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Magnetic pinning of vortices in a superconducting film: The„anti…vortex-magnetic dipole
interaction energy in the London approximation

M. V. Milošević, S. V. Yampolskii,* and F. M. Peeters†

Departement Natuurkunde, Universiteit Antwerpen (UIA), Universiteitsplein 1, B-2610 Antwerpen, Belgium
~Received 3 July 2002; published 25 November 2002!

The interaction between a superconducting vortex or antivortex in a superconducting film and a magnetic
dipole with in- or out-of-plane magnetization is investigated within the London approximation. The depen-
dence of the interaction energy on the dipole-vortex distance and the film thickness is studied, and analytical
results are obtained in limiting cases. We show how the short range interaction with the magnetic dipole makes
the co-existence of vortices and antivortices possible. Different configurations with vortices and antivortices
are investigated.
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I. INTRODUCTION

The value of the critical current is one of the decisi
factors for the usefulness of a superconductor~SC!. Large
values of the critical currents in superconductors are usu
obtained through the pinning of vortices to different inhom
geneities in a superconductor. In this respect, external
internal surfaces can be treated as inhomogeneities.1 Pinning
centra are introduced, e.g., by locally destroying the cry
structure through, e.g., bombardment with high energy p
ticles. Recently, nanostructuring of a superconducting fi
with a regular area of holes2 led to a large increase of th
critical current, in particular at the so-called matching ma
netic fields. An alternative approach is to deposit an area
ferromagnetic dots near a superconducting film which act
very effective trapping centra for the vortices. Recently
was predicted,3 although not verified, that an increase of t
pinning effects by two orders of magnitude can be realiz
After substantial progress in the preparation of regular m
netic arrays on superconductors4 and considering the impor
tance of such structures for magnetic device and stor
technologies, these hybrid systems became very interes
both from theoretical and experimental points of view. Ma
roscopic pinning phenomena were already explo
experimentally,4–6 but a theoretical analysis of the magne
and superconducting response in such systems is still l
ing. In the majority of recently proposed models7–11 the in-
homogeneous magnetic field of a ferromagnet indu
screening currents in a SC, which, in turn, generate a m
netic field influencing the applied field. Consequently, t
problem must be solved self-consistently. Furthermore,
finite thickness of both the superconductor and the ferrom
netic material was not taken into account in previous th
retical treatments.

Other theoretical studies involving finite size ferroma
nets were mainly restricted to the problem of a magnetic
with out-of-plane magnetization embedded in a superc
ducting film.12,13 Marmorkos et al.12 solved the nonlinear
Ginzburg-Landau equation numerically, with appropria
boundary conditions for an infinitely long ferromagnetic cy
inder penetrating the superconducting film, and found a c
respondence between the value of the magnetization and
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vorticity of the most energetically favorable giant-vorte
state. At that time, the interaction between a small ferrom
netic particle, which may be considered as a point magn
dipole ~MD!, and a type II superconductor was o
interest,14,15 and the magnetostatic energy and levitati
force acting on a dipole were calculated, but still within
thin film approximation. In experiments,16 the magnetic field
of the MD was supposed to be weak, and not able to dra
cally change the structure of the superconducting state in
sample. Obviously, the MD could create additional vortic
near the surface, and this process can be described the
cally as proposed in Ref. 15, by a simple comparison of
free energies of the system with and without vortex. Ho
ever, the spontaneous creation of a vortex-antivortex pai
a possible lower energy state was never considered.

Motivated by recent experiments,17,18we focus in this pa-
per on a model system consisting of a type II thin superc
ducting film ~SC! and a magnetic dipole placed above~be-
low! it which acts as a pinning center~Fig. 1!. We study in
detail, using the London approximation, how the system
perturbed in the neighborhood of the dipole. The superc
ducting film lies in thez50 xy plane while the MD is posi-
tioned at (x,y,z)5(0,0,a), and is magnetized in the positiv
z or x axis direction. To avoid the proximity effect and ex
change of electrons between MD and SC we suppose a
layer of insulating oxide between them as is usually the c
in the experiment.

The paper is organized as follows. In Sec. II we pres
the general formalism. In Sec. III, we discuss the pinni
potential of the magnetic dipole. In Sec. IV the total intera
tion energy in the system is calculated in the presence
vortex-antivortex pairs, and their most favorable position
determined. The question of stability of such vortex config
rations is then analyzed and our conclusions are given
Sec. V.

II. THEORETICAL FORMALISM

We consider a magnetic point dipole with magnetizati
MW , placed outside a type II SC film interacting with a sing
vortex in the SC. Within the London approximation, the to
energy of the stationary magnet-superconductor system
given by15
©2002 The American Physical Society19-1
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FIG. 1. An oblique view of the systems under investigation with~a! out- and~b! in-plane directed magnetic dipole above a superc
ducting film interacting with a vortex.
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FW 5
1

8pE dv1@hW 21l2~rothW !2#1
1

8pE dv2hW 2, ~1!

where l is the penetration depth andhW is the total field
present in the system. The integral of the first term is ta
over the volume of the SC, and the integral of the seco
term is taken outside, except for the volume of the dipo
Therefore, we may rewrite Eq.~1! as

F5
1

8pE dV( i )@hW 21l2~rothW !2#1
1

8pE dV(o)hW 2

2
1

8pE dV(md)hW 2.

Using the identity

hW 25AW •rothW 1div~AW 3hW !,

we obtain

F5
1

8pE dV@rothW •~AW 1l2 rothW !#2
1

8pE dSW •~hW 3AW !

2
1

8pE dV(md)hW 2.

Here we integrate over the volume insideV( i ) and outside
V(o) the superconductor, whileV(md) denotes the volume o
the magnetic dipole.V, by default, corresponds to ‘‘the
whole space’’ and equalsV( i )1V(o). We choose the surfaceS
far away from the superconductor where we can apply
boundary conditionhW→0. Due to the London equation, th
field of the magnetic dipole inside the SC satisfies

hW m1l2 rot~rothW m!50. ~2!

The magnetic field and corresponding vector potential can
written ashW 5hW m1hW v , AW 5AW m1AW v where indexesv andm
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refer to the vortex and ferromagnet, respectively. Now, fro
Eq. ~1!, we obtain the vortex-dipole interaction energy as

Fmv5
1

8pE dV@rothW m•~AW v1l2 rothW v!#

5
1

2cE dV( i ) jWm•FW v1
1

2E dV(o)AW •rotMW

2E dV(md)hW •MW ,

which after simple integral transformations becomes

Fmv5
1

2cE dV( i ) jWm•FW v2
1

2E dV(md)hW v•MW , ~3!

where FW v5(Fr ,Fw ,Fz)5„0,L,F0 /(2urW 2rW vu),0… denotes
the magnetic flux vector (F0 is the flux quantum! of a vortex
with vorticity L positioned atr5rv , andMW is the magneti-
zation of the dipole. As one can see, the interaction energ
this system consists of two parts, namely,~i! the interaction
between the Meissner currents generated in the SC (jWm) by
the MD and the vortex, and~ii ! the interaction between th
vortex magnetic field and the MD.

In order to obtain the value of the current induced in t
superconductor by a magnetic dipole with momentmW @MW

5mW d(x)d(y)d(z2a)#, we solve the corresponding equ
tion for the vector potential19

rot~rotAW m!1
1

l2
Q~d/22uzu!AW m

54p rot@mW d~x!d~y!d~z2a!#, ~4!

whered(•••) is the Dirac delta function. The results for bo
vector potential and magnetic field, for different orientatio
of the magnetic moment of the dipole, are given in the A
pendix.
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III. MAGNETIC DIPOLE—VORTEX INTERACTION
ENERGY

The superconducting current induced in an infinite sup
conducting film with thicknessd (2d/2,z,d/2) by a mag-
netic dipole without-of-plane magnetization, i.e., mW 5meW z
located atz5a is obtained as a solution of Eq.~4! which is
given by

j w~r,z!52
cmF0

2pl3 E0

`

dq expH 2qS uau2
d

2D J
3q2J1~qr!C~q,z!, ~5a!

with
he

ld

ra

r

o

17451
r- C~q,z!5

k coshFkS d

2
1zD G1q sinhFkS d

2
1zD G

~k21q2!sinh~kd!12kq cosh~kd!
, ~5b!

where k5A11q2, r5Ax21y2, and Jn(x) is the Bessel
function. For a MD placed under the SC, one should repl
z by 2z in Eq. ~5b!. The magnetic moment of the dipole
measured in units ofm05F0l, and all distances are scale
in units ofl. These units will be used in the rest of the pap
Clearly, Eq.~4! can also be used for a film of finite dimen
sionsW in the limitsr,a!W. The above integral~5a! can be
solved analytically for certain asymptotic limits
j w~r,z!55 2
3cmF0r l

2pl3~r21 l 2!5/2

cosh~d/21z!

sinh~d!
, r@max~ l ,1/d! or l @max~r,1/d!

2
cmF0

4pl3 F r

~r21 l 2!3/2
1

d~Ar21 l 22 l !

2rAr21 l 2 G , r, l ,
1

d
, d!1,

~6!
f
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where l 5uau2d/2 is the distance between the MD and t
top surface of the SC film.

Inserting the well known expression for the magnetic fie
of a vortex@see Eq.~A3! in the Appendix#, into Eq. ~3! we
find

Fmv5
mLF0

2

2pl
U'~rv!, ~7a!

and

U'~rv!52E
0

`

dq
q

k@k1q coth~kd/2!#
J0~qrv!exp~2ql !.

~7b!

In some limiting cases it is possible to solve this integ
analytically: ~1! for d!1 and rv,1/d we found U'(rv)
'2d/@2(rv

21 l 2)1/2#; ~2! for d,1 and ~a! rv. l : U'(rv)
'2d/@2(rv

21 l 2)1/2#1pd2@H0(rvd/2)2Y0(rvd/2)#/8 and
~b! rv@1/d: U'(rv)'22/(drv

3); ~3! for d.1 and rv
@max(l,1/d) or l @max(rv,1/d): U'(rv)'2 l /(rv

21 l 2)3/2;
~4! for d@1, l !1, and rv@ l : U'(rv)'2 l /(rv

21 l 2)3/2

1@ I 0(rv/2)K0(rv/2)2I 1(rv/2)K1(rv/2)#/2.
HereHn(x) andYn(x) @ I n(x), Kn(x)] denote the Struve

and Bessel function~modified Bessel functions!, respec-
tively. One should notice that our asymptotic results fo
thin SC film differ from those given in Eq.~7! of Ref. 11 by
a factor of 2, and are in agreement with the calculations
Ref. 15@Eq. ~3.16! of Ref. 15#.
l

a

f

In Figs. 2~a! and 2~b! the interaction energy as function o
the position of the vortex are shown, for different~a! vertical
positions of the magnetic dipole, and~b! thicknesses of the
SC. Please note that the asymptotic expressions for an
tremely thin SC, namely,d!1, give a very good description
of the interaction potential@see the inset of Fig. 2~b!#. As
expected, the interaction energy in this system is axia
symmetric and this is illustrated in Fig. 2~c!. In Fig. 2~a!, we
notice that the energy curves for different vertical positio
of the dipole cross each other for large MD-vortex distanc
for the case of a thick SC, namely,d.1. Consequently,
comparing two vertical positions of the dipole, for a M
which is higher above the SC film, interaction with the vo
tex is stronger at large distances, i.e.,rv@1/d @see our ap-
proximate results above; i.e. case~3!#. This can be under-
stood as follows. For a thick superconductor, the magn
field does not penetrate through the SC, and the compo
of the field tangential to the surface becomes importa
When the MD approaches the SC surface, the value of
field component at large distances from the dipole increa
as shown in the inset of Fig. 2~a!. Therefore, the interaction
between the dipole and the vortex is stronger for smallel
when the MD-vortex distancerv is small, and opposite, fo
largerv , the interaction energy grows ifl is larger.

Naturally, the minimum of the interaction energy depic
the energetically favorable position of the vortex. Therefo
from Fig. 2 one notices that for a parallel alignment of t
MD magnetization and the vortex the interaction will b
purely attractive, and the vortex is pinned under the M
independently of the parameters of the system~thickness of
9-3
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FIG. 2. The interaction energy of the vortex with an out-o
plane magnetic dipole~MD! in units ofF05F0

2/(pl) as a function
of the position of the vortex (rv): ~a! for different position of the
MD; ~b! for different thickness of the superconductor; and~c! the
contour plot of the interaction potential. The inset in~a! illustrates
the component of the total MD magnetic field in the presence
the SC, tangential to the SC surface (h05m0 /l3). The inset in
~b! depicts the asymptotic behavior for specific values of
parameters.
17451
the SC, vertical position of the MD and its magnetizati
strength, etc.!. These parameters only determine the stren
of this attractive interaction. For the antiparallel orientati
of the magnetic moment, the vortex is repelled.

Following the same procedure, for a MD within-plane

magnetization(mW 5meW r , for w50, andmW 50 for wÞ0) we
have

Fmv5
mLF0

2

2pl
U i~rv ,w!, ~8a!

wherew is the angle in the SC plane between the direction
the magnetic moment of the dipole and the point of intere
and

U i~rv ,w!5E
0

`

dq
q cosw

k~k1q coth~kd/2!!
J1~qrv!exp~2ql !,

~8b!

for which we obtain the following analytic asymptotic re
sults: ~1! for d,1: U i(rv ,w)'2d coswv/2$ l /(rvArv

21 l 2)
1pd/4@H21(rvd/2)1Y1(rvd/2)#%; ~2! for d!1:
U i(rv ,w)'rvd coswv /@2Arv

21 l 2( l 1Arv
21 l 2)#; ~3! for d

.1 and rv@max(l,1/d) or l @max(rv,1/d): U i(rv ,w)
'rv cosw/(rv

21l2)3/2; and ~4! for d@1, l !1, and rv@ l :
U i(rv ,w)'cosw@rv /(rv

21l2)3/21(11rv)exp(2rv)/rv
2#.

In Figs. 3~a! and 3~b!, the energy is plotted as function o
the position of the vortex when it is moved along the dire
tion of the MD magnetization (w5p), and Fig. 3~c! shows
the complete contour plot. The vortex is attracted to one s
@where the magnetic field of the MD penetrates the SC in
same direction as the vortex; see Fig. 1~b!# and repelled on
the opposite side of the MD. Moreover, it is pinned in a sp
whose position does not depend on the magnetization of
MD but it is influenced by the vertical position of the dipo
and the thickness of the SC. When the dipole approaches
SC or the thickness of the superconductor is increased,
interaction becomes stronger and the vortex will move clo
to the MD.

From our asymptotic expressions for the interaction
ergy the most favorable position of the vortex can be ea
obtained by minimizing the energy. In the thin film approx

mation (d!1), we obtainrv* 5A212A5l /2'1.272l , while
for d.1, but l @1/d we haverv* 5 l /A2'0.7071l . In Fig.
4~a! we show thed dependence of the equilibrium positio
as a function of the thickness of the SC. Therv* ( l ) function
is in general nonlinear, as shown in Fig. 4~b!. A peculiar fact
is that ford.2, the energetically preferable position of th
vortex depends only onl. This follows from the fact that the
magnetic field of the dipole penetrates only in the surfa
layer of the superconductor down to the penetration deptl
so that further increase of the SC thickness does not af
the total interaction. From Fig. 4~b! one should notice tha
our asymptotic results describe nicely the behavior of
system ford!1 or l @d, whend.1.

For the case of an in-plane MD, it should be emphasiz
that the vortex is attracted to the side of the MD where
magnetic field is parallel to the field of the vortex, which

f

e

9-4
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MAGNETIC PINNING OF VORTICES IN A . . . PHYSICAL REVIEW B66, 174519 ~2002!
similar to the case of the out-of-plane magnetized dipo
This conclusion also follows from the observation of t
interaction between the induced currents and the vortex.
an in-plane magnetized MD above the superconductor,
components of the superconducting current in the absenc
vortices are given by

FIG. 3. The interaction energy of the vortex with an in-pla
magnetic dipole~MD! in units ofF05F0

2/(pl) as a function of the
position of the vortex (rv): ~a! for different vertical position of the
MD; ~b! for different thickness of the superconductor; and~c! the
contour plot of the interaction potential. Open circles denote
energetically favorable position of the vortex.
17451
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j r~r,w,z!52
cmF0 sinw

2pl3r
E

0

`

dq exp~2ql !qJ1~qr!C~q,z!,

~9a!

j w~r,w,z!5
cmF0 cosw

2pl3 E
0

`

dq exp~2ql !q2S J1~qr!

qr

2J0~qr! DC~q,z!, ~9b!

j z~r,w,z!50. ~9c!

We obtained the following asymptotic behavior of the
components:

~a! r@max(l,1/d) or l @max(r,1/d),

j r~r,w,z!52
cmF0 sinw

2pl3~r21 l 2!3/2

cosh~d/21z!

sinh~d!
, ~10a!

e

FIG. 4. The position of the vortex (rv* ) as function of the thick-
ness of the superconductor~d! and distance between the in-plan
magnetized dipole and the SC surface (l 5a2d/2). rv* is scaled by
l or by l @inset of ~b!#.
9-5
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FIG. 5. The screening curren
density in the SC film withd
50.5l for ~a! out-of-plane and~b!
in-plane magnetized magnetic d
poles with m5m0 positioned at
a51.0l above the superconduct
ing film.
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j w~r,w,z!5
cmF0 cosw

2pl3~r21 l 2!3/2

2r22 l 2

r21 l 2

cosh~d/21z!

sinh~d!
;

~10b!

~b! r,l ,1/d, d!1,

j r~r,w,z!52
cmF0 sinw

4pl3

Ar21 l 22 l

r2Ar21 l 2
, ~10c!

j w~r,w,z!5
cmF0 cosw

4pl3 FAr21 l 22 l

r2Ar21 l 2
2

l

~r21 l 2!3/2G .

~10d!

For the case of the MD under the SC, these currents cha
sign. The detailed expressions for the magnetic fields and
vector potential as solution of Eq.~4! are given in the Ap-
pendix. The vector plots of the screening currents for b
directions of the MD magnetization are presented in Fig.

Previous theoretical studies20 on the interaction of a mag
netic moment and a vortex used a Gibbs free energy a
ment to show that this force was attractive. In our case,
pinning force between a vortex and the MD consists of t
parts:~i! the interaction between the vortex fringing field a
the magnetic moment, and~ii ! the interaction between th
vortex and the screening currents created in response to
magnetic dipole field. One should notice@Fig. 5~a!# that al-
though the magnetic field of a MD with out-of plane magn
tization changes sign in the SC plane, the superconduc
screening current is always in the same direction, and th
fore, the interaction between the MD and a vortex with p
allel orientation of the field is attractive~consequently, the
vortex will sit under the MD!, and analogously, for anti
parallel orientation of the magnetic fields they repel ea
other.

For the case of a MD with in-plane magnetization, t
Meissner current vector plot in Fig. 5~b! shows that the di-
rection of the current is such that the vortex is attracted to
region where the magnetic field of a MD is parallel to it a
repelled on the other side of a MD due to the opposite dir
tion of the current.
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IV. PINNING OF MULTIPLE VORTICES
ANDÕOR ANTIVORTICES

A. In-plane magnetized dipole

Obviously, in the case of in-plane magnetization, the v
tex will be repelled on the side of the MD to which th
magnetic moment points to and pinned on the opposite
~and vice versa for the antivortex!. The case when the dipol
itself creates vortices was experimentally investigated
Van Baelet al.,18 where it was found that the stray field o
the in-plane magnetic dipole induces a vortex-antivortex p
at the poles, at positions predicted by our analysis~vortex
toward the negative pole, antivortex toward the posit
pole!. Therefore, this asymmetric pinning potential provid
stability for vortex-antivortexconfigurations. One would ex
pect that the position of the pinning sites depends on
magnetic moment of the MD and the number of flux qua
carried by each vortex. To determine the preferable posi
of the vortex-antivortex pair in the presence of an in-pla
MD we put the vortex at (rv ,wv) and the antivortex at
(rav ,wav) with respect to the MD and calculate their inte
action with the dipole. The vortex-antivortex interaction e
ergy is given by21

Fv-av~Rav ,Lv ,Lav!52
LvLavF0

2

8p2l
S dK0~Rav!

12E
0

`

dq
J0~qRav!

k2Q
D , ~11!

where Rav5Arv
21rav

2 22rvrav cos(wv2wav) is the dis-
tance between the vortex and antivortex,K0(x) is the Mac-
Donald function, andLv and Lav are the vorticities of the
vortex and antivortex, respectively.

First, let us suppose that the vortex-antivortex pair a
pears due to the stray field of the dipole. In that case,
pair nucleates where the superconducting current is maxim
namely, under the dipole@Fig. 5~b!#, with vortex and antivor-
tex situated on opposite sides of the dipole. Therefore, du
the symmetry of the applied potential@Fig. 3~c!#, we may
assume thatrv5rav and wv5p2wav . To investigate the
stability of such a pair of vortices, we calculate the to
9-6
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FIG. 6. The total interaction energy@in units
of F05F0

2/(pl)] between the in-plane magneti
dipole ~MD! and the vortex and the antivorte
placed at opposite sides of the dipole for differe
values of the magnetic momentm.
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interaction energy in this system with respect to the posit
of the vortices. The results are shown as contourplots in
6 for different values of the magnetic moment of the dipo
The lowest value of the interaction energy gives the energ
cally favorable position of the vortex-antivortex pair@apart
from the global minimum atx50 ~zero distance betwee
vortices!, where the energy equals2`]. Obviously, the lat-
eral motion of vortices is forbidden by the high energy b
riers, while along the direction of the dipole, also an ene
barrier exists, but lower than the lateral ones, showing us
preferable direction of possible vortex-antivortex annihi
tion.

Knowing this, we put the vortex and antivortex along t
direction of the MD, in such a way thatrv5rav , wv5p,
andwav50, and investigate the pinning potential as functi
of the distance of the vortex and antivortex from the MD. W
substituteR52rv in Eq. ~11! and add this energy to th
values of the MD-vortex and MD-antivortex attraction ene
gies obtained from Eq.~8a!. The result is shown in Fig. 7 fo
~a! different values of the vorticity (Lv , Lav), and~b! differ-
ent magnetizations andLv5Lav51. After a minimization of
the total energy overrv , we obtain the position of the
vortex-antivortex pair. In the thin superconductor cased
,1) this leads to the nonlinear equation

2pmrv

Al 21rv
2~ l 1Al 21rv

2!
F12rv

2S 1

l 21rv
2

1
1

Al 21rv
2~ l 1Al 21rv

2!
D G5

LvLav

Lv1Lav
. ~12!

Although all forces acting in the system are attractive, i
clearly visible that annihilation of vortices can be preven
by their strong confinement at the poles of the MD~the po-
sition of vortex-antivortex pairs is illustrated by the op
circles in Fig. 7!. The interaction energy shows an absolu
minimum for rv50, implying the annihilation, but in orde
to do that vortices have to cross a potential barrier. The
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FIG. 7. The interaction energy of a vortex-antivortex pair and
in-plane MD, as a function of the position of the vortex (rW av

52rW v), along the direction of the magnetization of the dipole f
~a! different values of the vorticity of the vortex and the antivorte
and~b! for single-quantized vortices but different value of the ma
netization of the dipole. The open circles denote the local minim
of the interaction energy.
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fore, the vortex-antivortex configuration can be stable in t
system. To determine if this vortex state is metastable or
ground state one should compare its total energy to the
without vortices. In that case, the existence of the pairs as
ground state will not depend only on the magnetization
the dipole but also on the parameters of the supercondu
~i.e.,l,j) which influence the equilibrium phase diagram v
the self-energy of the vortices.

From Fig. 7~b! it is clear that in the case ofLv5Lav51
there exists a critical MD magnetization for which the an
hilation barrier disappears. More generally, the critical va
of the magnetic moment of the MD, in the thin SC film lim
follows from Eq.~12! ~by the condition that the function ha
no solution! and is given by

m* 51.08529
LvLavl

Lv1Lav
. ~13!

From this equation the critical values of the vorticity, wh
attraction becomes stronger than the pinning, can also
estimated. ForLv5Lav we havem* 51.08529Lvl /2, and us-
ing the fact thatF1/F052m/ l for an in-plane MD we ob-
tain the critical conditionF1/F051.08529Lv , whereF1

denotes the flux through the region of the positive stray fi
of the dipole at the SC surface. This implies that there i
connection between the appearance of stable vor
antivortex pairs and the amount of penetrating flux of
magnetic dipole. Notice that the criticalF1 is not exactly
quantized in units ofF0 which is a mesoscopic effect.22 The
quantization conditionF5rCAW •d lW5LF0 cannot be used
because it is not possible to construct a contourC around the
positive stray field region where the current is zero@see Fig.
5~b!#. The inhomogeneous magnetic field of the dipo
stimulates the creation of a vortex and an antivortex at
posite poles. These vortices cannot be treated independ
and it turns out that larger flux is needed in order not only
create this pair but also to keep them apart.

As shown above, for the case of the experimentally i
portant thin SC film approximation, the position of th
vortex-antivortex pair with respect to the dipole can be o
tained from Eq.~12!. This position depends both on the ve
tical position of the dipole and its magnetization streng
For a fixed magnetic moment of the dipole, the vorte
antivortex pair can only be stabilized forl below some criti-
cal value which is obtained from Eq.~13!. If we put m
5m* in Eq. ~12!, we obtain the simple dependencerv*
50.4904l * . The dependence ofrv* on l is shown in Fig. 8,
for different values of the magnetization, where also the s
bility region of the vortex-antivortex pair is indicated. On
can see three regions in this diagram:~i! the region where the
vortex-antivortex pair is unstable, which is bounded byrv*
50.4904l , for any value of the magnetization of the MD;~ii !
the region of stability; and~iii ! the forbidden area, forrv*
.1.272l . The latter condition follows from Sec. III@see Fig.
4~b!#. Notice that with increasing distance between the
pole and the SC film, the pinning sites move further from
center of the dipole, up to a certain point when the inter
tion between vortices overwhelms the pinning force. Af
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that, the distance between vortex and antivortex decre
and they finally annihilate. The maximum distancerv* fol-
lows from Eq.~12! by taking the derivative with respect tol
and leads torvmax* 50.7071l max ~open dots in Fig. 8!, which
again corresponds to the single vortex situation forl @d ~see
Fig. 4!.

B. Out-of-plane magnetized dipole

Due to the strong field inhomogeneity and the reversa
the direction of the magnetic field in the vicinity of the MD
with out-of plane magnetization, and the fact that the
magnetic flux due to the MD in the SC plane is equal to ze
one expects that vortex-antivortex configurations might
stable in such applied field, as predicted earlier in Ref. 23
a finite size superconductor. As shown in Fig. 2, an in
vidual vortex is strongly attracted by the MD and the an
vortices are repelled. Therefore we artificially put one vort
with vorticity Lv under the MD and assume the existence
a ring of nav single antivortices around it, with radiusrv .23

Adding the interaction between each two vortices to our p
vious expression for the interaction energy, we obtain
total interaction energy

Fint5
mF0

2

2pl
@LvU'~0!2navU'~rv!#1navFv-av~rv ,Lv,1!

2
nav

2 (
j 51

nav21

Fv2avS rvA222cos
2p j

nav
,1,1D , ~14!

where the first two terms describe the dipole-vortex a
dipole-antivortex interactions, the third term is the vorte
antivortex attraction term, and the last term is the repuls
energy between antivortices. The functionFv-av is given by
Eq. ~11!. Although the vortex is attracted by the antivortice
annihilation is prevented by the repulsion between the a
vortex and the MD~for example, see Fig. 9, forLv5nv
51). Naturally, this energy barrier becomes smaller with d

FIG. 8. The position of the vortex-antivortex pair (rv* ) as a
function of the distance between the in-plane magnetized dipole
the SC surface (l 5a2d/2), for different values of the magnetiza
tion of the dipole.
9-8
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creasing magnetic moment of the dipole. Nevertheless,
barrier exists, the interaction energy shows one local m
mum, meaning that antivortices would not be repelled
infinity but to a certain point. The position of this local min
mum we obtained in the same manner as previously, wh
within the thin film approximation, leads to the equation

4pmrv
2

~ l 21rv
2!3/2

52Lv2nav11. ~15!

From this expression, the threshold value of the magn
moment~when the potential barrier appears! is obtained as

m* 5S 3

4D 3/2~2Lv2nav11!l

p
. ~16!

For lower values of the magnetic moment, the energetic
rier between vortices disappears and annihilation can no
prevented. Analogously, for fixed magnetic moment, incre
ing vorticity Lv of the vortex will make the attraction stron
ger and for a certain value ofLv , antivortices will be able to
overcome the barrier. This critical value of the vorticity c
also be estimated from Eq.~16!. One should notice that we
leave the possibility ofLvÞnav , which corresponds to the
experimental situation when first positive external flux lin
are pinned by the magnetic center, and then the polarit
the applied field is changed. UsingF1/F054A3p/9 m/ l
for an out-of-plane magnetic dipole polarization, form
5m* we find that the critical condition becomesF1/F0
5(2Lv2nav11)/2, whereF1 denotes the flux through th
region of positive stray field of the dipole. One should not
that the first stable vortex-antivortex pair (Lv5nav51) ap-
pears forF15F0, and further increase of vorticity is
quantized process, withDF15F0/2 necessary for stability
for each one-unit-increase ofLv and nav . Also in this case
we cannot define a path around the positive stray field reg

FIG. 9. The total interaction energy between an out-of-pla
magnetic dipole~MD!, the vortex~1! under it, and the antivortex
~2! at a distancerv . This illustrates vortex-antivortex pair stabil
zation by the short range interaction with the MD.
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where the superconducting current is zero@see Fig. 5~a!#, and
consequently the flux quantization condition does not ap
here.

In this treatment, we assumed the presence of a g
vortex under the dipole as an energetically preferable stat
is well known that in infinite superconductors; thus in t
absence of boundaries imposing the symmetry of the su
conducting state the giant vortex splits into multivortice
Since in our case an inhomogeneous applied magnetic
dictates the behavior of superconducting electrons, it is
clear which state carries less energy. Which central vor
configuration is realized depends on the parameters of
superconductor, i.e.j, l, and d, which come into play
through the self energy of the involved vortices. Therefo
for a particular superconducting film, we extend our a
proach to the case of multivortices surrounded by a multi
tivortex ring. That is, we investigate the stability ofN vortex-
antivortex pairs symmetrically arranged around the dipo
where vortices sit on a ring with radiusrv , and antivortices
occupy the corresponding positions on the ring with rad
rav . We apply the same approach as before, calculating
interaction energy in a similar manner as in Eq.~14!, where
the interaction between each two vortices is included. Afte
minimization of the interaction energy with respect to t
parametersrv andrav , we obtain numerically the energet
cally favorable positions of the vortices. The results a
shown in Fig. 10 for the case ofN53 ~see the inset of Fig.
10!. Increasing the magnetization of the dipole increases
distance between vortices and antivortices in a way that v
tices come closer to the dipole and antivortices are repe
further away. It should be noted that a certain critical va
of the magnetization is needed to prevent annihilation.
Fig. 11 we give this threshold value as a function ofl for
different values ofN. One should note that this value of th
magnetic moment again implies the quantization of the p
etrating flux~as in the case of a giant vortex surrounded
antivortices!, but with DF151.0489F0 necessary for the
stability of the first pair, and slightly decreasing for add

e
FIG. 10. The energetically favorable position of the vortex~1!

and the antivortex~2! in the case ofN53 pairs placed symmetri-
cally around the out-of-plane magnetic dipole~MD!. The inset il-
lustrates the configuration.
9-9
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tional pairs. ForN.4, DF1 becomes smaller than the flu
quantum. The interpretation of this behavior can be that m
tivortices eventually join into a giant vortex, or that a diffe
ent geometry of the superconducting state appears. For
ample, for a larger number of pairs, due to the large lin
density of vortices along the ring, they could rearran
forming more than a single ring.

Figure 11 gives only the critical condition for stability o
vortex-antivortex pairs. However, which configuration h
the lowest energy and is thus the energetically prefera
state cannot be inferred from this figure. In order to comp
the energies of states with different number of pairs, i.e.,N,
we include the self-energy of individual vortices in th
calculation21

Fv5
F0

2

16p2l
H d ln

l

j
12 tanhS d

2D lnF11cothS d

2D G J .

~17!

The numerical results, as referred to the Meissner state
shown in Fig. 12, for a thin SC film withl/j510. With an
increasing magnetic moment of the dipole the energetic
favorable state goes through successive states in whicN
increases. If we again calculate the fluxDF1 which now
corresponds to the appearance of the nextN state as the
ground state, we find thatDF151.97F0, for the appearance
of the first pair, and forN>2, the additional flux slightly
decreases with increasingN, starting fromDF151.089F0,
for N52. The larger flux needed for the first vorte
antivortex state can be explained by the fact that this cy
drically asymmetrical state appears in a symmetrical m
netic potential. ForN>2, the results correspond to ou
previous analysis. It should be stressed that these result
pend on the parameters of the superconductor, namelyl and
j, which come into play through the self-energy of the v

FIG. 11. The stability phase diagram forN vortex-antivortex
pairs around the out-of-plane magnetized dipole, as a functio
the distance between the dipole and the SC surface~l! and the
magnetic momentm. Solid lines denote the critical value of th
moment needed for the stability of such vortex-antivortex confi
rations.
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tices. This is in contrast to the interaction energy~see the
inset of Fig. 12! which, in the London approximation, i
independent ofj.

V. CONCLUSION

To summarize, we applied the London theory to inves
gate flux pinning in SC films due to the presence of a m
netic dipole situated above~or under! the SC. Depending on
the direction of the dipole magnetic moment, we obtain
exact analytic expressions for the MD-vortex interaction e
ergy and screening currents. We obtained the asymptotic
havior of the interaction potential and the induced curre
for specific values of the involved parameters. We calcula
the pinning potential for both an in- and out-of-plane ma
netized dipole. Our results show that an out-of-plane mag
tized dipole attracts a vortex if aligned parallel to it, an
opposite, for antiparallel alignment the vortex is repelle
This is a consequence of the monodirectional supercond
ing current induced in the SC for the out-of-plane magne
zation of the MD. However, for in-plane magnetization, t
dipole-vortex interaction shows a dual behavior, namely,
vortex is attracted to the negative pole of the MD and
pelled on the other side. Moreover, the position of the p
ning site depends on the position of the MD and thickness
the SC. We calculated these dependences and showed
they are linear for thin superconductors, or large MD-vort
distances. Due to the dual behavior of the pinning poten
we explored the possible coexistence of vortices and anti
tices in such systems. The total interaction energy calcula
leads to the conclusion that the vortex and antivortex
separated by an energy barrier due to the short range in
action with the dipole, and therefore, these pairs could
stable. Both in- and out-of-plane magnetized dipoles are a
to keep these vortices apart. We analytically calculated
interaction potential in the presence of vortex-antivort
pairs~or giant vortex-single antivortices! and gave estimate

of

-

FIG. 12. The free energy difference between the states witN
vortex-antivortex pairs around the dipole and the Meissner state
a thin SC film withl/j510 and the out-of-plane dipole positione
at l /l51.0. The inset shows the total interaction energy in
correspondingN states.
9-10
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of the parameters necessary for stability of such fascina
configurations in a thin SC film.
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APPENDIX: THE MAGNETIC FIELD OF A MAGNETIC
DIPOLE IN THE PRESENCE OF A SC FILM

The magnetic field of a vortexhW v5rotAW v , which is per-
pendicular to the plane of the film, is determined as the
lution of the system of equations

AW v~rW ,z!1l2 rot rotAW v~rW ,z!5FW ~rW 2rW v!, uzu,d/2,
~A1a!

2¹2AW v~rW ,z!50, uzu.d/2, ~A1b!

with the following boundary conditions:~i! the continuity of
the vector potential components atz56d/2, and ~ii ! their
vanishing far from the superconductor~at uzu→`). Here
FW (rW 2rW v) takes into account the vortex, whererW v is the
vortex position in the film plane. In cylindrical coordinate
Fr5Fz50, Fw5LF0/2purW 2rW vu @so that rotFW

5LF0d(rW 2rW v)]. The solutions of Eqs.~A1a! and ~A1b!
are24,25

Avw
( i ) ~rW ,z!5

LF0

2plE0

`

dq
J1~qR/l!

k2 F12
kq cosh~kz/l!

Q sinh~kd/2l!G ,
~A2a!

Avw
(o)~rW ,z!5

LF0

2plE0

`

dq
J1~qR/l!

Q
expS 2q

2uzu2d

2l D .

~A2b!

Here k5(11q2)1/2, Q5k@k1q coth(kd/2l)#, R5urW 2rW vu
5@r21rv

222rrv cos(w2wv)#
1/2, Jn(x) is the Bessel func-

tion, and index ‘‘i (o)’’ denotes the field inside~outside! the
superconductor. The components of the vortex magnetic fi
are given by25

hvz
( i )~r,z!5

LF0

2pl2 FK0S R

l D2E
0

`dqq2

kQ
J0S qR

l D cosh~kz/l!

sinh~kd/2l!G ,
~A3a!

hvr
( i )~r,z!5

LF0

2pl2E0

`dqq

Q
J1S qR

l D sinh~kz/l!

sinh~kd/2l!
,

~A3b!

hvz
(o)~r,z!5

LF0

2pl2E0

`dqq

Q
J0S qR

l DexpS 2q
2uzu2d

2l D ,

~A3c!
17451
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hvr
(o)~r,z!5

LF0

2pl2
sgn~z!E

0

`dqq

Q
J1S qR

l DexpS 2q
2uzu2d

2l D ,

~A3d!

hvw
( i ) 5hvw

(o)50, ~A3e!

whereK0(x) is the MacDonald function.
The magnetic field of a dipole, situated at the distancl

above the film, can be written in the following way~here and
below l 5uau2d/2) ~see, for example, Ref. 26!,

hW m~rW ,z!5H hW d~rW ,z!1hW m,1
(o) ~rW ,z!, z.d/2

hW m
( i )~rW ,z!, 2d/2<z<d/2

hW m,2
(o) ~rW ,z!, z,2d/2,

~A4!

where hW d(rW ,z) is the direct contribution from the dipole
hW m,1

(o) (rW ,z) is the induced field above the superconduct

hW m
( i )(rW ) is the dipole field penetrating inside the superco

ductor andhW m,2
(o) (rW ) denotes the field of the dipole below th

film. The vector potentialAW d(rW ,z) is defined by the equation

rot AW d~rW ,z!54pmW d~rW !d~z2a!, ~A5!

wheremW is the magnetic moment of the dipole. The potent
AW m

( i )(rW ) is found as the solution of Eq.~A1a! with zero right

side andAW m,6
(o) (rW ) as a solution of Eq.~A1b!. The integration

constants have to be found through similar boundary con
tions as for the vortex field distribution: i! the continuity of
the vector potential components atz56d/2 and ii! their
vanishing atuzu→`. We consider two orientations of th
MD magnetization.

~I! The dipole is directedperpendicularto the film plane,
i.e.,mr5mw50, mz5m. In this case the vector potential ha
only an azimuthal component and is described by the exp
sions

Adw~r,z!5
m

l2E0

`

dqqJ1S qr

l DexpS 2
q

l
uz2au D

5
mr

@r21~z2a!2#3/2
, ~A6a!

Amw
( i ) ~r,z!5

1

l2E0

`

dqqJ1S qr

l D FB1~q!expS 2
kz

l D
1D1~q!expS kz

l D G , ~A6b!

Amw,6
(o) ~r,z!5

1

l2E0

`

dqqJ1S qr

l DB2,6~q!expS 2
qz

l D ,

~A6c!

where B1(q) 5 B(q)q(k2q)exp(2kd/2l), D1(q)
5B(q)q(k1q)exp(kd/2l), B2,1(q) 5 2B(q)sinh(kd/l)
9-11
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exp(qd/2l), and B2,2(q) 5 2B(q)kq exp(qd/2l),
with B(q) 5 2m exp(2ql/l)/@(k1q)2 exp(kd/l)
2(k2q)2 exp(2kd/l)#.

Consequently, we obtain the following components of
dipole magnetic field:

hmz
( i ) ~r,z!5

1

l3E0

`

dqq2J0S qr

l D FB1~q!expS 2
kz

l D
1D1~q!expS kz

l D G , ~A7a!

hmr
( i ) ~r,z!5

1

l3E0

`

dqkqJ1S qr

l D FB1~q!expS 2
kz

l D
2D1~q!expS kz

l D G , ~A7b!

hdz~r,z!5
m

l3E0

`

dqq2J0S qr

l DexpS 2
q

l
uz2au D

5
m@2~z2a!22r2#

@r21~z2a!2#5/2
, ~A7c!

hdr~r,z!5
m sgn~z2a!

l3 E
0

`

dqq2J1S qr

l DexpS 2
q

l
uz2au D

5
3mr~z2a!

@r21~z2a!2#5/2
, ~A7d!

hmz,6
(o) ~r,z!5

1

l3E0

`

dqq2J0S qr

l DB2,6~q!expS 2
qz

l D ,

~A7e!

hmr,6
(o) ~r,z!5

1

l3E0

`

dqq2J1S qr

l DB2,6~q!expS 2
qz

l D ,

~A7f!

hmw
(1)5hmw,6

(2) 50. ~A7g!

~II ! The dipole is magnetized in the directionparallel to
the SC film plane~in-plane magnetization!. Following the
same procedure as above, we obtain

hdr~r,w,z!5
m cosw

2l3 E
0

`

dqq2 expS 2
q

l
uz2au D FJ2S qr

l D
2J0S qr

l D G5
m@2r22~z2a!2#cosw

@r21~z2a!2#5/2
,

~A8a!
17451
e

hdw~r,w,z!5
m sinw

l2r
E

0

`

dqqexpS 2
q

l
uz2au D J1S qr

l D
5

m sinw

@r21~z2a!2#3/2
, ~A8b!

hdz~r,w,z!52
m cosw

l3 E
0

`

dqq2 expS 2
q

l
uz2au D J1S qr

l D
52

3mruz2aucosw

@r21~z2a!2#5/2
, ~A8c!

hmr
( i ) ~r,w,z!5

cosw

2l3 E0

`

dqkqFJ2S qr

l D2J0S qr

l D G
3FD1~q!expS kz

l D2B1~q!expS 2
kz

l D G ,
~A8d!

hmw
( i ) ~r,w,z!5

sinw

l2r
E

0

`

dqkJ1S qr

l D FD1~q!expS kz

l D
2B1~q!expS 2

kz

l D G , ~A8e!

hmz
( i ) ~r,w,z!52

cosw

l3 E
0

`

dqq2J1S qr

l D FD1~q!expS kz

l D
1B1~q!expS 2

kz

l D G , ~A8f!

hmr,6
(o) ~r,w,z!52

cosw

2l3 E0

`

dqq2 expS 2
qz

l D FJ2S qr

l D
2J0S qr

l D GB2,6~q!, ~A8g!

hmw,6
(o) ~r,w,z!52

sinw

l2r
E

0

`

dqqexpS 2
qz

l D J1S qr

l DB2,6~q!,

~A8h!

hmz,6
(o) ~r,w,z!52

cosw

l3 E
0

`

dqq2 expS 2
qz

l D
3J1S qr

l DB2,6~q!. ~A8i!
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