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Cyclic spin exchange in cuprate spin ladders
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We investigate the influence of a cyclic spin exchadgg on the one- and two-triplet excitations of an
undoped two-legS=1/2 ladder, using the density-matrix renormalization grdDMRG). The dispersion of
the S=0 two-triplet bound state is dramatically reduced &y, due to a repulsion between triplets on
neighboring rungs. In (La, Ca)Cu,40,4; a consistent description of both the spin gap and3h€ bound state
requiresl,./J, ~0.20-0.27 and/J, ~1.25-1.35. With these coupling ratios the recently developed dynami-
cal DMRG vyields an excellent description of the ent8e-0 excitation spectrum observed in the optical
conductivity, including the continuum contribution.
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The antiferromagnetic parent compounds of the High- phonon!*!°In (La,Ca),Cu,,04;, two peaks ino(w) were
cuprates are thought to be the best representatives of thgentified asS=0 bound states of two triplet§.
two-dimensional S=1/2 square-lattice Heisenberg model. Here we show that a consistent evaluation odfv) is
Understanding their magnetic properties is of utmost imporachieved by the inclusion of. .. The dispersion of th&
tance due to the intimate relationship of magnetic correla=0 bound state is very sensitive to the magnitude gt .
tions and highf, superconductivity. Recently, the question The combined analysis of both tf&=0 bound state and
of how to set up a minimal model which accounts for thesethe spin gap establishes a unique set of exchange couplings,
magnetic properties has been readdressed. High-resolutied@mely, Jcy./J, ~0.20-0.27, J/J, ~1.25-1.35, andJ,
inelastic-neutron-scattering experiments performed on thes950—1100 cm* for (La,Ca)4Cty4Oy4,. For these values,
two-dimensionalS= 1/2 antiferromagnet L&uO, exhibit a  We calculate the entire spectrum @{w) using the dynami-
magnon dispersion at the zone boundawhich cannot be Ccal density-matrix renormalization grouPMRG),"® and
obtained within a nearest-neighbor Heisenberg model. It halind excellent agreement with new experimental data, which
been argued that the inclusion of a cyclic spin-exchange terrﬁ'elld an |mpr0ve.d estimate of the continuum contrl_butlon.
of about 20% would reproduce this dispersforihis cyclic | S clearly confirms the above value fdg,.. One might
spin exchange emerges as a correction to the neare peculate that such a sizable cyclic spin-exchange term will

neighbor Heisenberg Hamiltonian of ordétU?® from at/U ave S'gf?'f'ca”‘ consequences fpr superqqnductwﬂy n the
: : doped spin ladder¥,since magnetic and pairing correlations
expansion of the one-band Hubbard matilis expected to idered loselv related phenomé
be the dominant correction within a more realistic three-banc?re considered as closely related phenomena. :
q i fthe C | b there th ! We study an isolated two-le§=1/2 ladder characterized
escription ot the _qu anes, because there the cyc |c_per-by an antiferromagnetic Heisenberg Hamiltonian with an ad-
mutation of four spins on a plaquette can take place withouljitional cyclic spin-exchange term:
double occupanc$? Similar cyclic spin-exchange processes
have proven to be significant in other systems, e.g., in cu-
prate spin chains a ferromagnetic two-spin cyclic exchange is H :‘]LZ S‘ISJ_F‘]E (S1S+1+S,S+1y)
responsible for the unusually strong exchange anisoftopy. i i
Cuprate spin ladders offer an alternative approach to de-
cide about the existence and potential implications of a cy- +Jcye E 7 (PG G+ 1o+
clic spin-exchange term. They are composed of the same :
corner-sharing Cu-O plaquettes as the two-dimensional cu-
prates, thus similar exchange couplings are expected for all
spin products. In fact the inclusion of a cyclic spin exchange

has been suggested in order to explain the smallness of thgnere), andJ denote the rung and leg couplings, the index
ladder spin gap observed in (La,G#W4O,;.""" However, j refers to the rungs, ani r label the two legs. The cyclic

itis impossible to extract a unique set of coupling parametergermutation operatoP;,s, for four spins on a plaquette is
or even to settle the existence of a cyclic spin-exchange tergiyen py

from an analysis of the spin gap only. Here, the optical
conductivity®!! o(w) can provide the missing information .
because dynamic quantities are expected to be influenced [§’y1234+ P1224

-1
TP nani+1ni+10)) (1)

additional four-spin interactioh$'® as suggested in Ref. 13 =4(S,5))(S:S,) + 4(S,5,)(S,55) — 4(5,5:)(S,S4)
for the two-dimensional cuprates. Magnetic excitations can
be observed ino(w) via the simultaneous excitation of a + 5,5+ 535+ S5+ S5+ 5,53+ S5, 2

0163-1829/2002/68.8)/1804044)/$20.00 66 180404-1 ©2002 The American Physical Society



RAPID COMMUNICATIONS

NUNNER et al. PHYSICAL REVIEW B 66, 180404R) (2002

T " " T " sion affects the minimump=7) and the maximuninear

25 (a) - (0) ‘Qg_e_%&%e py~m/3). Nevertheless, there still is a local minimum at
[ px=0 even ford.,./J=0.3, in contrast to the exact diago-
2.0 nalization results for &= 24 site ladder in Ref. 7. Extrapo-
lating to an infinite ladde?® we find that the spin gap
g 15 J =E¢(N=2,5=1)—Ey(N==,5=0) decreases rapidljin-

cyc

1 oloo o4 12 set of Fig. 1a)], in agreement with Ref. 25.

Similar considerations also apply to the two-triplet exci-
tations. With increasingl.,., the lower edge of the two-
triplet continuum[open symbols in Fig. (b)] shifts corre-

: sponding to the one-triplet dispersion. In addition, however,
Yo o5 00 o5 = 19°¢ a repulsive interaction between neighboring triplets is intro-
duced byJ.,., as mentioned abovisee Eq.(3)]. This re-

x duces the binding energy of tige=0 two-triplet bound state.

FIG. 1. DMRG results for aN =80 site ladder with=J, and  AS a consequence the width of the bound-state dispersion
0=<J,,./J<0.3. (8) One-triplet dispersioricorresponds tp,==  decreases dramaticalfull symbols in Fig. 1b)]. Evidently
of the spin-spin correlation functipnThe inset shows the spin gap the dispersion of the&s=0 two-triplet bound state is very
A [extrapolated tdN=2 (Ref. 23] as a function ofl.,c/J. (b)  sensitive to the magnitude df,. and thus provides a suit-
Lower edge of the two-triplet continuuiicorresponds t@,=0 of  able quantity to probe the existence and magnitude of a cy-
the spin-spin correlation function, open symk)aiaq theS:_O two-  ¢lic spin exchange.
triplet boundleitatéflgll symbpls)..The b(_)l_md s_tate is obtained as the |, (La, Ca)CuyyO,; the S=0 bound state has been ob-
pole of ((6B;;4By), which is explicitly given below Eq(4). served in the optical conductivity(w) via phonon-assisted

The influence ofl, can easily be understood in terms of two-triplet absorptiort’ Although the total momentum of the

the representation of the spin operators by rung sing{éts eﬁmtatlon Qﬁs t%,?e zero, the flmultaneqtus tex0|tat|on of a
and tripletstiT’a (a:X’y,Z):lgzo phonon with arbitrary momentum permits to measure a

weighted average of th&=0 excitations from the entire
. . . : Brillouin zone. In Fig. 3 we show the magnetic contribution
H= Z 16doyc 2(JL T 3JcydSiSi to o(w) in Lag ,.Ca; ICr,0,4; .28 For polarization of the elec-
trical field parallel to the legs, the two peaks dfpy(w) at
N " N w,=2140 cm! and w,=2780 cm! correspond to van
+Z(Ji_7‘]°yc)§ lialia Hove singularities resulting from the maximum,,, and
minimum o, of the S=0 bound-state dispersion at,
~ /2 and p,=m, respectively[see Fig. 1b)]. The broad
features at higher energies represent the continuum contribu-
tion.
1,91 Tob 1 , In order to determine the exchange couplings for
*20 ZJCYC)E Lsisiriticaatia® bl Las ,Ca §Cl,4O4; We have calculated,,,, and w i, for dif-
ferent coupling ratiosl/J, andJ.y./J, using the Lanczos-
+ (343300 (1 8,4p) vector method? By extrapolation to an infinite ladd&rwe
a.p obtain the values displayed in Fig(a2 The corresponding
results for the spin gapjg are shown in Fig. @). In the
range depicted in Fig. 2 these values may be approximated
+ + within 5% Dby @pyin~1.64); —0.54)cyc, ®ma=0.61];
+‘]cyca23 Ualialivaplivip- 3 —1.87y+1.53), andAg~0.48), —0.84)... In principle,
' the three experimental quantitie®;, w,, and Ag
The consideration ol primarily renormalizes the cou- ~280 cni * (Ref. 8 should suffice to determing,, ., J, and
pling strengths of the individual terms in the original Heisen-J, . However,w; andw, depend also on the frequenay,
berg Hamiltonian. The only new contribution is the last term,of the phonon involved in the optical absorption process, i.e.,
a repulsive interaction between triplets on neighboring unNgs, = .+ ™ and w,=w +> 2 Making use of
With respect to the renormalization of the coupling con- mn - ph max  ph

stants, the strongest effect is a reduction of the triplet bon(tjhe relative insensitivity of\s and wmp 0N J/J, (see Fig. 2

energy. Consequently the spin gap as well as the energy gfe can determin.e the.magnitude of the cycI.iC spin exchange
the entire one-triplet dispersion are reduced. In Fig) tve without the consideration ab, and hence omit any effect of

show the one-triplet dispersion, obtained by the Lanczos® possible phonon dispersion. For a conservativ_e estimate of
vector methot!?? for an N=80 site ladder witi=J, and  the Cu-O bond-stretching phonon frequeno)Z; =600

different values ofl.,.. The shape of the one-triplet disper- =100 cm'l, we obtain Jeye/J =0.20-0.27 with J;
sion remains qualitatively unchanged. The strongest suppres=950—-1100 cm®. The dispersion of the phonon enters only

0.5

+3(3+33cy0 X [S/Si4at]; 1 oli 0t HoC]

X [tiT,atiT+ 1ti+1ali g™ tiT,atiT+ 1atitipti gt H.C]
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FIG. 2. (a) Maximum of theS=0 bound-state dispersion pj
~ /2 (full symbol9, minimum atp,= = (open symbolsand (b)
spin gapAg as a function ofl/J, for different values ofl¢yc/J, .
All results have been extrapolated Nb= (Ref. 23.

in the determination of the coupling ratidJ, . Allowing for

a dispersion ofwgf’”z— wzf "~+50 cm ! (Ref. 30 we

obtainJ/J, ~1.25-1.35.

Up to now we have derived a set of exchange couplings

which consistently describes the spin gap andShk& two-

triplet bound state. Now we compare the spectral densit
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FIG. 3. Symbols: Correction-vector results for the optical con-
ductivity o(w) of an N=80 site ladder with polarization of the
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calculated for this parameter set with the line shape of the
entire spectrum observed i w). This provides a thorough
test of whether we indeed have found the minimal model that
captures all relevant properties. We consider an isolated
Cuw,0O3 ladder, for which the major contribution t®(w) re-
sults from the simultaneous excitation of two neighboring
spin flips plus a Cu-O bond-stretching phonon:

o(@)~-0X 2 fpIm((B-pioBy) v,y @

x Py=um

where 6Bg9=(1N) 2 PSS+ 1k (S kS +1x)
and 6By"=(1IN)=;e?'(S S, —(S,S) are the spin-
flip operators for polarization of the electrical field along the
legs and the rungs, respectively. To lowest ordeurth or-
der in the Cu-O hopping,q), the dominant contribution to
the phonon form factof'lc‘,eg comes from the in-phase and the
out-of-phase stretching modes of the O ions on the legs,
whereas forf " the out-of-phase stretching mode and the
vibration of the O ion on the rung are taken into account
(Ref. 27:

fie9—8 sirf‘(%) . frHn9=gsir? (5)

Px
E) +4.

So far we have used the Lanczos-vector methad/M )

to calculate the dispersion of the bound state. This was jus-
Yified by the fact that the LVM uses the first Lanczos vectors
as target states besides the ground state, and consequently
represents the bound state quite accurately. However, in or-
der to calculate the high-frequency rangeodio) the LVM

is not reliable. We use the correction-vector methotf be-
cause here the density matrix is optimized to represent the
correction vector for each frequency point separately.

In Fig. 3 we comparer(w) for polarization along the legs
and along the rungs, obtained by the correction-vector
method for a ladder wittN= 80 sites, with the experimental
result of La ,Ca gClhO,;.2° Here we have used/J,
=1.3 andJgy./J, =0.2 with J, =1000 cn *.%° For polar-
ization along the legsg(w) contains two contributions,
where the two legs are excited in-phagg € 0) or out-of-
phase p,=). The in-phase mode contains two- and four-
triplet excitations, as can be inferred from the rung-triplet
representation of the spin-flip operatsr|S;1,+S ;S+1,
in Eq. (3). It includes the S=0 two-triplet bound
state as discussed above. The out-of-phase mode reflects
excitations of three triplets due t&S.:1— S S+1r
= (112) 20 5 y€apy (ot 1ti 108 Tt gt 108 ati
—H.c} and hence contributes only to the high-energy con-
tinuum excitations? For polarization along the rungs{w)
contains only two-triplet excitationgsee Eq.(3) for the
rung-triplet representation d S ], and the lower bound

electrical fieldE along the legstop panel and along the rungs State is suppressed due to a selection fule.

(bottom panel using J/J, =1.3, J¢,/J; =0.2, J, =1000 cm ?,
w';‘ﬁ: 570 cm !, wpp®=620 cm * (Ref. 30 and a finite broaden-

Comparing the DMRG results for polarization along the
legs with the experimental spectra we find excellent agree-

ing of §=0.1J, . The leg polarization contains two contributions, Ment within the range of the bound statehich has been

where the two legs are in-phasp,&0) or out-of-phase ff, = )
with each other. Gray linesr(w) of Lag ,Ca Clp4O,4 at T=4 K
(Ref. 26. Stars(bottom panet fit for J.,.=0 with J/J, =1.15,
J, =960 cm t, wpi'%=620 cm L.

used in order to fix the coupling constantand also with

respect to the overall line shape of the high-energy con-
tinuum excitations. For this polarization the experimental de-
termination of the precise spectral weight of the continuum is
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difficult due to an electronic backgroun®!'?® The small
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discrepancies are related to different phonon form factors

differences between experiment and theory in the continuurwhich arise due to the actual arrangement of the ladders
range are certainly within the experimental error bars. Fowithin the trellis lattice, and in higher orddwith respect
polarization along the rungs, where experimentally the magto Cu-O hopping in the external photon-electron-phonon
netic contribution too(w) can be identified unambiguously vertex (Ref. 27. Considering, e.g., an additional term

and with high precisiod®!!

nearest-neighbor Heisenberg Hamiltonian with), =1.3

and an additional cyclic spin exchangeXf,./J, =0.2 rep-

. the continuum is reproduced « gjr2(p,/2) in f',fg will enhance the weight of the upper
nearly perfectly. This provides strong evidence that &,

d state inre,(w) with respect to the lower one. Such
considerations, however, depend on the details of the nonlo-
cal excitation process in these ladder systems and are there-

resent the magnetic excitations of the spin-ladder compoung,e not of fundamental relevance.

(La,Ca)4CupyOyy

In summary, we have demonstrated that the inclusion of a

Any spectrum calculated fodc,.=0 cannot reach the cycjic spin exchangé,, is necessary to obtain a consistent
quality shown above. Fak, .= 0, the positions of the bound jpterpretation of optical experiments and the magnitude of

states can be described correctly withl, =1.09-1.19. In

the spin gap in (La,Cq)Cu,4,04;. The dispersion of th&

the lower panel of Fig. 3 we plot the spectrum obtained for_ g pound state is very sensitive to the magnitudegt.

Jeye=0 andJ/J, =1.15 and find a strong discrepancy with oy antitative investigation yieldslgy./J, ~0.20-0.27 and
the experimental result. The weight of the bound states is t0G) 3, ~1.25-1.35 with], ~950—-1100 cm?. With these pa-

large compared to the continuum, and the energy cutoff ofgmeters we obtain excellent agreement with the experimen-

the continuum is too low.

tal spectra of La,Ca §C,40,,, both for the bound state and

In spite of the overall impressive consistency of experi-the continuum. This gives strong evidence that we indeed

ment and theory, some discrepancies are visilfig:In

have identified the minimal model which captures all rel-

geg(®) the upper bound statdor p,~m/2) is suppressed gy ant magnetic properties.

much stronger in the DMRG calculation than in the experi-
mental spectrum(ii) In o, ®) the experimental data dis-

plays a pronounced shoulder at about 2200 tmi.e.,

We would like to thank M. Greiter, A. P. Kampf, and G. S.
Uhrig for stimulating discussions. This project was supported

slightly above the suppressed lower bound state, which is ndity the DFG (SFB 484 and SFB 60Q8and by the BMBF
present in our DMRG calculation. We propose that thes€13N6918/].
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