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Using four-site plaquette or rung basis decomposition, the contractor-renormalization method is applied to
two-leg and four-leg-J ladders and cylinders. Resulting range-2 effective Hamiltonians are studied numeri-
cally onperiodic ringstaking full advantage of the translation symmetry as well as the drastic reduction of the
Hilbert space. We investigate the role of magnetic and fermionic degrees of freedom. Spin gaps, pair-binding
energies, and charge correlations are computed and compared to available exact-diagonalization and density-
matrix renormalization-group data for the full Hamiltonian. Strong evidence for short-range diagonal stripe
correlations are found in periodic four-leg) ladders.
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Competition between superconducting correlations and . .- L
charge ordering has long been a challenge to numerical!=Jieg Sia'S+1atInngs SiaSar
computation$? of low-dimensional strongly correlated elec- e e
tron systems. Spin and hole-doped laddeier an ideal t +
system to investigate the crossover between one to two di- +tleg§ (Ci,aci+l,a+H'C')+trung% (€ aCiar1tH.C),
mensions. The two-leg ladder, for example, is known to ex- ' ’
hibit a robust spin gap at and close to half filling as well as @
hole-pair binding’:> Dominant power-lawd,z_2-like pair-  wherec; , are projected hole fermionic operators. Oftier-
ing and 4g-charge-density-wavgCDW) correlations at derg or systems closettylinders along the rungs with iso-
small doping are characteristic of a Luther-Eméng) lig- tropic coupling,tieg=trung=1 andJeg=Jng=4J, Will be of
uid regime®’ However, the spin-gap magnitude drops interest here.
sharply as the number of legs is increased, e.g., fromJ0.50 In order to implement the CORE algorithm the ladders are
in the Heisenberg two-leg ladder to 0.19@ the Heisenberg decomposed in small four-site subunits, as shown in Fig. 1,
four-leg laddef Both the increase of the magnetic correla- WhoseM low-energy states are kept to define a reduced Hil-
tion length (of the undoped laddgras well as the drastic bert space. The full Hamiltoniafl) is then diagonalized on
reduction of the available ladder length for increasing legN connected unitgwith OBC) to retain itsM™ low-energy
number restrict enormously the accuracy of standard numerstates. These true eigenstates are then projected on the re-
cal techniques such as exact diagonalizatieB) and den- ~duced Hilbert spacgiensorial product of th states of each
sity matrix renormalization-grougDMRG) techniques, In  Unit) and Gram-Schmidt orthonormalizéd® An effective

addition, the DMRG method is limite@n practice to open IHamlltonlan conttamlng\l—b?ﬁy mt;eractlo?s V\t"tg gnt|dent|cafllth
boundary condition$OBC) in the leg direction. ow-energy spectrum can then be consifucted In terms otihe

In this Communication we use the contractor reduced basis by a unitary transformatforzor the sake of
L ’ . . " simplicity, we shall restrict ourselves to the range-2 approxi-
renormalization (CORE method!® to investigate hole- plictty 9 pp

doped two-leg and four-leg laddé@Our aim is to get fur. 20N N=2).%
oped two-leg and four-ieg 1a ur aim is o get fur- At half filling, retaining in each four-site unit only the

ther insig_hts on th_e issue of pairing and density (_:O”ela_tion?owest singlet and triplet statd¢four statey gives excellent
from the investigation of large enough systems with periodiGegyts!? away from half filling, the simplest truncation, re-

boundary condition¢PBC) in the ladder direction. Such in-  ferred 1o as the “B” approximation, is to include, in addition,
vestigations are greatly needed to complement availablghe |owest singlet hole pair on the four-site ufof d-wave
DMRG calculations USing OBC. Our approach is done insymmetry in the case of a p|aquétt€orma”y, one can de-
two steps:(i) using an appropriate partition into small sub- fine four hard-core bosoni@laquette or rungoperators de-
systems, we use the CORE method to construct an effectivécribing the four possible transitions from the singlet half-
Hamiltonian, which integrates out quantum fluctuations affilled ground statgGS) (vacuum to one component of the
short length scalesii) we use ED techniquesupplemented triplet statet, ;, or to the hole-pair statdy; (Ref. 13. The
by finite-size analysjsto compute various physical proper- effective B Hamiltoniar?{ 8 can then be written as a sum of
ties (pair binding, spin gaps, etcand compare them to those a simple bilinear kinetic terr °+ H ' and a quartic interac-
of the original model. The method provides strong evidencdion 7" (Refs. 10 and 1R

for stripe correlations in translationally invariant four-leg

ladders. b_ T T
=€yt b/'b;—J b/'b;+H.c.), 2
We shall consider here a generic n-keg ladder, = ébzi t b(i2j> (bib, ) @
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FIG. 1. CORE decomposition in term of plaguette or rung sub- 016 : | | -
sys:te_ms(a) two-leg ladder split into plaq_uetteéb) f_ogr-leg Iaddt_ar 0_25‘_ © ]
split into 2X 2 plaquettesfc) four-leg cylinder split into four-site L
rungs. Ag oz G-OED(even )] —
L @®-@ ED (oddL) |
s g2k |-
J -
H'= ftZ tlitai_ Et ;) (tlita,-JrH-C-) 015 ' o ' o1
i a(lj
1/L
J
-2y (tZith +H.c), ©) FIG. 2. Finite-size scaling analysis vd_lfor a periodic two-leg
2 &) 2X L t-J ladder atJ=0.5 using the decomposition of Fig(al and

the effective B or BF Hamiltonian&s indicated on plgt DMRG
int t + and ED data for the originatJ ladder are also shown for compari-
H :VbE nbinbj+2 [Vo(titj)o(titp) o+ Va(tit)) 1 (titj)1 son. ED data obtained with odd ladder lengths are averaged over
) {n boundary conditiongsee Ref. 18 DMRG data and.— ED ex-
trapolations are shown by arrow®) Pair-binding energ\yp . (b)

+V2(titj);(titj)2] _Jth (binjthtai +H.c) Spin gap of the two-hole-doped laddé) Spin gap of thei-doped
(D ladder.
+V bibit!t,+blbit! t.), 4 R
bt(%a( i Ditojtaj+bybjtsitai) @ pair-binding energyAp=2Eq(n,=1)—Eq(ny=2)—Ey(ny

=0) plotted in Fig. 2a) and from the plaquette charge

where ([itj)TS creates two triplets on plaquettésand j, density-density correlation in the two-hole GS of the BF
which are coupled total spi® Such an effective Hamil- Hamiltonian plotted in Fig. &), pairs are found to be
tonian may serve for analytic and numerical treatments. Itstrongly bound and localized almost on a single plaquette.
parameters listed faF=0.35 andJ=0.5 in Table | are con- This confirmsa posteriorithe relevance of CORE and of the
sistent with those found for the Hubbard motfAlthough,  local basis. Furthermore, the finite-size scaling of the spin
H B gives already a faithful description of the physics of thegap for a fixed number ofi,=2 holes[see Fig. 2b)] or at
original model, a systematic improvement can be done byl/8 hole densityFig. 2(c)] gives gaps with 10%—20% accu-
adding to the above local basis four extra “fermionic” statesracy in comparison to existing numerical datDue to the
corresponding to the degeneratg, € = 1/2, even and odd small size of the hole pairs, accurate results are obtained
chirality or parity single-hole GS of the four-site urlihere-  even when fermionic excitations are not included. Note that
after referred to as the “BF” approximation the effective models lead to a smooth finite-size behavior, in

The two-legt-J ladder offers an ideal system to test the contrast to the original-J model where “band-filling” ef-
efficiency of the CORE method and the choice of thefects may lead to oscillatory behaviors as seen in Fig. 2.
plaquette decomposition. As seen from the behavior of the We point out the qualitative agreement between our re-

TABLE I. Parameters of{  (in units oft) computed for th¢-J ladder model using a range-2 CORE with
two plaquettegrow 1 and 2 or two four-site runggrow 3).

J €0 €p €t I Jit Jb

0.35 —3.8895 —3.5340 0.1379 0.2128 0.2319 0.2139
0.5 —5.5564 —-3.0919 0.1970 0.304 0.3112 0.2174
0.35 —3.5564 —3.6579 0.4733 —0.4836 —0.4336 0.4855

J Jot Vp Vo Vi Vs Vit
0.35 —0.0709 1.0345 —0.1244 —0.0928 0.0412 —0.3298
0.5 —0.1044 0.8326 —-0.1777 —0.1326 0.0588 —0.3325
0.35 0.2887 1.4164 —0.2158 —0.0202 0.0149 —0.2489
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isting ED (Ref. 7 and DMRG(Ref. 17 data.

e—e n.=2 BF TABLE 1. ParametersK, and u, as a function of doping
G_en“=4 computed on X24 (12.5%,8.3%,4.2%) and 228
q E—Enh=6 (14.3%,10.7%,7.1%,3.6%) ladders with B Hamiltonian alt
h —
o-on.=8 , =0.5.
0.5
Doping 14.3% 125% 10.7% 8.3% 7.1% 4.2% 3.6%
g ' K, 0.559 0.602 0.668 0.753 0.798 0.914 0.920
§ u, 0.881 0.779 0.652 0.445 0.399 0.188 0.180
(]
fgf 05 (b) . =myD«/2 are listed in Table II. In addition, we also list here
@ o4l coL=0] the charge velocityu, obtained from the relationu,
= B81=24] | =mD/K, which agrees within a few percent to the values
031 7] obtained directly from the linear dispersion of the charge
02 . mode. Note also that these values compare very well to ex-

0.1

2 | L 1 . | ' | 2
aﬂ' 2 4 6 8 10

—
N

We now turn to the investigation of the four-legl ladder

(with OBC along rungsor cylinder(with PBC along rungs

for which the best choices of unit decomposition are depicted

FIG. 3. Correlations as a function of distan@e units of the
original bond lengthup tor=L/2 in 2XL t-J ladder atJ=0.5. (a)
Plaquette charge-density correlations for24. The BF Hamil-
tonian (B Hamiltonian is used forn,=2 holes (otherwisg. (b)
Hole-pair densityS, correlation in the lowest triplet excited state of

in Fig. 1(b) and Fig. 1c), respectively. Results for pair-
binding energies and spin gaps are shown in Fig)-44(c).
Results for ladders and cylinders are similar although the
hole-pair binding is much stronger in cylinders where hole
pairs are preferably formed on cross-sectional plaquéttes
riodic rungsg rather than on “surface” plaquettes. Generi-

2% 20 and 2<24 two hole-doped ladders using the B Hamiltonian. cally we found that the pair-binding energy is larger than the
spin gap of the undope@Heisenberysystem (0.190 for the

sults and those of Silleet al}” who used a more involved

4X L ladded. Therefore, the lowest triplet state in the two-

hard-core charged boson model with longer-range repulsivRole-dopedor very lightly doped four-leg ladder is similar

interactions(giving rise to a Luttinger liquid behavigrbut

to a Heisenberg ladder magnon, which may(bemay not

neglected both fermionic and gapped triplet excitatiths. he) loosely bound to a hole pair depending on whether its

Our more systematic and general treatment using the B
Hamiltonian gives a similar qualitative picture as can be seen
from the charge correlations shown in FigaB8 we observe

the characteristic K--CDW spatial oscillations of the LE
phase showing the same number of maxima as the number of
hole pairs. Let us emphasize that this is also in agreement
with DMRG calculations-” Our approach performed on fi-
nite homogeneous systems is then complementary to the
DMRG technique using OBC.

Although the agreement with the hard-core charged boson
model is qualitatively good, we believe that including mag-
netic triplet excitations in the local basis is nevertheless im-
portant to describe interplay between magnetic and pairing
correlations. For example, it is known that the lowest triplet
excitation in a two-hole-dope¢br very weakly dopedt-J
ladder consists of a hole-pair-magnon bound statadeed,
the extrapolated value of the spin gap in the presence of two
holes[see Fig. 2)] is lower than that of the undoped ladder
(0.5J) and the hole-pair binding energighown in Fig. 2a)].
Moreover, as seen in Fig.(3, the correlation between the
hole-pair density and the plaquet® component clearly
shows an enhancement at short distafice.
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FIG. 4. Finite-size scaling analysis vd4 1for a periodic four-leg

4XL t-J ladder (open symbolsusing the decomposition of Fig.

We finish the investigation of the two-leg ladder by using 1p) for J=0.35full lines) andJ=0.5 (dashed lines Data are also
the effective Hamiltonian to calculate the Luttinger liquid shown in the case of a periodiylinder (filled symbolg for J
parameterK , which governs the long-distance power-law =0.35 using the decomposition of Symbols and Fig).Inotations
behavior of the charge correlations related to the uniquend similar to Figs. @)—2(c). (a) Pair-binding energyp . (b) Spin

massless charge mode. Some valuek pbbtained from the
Drude weightD and the compressibility (Ref. 15 asK,
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Upon increased doping, as seen from the hole-pair
density-density correlation shown in Fig. 5, we observe a
(@ clear tendency of the hole pairs to align along the diagonal

_D : ) (1,=1) directions with a periodicity corresponding to one
pair for every two E)Iaquettes, a behavior also reported in
DMRG calculation$®® and reminiscent of the picture of
diagonal stripes. Note that real-space charge correlations are
(b)  _] fully consistent with the power-law decay found in the effec-
D : L . o tive charge boson modél.

To conclude, the CORE method is a powerful method to

B extract effective Hamiltonians for strongly correlated mod-

@ | ® ol @® . . ; e
- els. It allows numerical simulations on significantly larger
() _| systems than those available for the original model. We show
D . o ° o that including chargand spin bosonic excitations gives re-
liable results as long as the hole-pair-binding energy is not
FIG. 5. Hole-pair density-density correlation on x42 ladder  too small. Results for the effective model of the two-teg

atJ/t=0.35. PBC are used in the leg direction and correlations aréadder are in excellent agreement with known analytic and

measured from the reference plaquette on the lower left cornenumerical data. Within the effective models hole-pair triplet
From top to bottomn,=4,6,8. The surfaces of the dots are pro- bound states form for both two-leg and four-leg ladders, a

portional to the values of the correlations.

excitation energy is lower or equals the magnon energy o

the undoped system. Since the data shown in Hig) dre

not fully conclusive we have computed in addition the hole-
pair densityS, correlation and found, as for the two-leg lad-

key feature to be compared to &P phenomenological
theories?® In addition, the method enables unbiagsihce
calculated on translationaly invariant clusjeenalysis of
lflole-pair density correlations. Whilekd-CDW correlations
are found in two-leg ladders, our computations provide clear
evidence in favor of short-range diagonal stripes in four-leg
ladders.

der case, an enhancement of the spin density on the neigh- We thank IDRIS(Orsay for allocation of CPU time. We
boring sites of the hole pair suggesting, indeed, the existencalso acknowledge useful discussions with E. Altman, A.

of a hole-pair-magnon bound state.
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