resonant nucleus. This is especially difficult in the case
the study of molecular glass formers, where small amou
of admixture may lead to crystallization. But this drawba
converts to an advantage in the case where we study
behavior of a certain material as a function of the enviro
ment such as restricted geometry.30 In this case the fact tha
we obtain a signal only from our sample not blurred by
signal from the environment improves the precision of su
experiments or even makes them feasible. Also in this c
measurements using a long time window can be v
interesting.42 Information about changes in the shape of t
relaxation modes due to a change of the environment wil
the next step after the determination of the characteristic
laxation time in this case.
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APPENDIX

After insertingw(v) from Eq. ~3! into the expression for
E(t) from Eq.~2! and expanding the exponential in a pow
series we obtain

E~t!5
A

t0
d~t!2

A

t0
Edel~t!, ~A1!

Edel~t!5
A

t0
j0e2t/2(

k50

`

~21!k
j0

k

~k11!!
w (k)~t!, ~A2!

wherew (k)(t) is defined by the following recurrent expre
sion:

w (0)~t!5Fs~t!,

w (k11)~t!5E
0

t

dt̃w (k)~t2 t̃ !Fs~ t̃ !. ~A3!

It is more convenient to rewrite Eqs.~A2!,~A3! in the fol-
lowing way:

Edel~t!5
A

t0
j0e2t/2Fs~t!R~t!, ~A4!

R~t!5 (
k50

`

~21!k
~j0t!k

k! ~k11!!
x (k)~t!, ~A5!

where
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F

x (0)~t!51,

x (k11)~t!5~k11!E
0

1

dx xkx (k)~xt!
Fs@t~12x!#Fs~tx!

Fs~t!
.

~A6!

As a result the intensity of the delayed signal that is obser
in NFS experiments can be written as

I ~t!5I kin~t!R2~t!, ~A7!

I kin~t!5S A

t0
D 2

j0
2e2tFs

2~t!. ~A8!

Without diffusionR(t) can be presented as

R~t!5
J1~2Ajt!

Ajt
. ~A9!

We denote witht i the position of thei th minimum point in
the case without diffusion,Dt i is the shift of this point due to
the relaxation described by the Kohlrausch self-correlat
function. First we considerDt i as a function of relaxation
time whent r is much larger than 1. Then if we neglect fa
relaxations that change only the effective thicknessFs(t)
'12(t/t r)

b. In this approximation Eq.~A6! converts to

x (k)~t!.12~t/t r !
bQk~b!, ~A10!

where Qk(b) is a rational positive function for anyk and
Q0(b)50. Using those definitions we may write

R~t!5 (
k50

`

~21!k
~jt!k

k! ~k11!!
@12~t/t r !

bQk~b!#

5 (
k50

`

~21!k
~jt!k

k! ~k11!!
2~t/t r !

b

3 (
k50

`

~21!k
~jt!k

k! ~k11!!
Qk~b!

5R0~t!2P~t!/t r
b , ~A11!

whereR0(t) is taken from Eq.~A9! and P(t) is a function
that does not depend ont r . Now we have to solve the equa
tion R(t i1Dt i)50.

R0~t i1Dt i !2P~t i1Dt i !/t r
b50,

R0~t i !1R08~t i !Dt i5P~t i !/t r
b ,

Dt i5
P~t i !

R08~t i !t r
b

. ~A12!

As a result we get

Dt i;1/t r
b . ~A13!
0-7
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