
RAPID COMMUNICATIONS

PHYSICAL REVIEW B 66, 180503~R! ~2002!
Charge density correlations in t-J ladders investigated by the contractor-renormalization method
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Using four-site plaquette or rung basis decomposition, the contractor-renormalization method is applied to
two-leg and four-legt-J ladders and cylinders. Resulting range-2 effective Hamiltonians are studied numeri-
cally onperiodic ringstaking full advantage of the translation symmetry as well as the drastic reduction of the
Hilbert space. We investigate the role of magnetic and fermionic degrees of freedom. Spin gaps, pair-binding
energies, and charge correlations are computed and compared to available exact-diagonalization and density-
matrix renormalization-group data for the full Hamiltonian. Strong evidence for short-range diagonal stripe
correlations are found in periodic four-legt-J ladders.

DOI: 10.1103/PhysRevB.66.180503 PACS number~s!: 75.10.2b, 71.27.1a, 75.50.Ee, 75.40.Mg
an
ric
c-

d
ex
a

ps
50

la-

le
e

r-

on
di
-
b
in

b-
ti
a

r-
e
c
g

are
. 1,
il-

e re-

l
the

xi-

-
,

lf-

f

Competition between superconducting correlations
charge ordering has long been a challenge to nume
computations1,2 of low-dimensional strongly correlated ele
tron systems. Spin and hole-doped ladders3 offer an ideal
system to investigate the crossover between one to two
mensions. The two-leg ladder, for example, is known to
hibit a robust spin gap at and close to half filling as well
hole-pair binding.4,5 Dominant power-lawdx22y2-like pair-
ing and 4kF-charge-density-wave~CDW! correlations at
small doping are characteristic of a Luther-Emery~LE! liq-
uid regime.6,7 However, the spin-gap magnitude dro
sharply as the number of legs is increased, e.g., from 0.J
in the Heisenberg two-leg ladder to 0.190J in the Heisenberg
four-leg ladder.8 Both the increase of the magnetic corre
tion length ~of the undoped ladder! as well as the drastic
reduction of the available ladder length for increasing
number restrict enormously the accuracy of standard num
cal techniques such as exact diagonalization~ED! and den-
sity matrix renormalization-group~DMRG! techniques. In
addition, the DMRG method is limited~in practice! to open
boundary conditions~OBC! in the leg direction.

In this Communication, we use the contracto
renormalization ~CORE! method9,10 to investigate hole-
doped two-leg and four-leg ladders.12 Our aim is to get fur-
ther insights on the issue of pairing and density correlati
from the investigation of large enough systems with perio
boundary conditions~PBC! in the ladder direction. Such in
vestigations are greatly needed to complement availa
DMRG calculations using OBC. Our approach is done
two steps:~i! using an appropriate partition into small su
systems, we use the CORE method to construct an effec
Hamiltonian, which integrates out quantum fluctuations
short length scales;~ii ! we use ED techniques~supplemented
by finite-size analysis! to compute various physical prope
ties ~pair binding, spin gaps, etc.! and compare them to thos
of the original model. The method provides strong eviden
for stripe correlations in translationally invariant four-le
ladders.

We shall consider here a generic n-legt-J ladder,
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d
al

i-
-

s

g
ri-

s
c

le

ve
t

e

H5Jleg(
i ,a

SW i ,a•SW i 11,a1Jrung(
i ,a

SW i ,a•SW i ,a11

1t leg(
i ,a

~ci ,a
† ci 11,a1H.c.!1t rung(

i ,a
~ci ,a

† ci ,a111H.c.!,

~1!

whereci ,a are projected hole fermionic operators. Open~lad-
ders! or systems closed~cylinders! along the rungs with iso-
tropic coupling,t leg5t rung51 andJleg5Jrung5J, will be of
interest here.

In order to implement the CORE algorithm the ladders
decomposed in small four-site subunits, as shown in Fig
whoseM low-energy states are kept to define a reduced H
bert space. The full Hamiltonian~1! is then diagonalized on
N connected units~with OBC! to retain itsMN low-energy
states. These true eigenstates are then projected on th
duced Hilbert space~tensorial product of theM states of each
unit! and Gram-Schmidt orthonormalized.9,10 An effective
Hamiltonian containingN-body interactions with an identica
low-energy spectrum can then be constructed in terms of
reduced basis by a unitary transformation.11 For the sake of
simplicity, we shall restrict ourselves to the range-2 appro
mation (N52).12

At half filling, retaining in each four-site unit only the
lowest singlet and triplet states~four states! gives excellent
results.12 Away from half filling, the simplest truncation, re
ferred to as the ‘‘B’’ approximation, is to include, in addition
the lowest singlet hole pair on the four-site unit~of d-wave
symmetry in the case of a plaquette!. Formally, one can de-
fine four hard-core bosonic~plaquette or rung! operators de-
scribing the four possible transitions from the singlet ha
filled ground state~GS! ~vacuum! to one component of the
triplet state,ta,i , or to the hole-pair state,bi ~Ref. 13!. The
effective B HamiltonianH B can then be written as a sum o
a simple bilinear kinetic termH b1H t and a quartic interac-
tion H int ~Refs. 10 and 12!,

H b5e01eb(
i

bi
†bi2Jb(̂

i j &
~bi

†bj1H.c.!, ~2!
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H t5e t(
ia

ta i
† ta i2

Jt

2 (
a^ i j &

~ ta i
† ta j1H.c.!

2
Jtt

2 (
a^ i j &

~ ta i
† ta j

† 1H.c.!, ~3!

H int5Vb(̂
i j &

nbinb j1(̂
i j &

@V0~ t i t j !0
†~ t i t j !01V1~ t i t j !1

†~ t i t j !1

1V2~ t i t j !2
†~ t i t j !2#2Jbt (

^ i j &a
~bi

†bj ta j
† ta i1H.c.!

1Vbt (
^ i j &a

~bi
†bi ta j

† ta j1bj
†bj ta i

† ta i !, ~4!

where (t i t j )
†

S creates two triplets on plaquettesi and j,
which are coupled total spinS. Such an effective Hamil-
tonian may serve for analytic and numerical treatments.
parameters listed forJ50.35 andJ50.5 in Table I are con-
sistent with those found for the Hubbard model.10 Although,
H B gives already a faithful description of the physics of t
original model, a systematic improvement can be done
adding to the above local basis four extra ‘‘fermionic’’ stat
corresponding to the degenerate (Sz561/2, even and odd
chirality or parity! single-hole GS of the four-site unit~here-
after referred to as the ‘‘BF’’ approximation!.

The two-legt-J ladder offers an ideal system to test t
efficiency of the CORE method and the choice of t
plaquette decomposition. As seen from the behavior of

FIG. 1. CORE decomposition in term of plaquette or rung s
systems;~a! two-leg ladder split into plaquettes;~b! four-leg ladder
split into 232 plaquettes;~c! four-leg cylinder split into four-site
rungs.
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pair-binding energyDP52E0(nh51)2E0(nh52)2E0(nh
50) plotted in Fig. 2~a! and from the plaquette charg
density-density correlation in the two-hole GS of the B
Hamiltonian plotted in Fig. 3~a!, pairs are found to be
strongly bound and localized almost on a single plaque
This confirmsa posteriorithe relevance of CORE and of th
local basis. Furthermore, the finite-size scaling of the s
gap for a fixed number ofnh52 holes@see Fig. 2~b!# or at
1/8 hole density@Fig. 2~c!# gives gaps with 10%–20% accu
racy in comparison to existing numerical data.18 Due to the
small size of the hole pairs, accurate results are obtai
even when fermionic excitations are not included. Note t
the effective models lead to a smooth finite-size behavior
contrast to the originalt-J model where ‘‘band-filling’’ ef-
fects may lead to oscillatory behaviors as seen in Fig. 2.

We point out the qualitative agreement between our

-

FIG. 2. Finite-size scaling analysis vs 1/L for a periodic two-leg
23L t-J ladder atJ50.5 using the decomposition of Fig. 1~a! and
the effective B or BF Hamiltonians~as indicated on plot!. DMRG
and ED data for the originalt-J ladder are also shown for compar
son. ED data obtained with odd ladder lengths are averaged
boundary conditions~see Ref. 18!. DMRG data andL→` ED ex-
trapolations are shown by arrows.~a! Pair-binding energyDP . ~b!
Spin gap of the two-hole-doped ladder.~c! Spin gap of the1

8 -doped
ladder.
th
TABLE I. Parameters ofH B ~in units oft) computed for thet-J ladder model using a range-2 CORE wi
two plaquettes~row 1 and 2! or two four-site rungs~row 3!.

J e0 eb e t Jt Jtt Jb

0.35 23.8895 23.5340 0.1379 0.2128 0.2319 0.2139
0.5 25.5564 23.0919 0.1970 0.304 0.3112 0.2174
0.35 23.5564 23.6579 0.4733 20.4836 20.4336 0.4855
J Jbt Vb V0 V1 V2 Vbt

0.35 20.0709 1.0345 20.1244 20.0928 0.0412 20.3298
0.5 20.1044 0.8326 20.1777 20.1326 0.0588 20.3325
0.35 0.2887 1.4164 20.2158 20.0202 0.0149 20.2489
3-2
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sults and those of Silleret al.17 who used a more involved
hard-core charged boson model with longer-range repul
interactions~giving rise to a Luttinger liquid behavior!, but
neglected both fermionic and gapped triplet excitation17

Our more systematic and general treatment using th
Hamiltonian gives a similar qualitative picture as can be s
from the charge correlations shown in Fig. 3~a!; we observe
the characteristic 4kF-CDW spatial oscillations of the LE
phase showing the same number of maxima as the numb
hole pairs. Let us emphasize that this is also in agreem
with DMRG calculations.17 Our approach performed on fi
nite homogeneous systems is then complementary to
DMRG technique using OBC.

Although the agreement with the hard-core charged bo
model is qualitatively good, we believe that including ma
netic triplet excitations in the local basis is nevertheless
portant to describe interplay between magnetic and pai
correlations. For example, it is known that the lowest trip
excitation in a two-hole-doped~or very weakly doped! t-J
ladder consists of a hole-pair-magnon bound state.18 Indeed,
the extrapolated value of the spin gap in the presence of
holes@see Fig. 2~b!# is lower than that of the undoped ladd
(0.5J) and the hole-pair binding energy@shown in Fig. 2~a!#.
Moreover, as seen in Fig. 3~b!, the correlation between th
hole-pair density and the plaquetteSz component clearly
shows an enhancement at short distance.14

We finish the investigation of the two-leg ladder by usi
the effective Hamiltonian to calculate the Luttinger liqu
parameterKr which governs the long-distance power-la
behavior of the charge correlations related to the uni
massless charge mode. Some values ofKr obtained from the
Drude weightD and the compressibilityk ~Ref. 15! as Kr

FIG. 3. Correlations as a function of distance~in units of the
original bond length! up to r 5L/2 in 23L t-J ladder atJ50.5. ~a!
Plaquette charge-density correlations forL524. The BF Hamil-
tonian ~B Hamiltonian! is used fornh52 holes ~otherwise!. ~b!
Hole-pair density-Sz correlation in the lowest triplet excited state
2320 and 2324 two hole-doped ladders using the B Hamiltonia
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5pADk/2 are listed in Table II. In addition, we also list he
the charge velocityur obtained from the relationur

5pD/Kr which agrees within a few percent to the valu
obtained directly from the linear dispersion of the char
mode. Note also that these values compare very well to
isting ED ~Ref. 7! and DMRG~Ref. 17! data.

We now turn to the investigation of the four-legt-J ladder
~with OBC along rungs! or cylinder~with PBC along rungs!,
for which the best choices of unit decomposition are depic
in Fig. 1~b! and Fig. 1~c!, respectively. Results for pair
binding energies and spin gaps are shown in Fig. 4~a!–4~c!.
Results for ladders and cylinders are similar although
hole-pair binding is much stronger in cylinders where ho
pairs are preferably formed on cross-sectional plaquettes~pe-
riodic rungs! rather than on ‘‘surface’’ plaquettes. Gener
cally we found that the pair-binding energy is larger than
spin gap of the undoped~Heisenberg! system (0.190J for the
43L ladder!. Therefore, the lowest triplet state in the tw
hole-doped~or very lightly doped! four-leg ladder is similar
to a Heisenberg ladder magnon, which may be~or may not
be! loosely bound to a hole pair depending on whether

.

FIG. 4. Finite-size scaling analysis vs 1/L for a periodic four-leg
43L t-J ladder ~open symbols! using the decomposition of Fig
1~b! for J50.35~full lines! andJ50.5 ~dashed lines!. Data are also
shown in the case of a periodiccylinder ~filled symbols! for J
50.35 using the decomposition of Symbols and Fig. 1~c!. notations
and similar to Figs. 2~a!–2~c!. ~a! Pair-binding energyDP . ~b! Spin
gap of the two-hole-doped system.~c! Spin gap of the1

8 -doped
system.

TABLE II. ParametersKr and ur as a function of doping
computed on 2324 (12.5%,8.3%,4.2%) and 2328
(14.3%,10.7%,7.1%,3.6%) ladders with B Hamiltonian andJ/t
50.5.

Doping 14.3% 12.5% 10.7% 8.3% 7.1% 4.2% 3.6%

Kr 0.559 0.602 0.668 0.753 0.798 0.914 0.92
ur 0.881 0.779 0.652 0.445 0.399 0.188 0.18
3-3
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excitation energy is lower or equals the magnon energy
the undoped system. Since the data shown in Fig. 4~b! are
not fully conclusive we have computed in addition the ho
pair density-Sz correlation and found, as for the two-leg la
der case, an enhancement of the spin density on the ne
boring sites of the hole pair suggesting, indeed, the existe
of a hole-pair-magnon bound state.
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Upon increased doping, as seen from the hole-p
density-density correlation shown in Fig. 5, we observe
clear tendency of the hole pairs to align along the diago
(1,61) directions with a periodicity corresponding to on
pair for every two plaquettes, a behavior also reported
DMRG calculations16,19 and reminiscent of the picture o
diagonal stripes. Note that real-space charge correlations
fully consistent with the power-law decay found in the effe
tive charge boson model.19

To conclude, the CORE method is a powerful method
extract effective Hamiltonians for strongly correlated mo
els. It allows numerical simulations on significantly larg
systems than those available for the original model. We sh
that including chargeand spin bosonic excitations gives re
liable results as long as the hole-pair-binding energy is
too small. Results for the effective model of the two-legt-J
ladder are in excellent agreement with known analytic a
numerical data. Within the effective models hole-pair trip
bound states form for both two-leg and four-leg ladders
key feature to be compared to SO~5! phenomenological
theories.20 In addition, the method enables unbiased~since
calculated on translationaly invariant clusters! analysis of
hole-pair density correlations. While 4kF-CDW correlations
are found in two-leg ladders, our computations provide cl
evidence in favor of short-range diagonal stripes in four-
ladders.
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