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Magnetic pinning of vortices in a superconducting film: The (anti)vortex-magnetic dipole
interaction energy in the London approximation
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The interaction between a superconducting vortex or antivortex in a superconducting film and a magnetic
dipole with in- or out-of-plane magnetization is investigated within the London approximation. The depen-
dence of the interaction energy on the dipole-vortex distance and the film thickness is studied, and analytical
results are obtained in limiting cases. We show how the short range interaction with the magnetic dipole makes
the co-existence of vortices and antivortices possible. Different configurations with vortices and antivortices
are investigated.
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I. INTRODUCTION vorticity of the most energetically favorable giant-vortex
state. At that time, the interaction between a small ferromag-
The value of the critical current is one of the decisive netic particle, which may be considered as a point magnetic
factors for the usefulness of a supercondud¢®®). Large dipole (MD), and a type Il superconductor was of
values of the critical currents in superconductors are usualljﬂteresy‘15 and the magnetostatic energy and levitation
obtained through the pinning of vortices to different inhomo-force acting on a dipole were calculated, but still within a
geneities in a superconductor. In this respect, external anidin film approximation. In experiments the magnetic field _
internal surfaces can be treated as inhomogenéitiisning ~ ©f the MD was supposed to be weak, and not able to drasti-
centra are introduced, e.g., by locally destroying the crystaf@lly change the structure of the superconducting state in the
structure through, e.g., bombardment with high energy pal,§ample. Obviously, the MD could create additional vortices

ticles. Recently, nanostructuring of a superconducting filmg €87 the surface, a}nd this process can be descnk_)ed theoret-
with a regular area of holéded to a large increase of the cally as prpposed in Ref. 15, b.y a S'mp'? comparison of the
free energies of the system with and without vortex. How-

Cr'?.cafl. clt(;rrezt, |r:tpart|§ular at the EO.'C?"edd mat_(t:hmg Mag-ayer, the spontaneous creation of a vortex-antivortex pair as
Netic Telds. Anh alternative approacn 1S o deposit an area o possible lower energy state was never considered.

ferromagne_tic dots near a superconducting_ film which acts as ‘Motivated by recent experimenté2®we focus in this pa-
very effe(_:tlve trapping centra fc_)r the vomcgs. Recently, 'tper on a model system consisting of a type Il thin supercon-
w.as.predlctea,although not verified, th_at an increase of_the ducting film (SO and a magnetic dipole placed aboftee-
pinning effects by two orders of magnitude can be realizedjoyy) it which acts as a pinning centéFig. 1). We study in
After substantial progress in the preparation of regular maggetail, using the London approximation, how the system is
netic arrays on superconductbend considering the impor- perturbed in the neighborhood of the dipole. The supercon-
tance of such structures for magnetic device and storaggucting film lies in thez=0 xy plane while the MD is posi-
technologies, these hybrid systems became very interestingpned at &,y,z) =(0,0a), and is magnetized in the positive
both from theoretical and experimental points of view. Mac-z or x axis direction. To avoid the proximity effect and ex-
roscopic pinning phenomena were already explorecchange of electrons between MD and SC we suppose a thin
experimentally’,~® but a theoretical analysis of the magnetic layer of insulating oxide between them as is usually the case
and superconducting response in such systems is still lacka the experiment.
ing. In the majority of recently proposed modefs the in- The paper is organized as follows. In Sec. Il we present
homogeneous magnetic field of a ferromagnet induceshe general formalism. In Sec. Ill, we discuss the pinning
screening currents in a SC, which, in turn, generate a magsotential of the magnetic dipole. In Sec. IV the total interac-
netic field influencing the applied field. Consequently, thistion energy in the system is calculated in the presence of
problem must be solved self-consistently. Furthermore, theortex-antivortex pairs, and their most favorable position is
finite thickness of both the superconductor and the ferromagdetermined. The question of stability of such vortex configu-
netic material was not taken into account in previous theorations is then analyzed and our conclusions are given in
retical treatments. Sec. V.

Other theoretical studies involving finite size ferromag-
nets were mainly restricted to the problem of a magnetic dot Il. THEORETICAL FORMALISM
with out-of-plane magnetization embedded in a supercon-
ducting film*>® Marmorkoset al!? solved the nonlinear ~ We consider a magnetic point dipole with magnetization
Ginzburg-Landau equation numerically, with appropriateM, placed outside a type Il SC film interacting with a single
boundary conditions for an infinitely long ferromagnetic cyl- vortex in the SC. Within the London approximation, the total
inder penetrating the superconducting film, and found a corenergy of the stationary magnet-superconductor system is
respondence between the value of the magnetization and tigiven by
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FIG. 1. An oblique view of the systems under investigation wihout- and(b) in-plane directed magnetic dipole above a supercon-
ducting film interacting with a vortex.

.1 . - 1 - refer to the vortex and ferromagnet, respectively. Now, from
F= gj dvy[h*+A“(roth)“]+ gJ dvyh%, (1) Eq.(1), we obtain the vortex-dipole interaction energy as

where A is the penetration depth arfu is the total field Fmv:if dV[rothy, (A, +\2roth,)]
present in the system. The integral of the first term is taken 8w

over the volume of the SC, and the integral of the second 1 1

term is taken outside, except for the volume of the dipole. S — dV(i)fm.q3U+ _j dVOA.rotM
Therefore, we may rewrite Eq1) as 2¢c 2

1 - N 1 - - (MAp. V1
F=—f dv<'>[h2+>\2(roth)2]+—f dV(Op? fdv h-M,
8 8w

1 which after simple integral transformations becomes
— — | dvtmaR2
8 ' 1 B | L
Fmvzzf dvOj - D, — Ef dvimn, .M, (3
Using the identity
S, where &,=(®,,®,,P,)=(0L,Py/(2|p—p,|),0) denotes
h?=A-roth+div(AXh), the magnetic flux vector®, is the flux quanturof a vortex
with vorticity L positioned ap=p,, andM is the magneti-
zation of the dipole. As one can see, the interaction energy in

1 o R 1 o this system consists of two parts, namély,the interaction

F= 8_7-J dV[roth- (A+\?roth)]— 8_7rf dS (hxA) between the Meissner currents generated in the S By
the MD and the vortex, andi) the interaction between the
1 ()2 vortex magnetic field and the MD.

- QJ dVvim®h?, In order to obtain the value of the current induced in the
superconductor by a magnetic dipole with mome?m[l\7|
=mé(x)5(y) 5(z—a)], we solve the corresponding equa-
tion for the vector potentia

we obtain

Here we integrate over the volume insitl¢) and outside
V() the superconductor, whil(™? denotes the volume of
the magnetic dipoleV, by default, corresponds to “the
whole space” and equalé) + V(°), We choose the surfa&® 1
far away from the superconductor where we can apply the rot(rotA,,) + F@(dlz— 1Z)) A

boundary conditioh—0. Due to the London equation, the

field of the magnetic dipole inside the SC satisfies =47rrot[r?16(x)5(y)5(z—a)], 4)

hm+ A2 rot(rothy,) =0. (20  whered(- - ) is the Dirac delta function. The results for both

o ) . vector potential and magnetic field, for different orientations

The magnetic field and corresponding vector potential can bgf the magnetic moment of the dipole, are given in the Ap-
written ash=h,+h,, A=A,+A, where indexey andm  pendix.
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1. MAGNETIC DIPOLE—VORTEX INTERACTION d d
ENERGY kcosr{k §+z) +qsin}‘{k(§+z
The superconducting current induced in an infinite super- C(a,2)= (k2+g?)sinh(kd) + 2kq coshikd) (50)

conducting film with thicknesd (—d/2<z<d/2) by a mag-

netic dipole without-of-plane magnetizatiori.e., m=me,

located az=a is obtained as a solution of E¢4) which is 5 s )
given by where k=1+q° p=x*+y?, andJ,(x) is the Bessel

function. For a MD placed under the SC, one should replace
zby —z in Eq. (5b). The magnetic moment of the dipole is

jo(p2)=— Cmq)ofmdq exp[ —ql|al—- 9)] measured in units ay=®,\, and all distances are scaled
¢ 2733 Jo 2 in units ofA. These units will be used in the rest of the paper.
Clearly, Eqg.(4) can also be used for a film of finite dimen-
2
xq°J1(ap)C(a,2), (5a sionsWin the limitsp,a<W. The above integrdba) can be
with solved analytically for certain asymptotic limits

3cmdypl cosh{d/2+z)
2m\3(p2+13)52  sinh(d)
Jelp,2)=
¢ _ cmdg P d(\/pZ+12-1)
4\3 (p2+|2)3/2 2p /—p2+|2

p>max(|,1/d) or I>max p,1/d)

(6)

I<1 d<1
’ P a: 1

wherel =|a| —d/2 is the distance between the MD and the In Figs. 2a) and 2b) the interaction energy as function of
top surface of the SC film. the position of the vortex are shown, for differéat vertical

Inserting the well known expression for the magnetic fieldpositions of the magnetic dipole, arid) thicknesses of the
of a vortex[see Eq.(A3) in the Appendi¥, into Eq.(3) we  SC. Please note that the asymptotic expressions for an ex-
find tremely thin SC, namelyj<1, give a very good description

of the interaction potentidlsee the inset of Fig.(B)]. As
mL(IJS expected, the interaction energy in this system is axially
2\ Ui (po), (78 symmetric and this is illustrated in Fig(Q. In Fig. 2a), we
notice that the energy curves for different vertical positions
and of the dipole cross each other for large MD-vortex distances,
for the case of a thick SC, namelg>1. Consequently,
. q comparing two vertical positions of the dipole, for a MD
- _ which is higher above the SC film, interaction with the vor-
Yilpy) Jo qu[k+q COt"(kd/Z)]JO(qpv)exq ab- tex is stronger at large distances, ig,>1/d [see our ap-
(7o) proximate results above; i.e. caé®]. This can be under-
o o ) o stood as follows. For a thick superconductor, the magnetic
In some limiting cases it is possible to solve this integralgqa g does not penetrate through the SC, and the component
analyt|ca||y2: (1)2 fSr _d<1 and p,<1/d we founfj Ui(p)  of the field tangential to the surface becomes important.
~—d/[2(p%+lz)l/2], 2) ;‘or d<1 and(@ p,>I: U.(p,)  \When the MD approaches the SC surface, the value of this
~—d/[2(p;+1%)"?]+ md’[Ho(p,d/2)— Yo(p,d/2)]/8 and  field component at large distances from the dipole increases,
(b) p,>1d: U, (p,)~—2/(dpJ); (3) for d>1 and p,  as shown in the inset of Fig(®. Therefore, the interaction
>max(,1/d) or |>max(p,,1/d): UL(PU)”—|/(P3+|2)3/Z; between the dipole and the vortex is stronger for smaller
(4) for d>1, I<1, andp,>I: Ul(pv)~—|/(p3+|2)3/2 when the MD-vortex distancg, is small, and opposite, for
+[1o(p,/12)Ko(p,/2) = 11(p,/12)K1(p,/2)]/2. largep, , the interaction energy grows lifis larger.

HereH ,(x) andY ,(x) [1,(x), K,(X)] denote the Struve Naturally, the minimum of the interaction energy depicts
and Bessel functionmodified Bessel functions respec- the energetically favorable position of the vortex. Therefore,
tively. One should notice that our asymptotic results for afrom Fig. 2 one notices that for a parallel alignment of the
thin SC film differ from those given in Eq7) of Ref. 11 by =MD magnetization and the vortex the interaction will be
a factor of 2, and are in agreement with the calculations opurely attractive, and the vortex is pinned under the MD
Ref. 15[Eq. (3.16 of Ref. 15. independently of the parameters of the syst#mckness of

Fmp=
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the SC, vertical position of the MD and its magnetization
strength, et¢. These parameters only determine the strength
of this attractive interaction. For the antiparallel orientation
of the magnetic moment, the vortex is repelled.

Following the same procedure, for a MD with-plane
magnetizatiofm=me,, for =0, andm=0 for ¢+0) we
have

mL®3
Fio ==~ Vilp, ' ®), (8a)

whereg is the angle in the SC plane between the direction of
the magnetic moment of the dipole and the point of interest,
and

N q cose
Ui(p )= || oo comeraiary (Gpoexe—ab),
@

for which we obtain the following analytic asymptotic re-

sults: (1) for d<1: Uy(p, ,¢)~—d cose,/2{1/(p,\p2+1?)
+adldH_4(p,di2)+Y,(p,di2)]}: (2 for d<1:

Uj(p, @) =p,d cose, [2yp;+1%(1+p;+17)]; (3) for d
>1 and p,>max(,1/d) or |>max(p,,1/d): U(p,,¢)
* asymptotic behavior p ~p, COS(p/(p5+|2)3/2; and (4) for d>1, I1<1, and pv>|:

for d<i, p,>a

Uy(py , @) =cosglp, /(p;+19)¥+ (1+ p,)exp(—p,)p; .

In Figs. 3a) and 3b), the energy is plotted as function of
the position of the vortex when it is moved along the direc-
tion of the MD magnetization£= ), and Fig. 3c) shows
the complete contour plot. The vortex is attracted to one side
[where the magnetic field of the MD penetrates the SC in the
same direction as the vortex; see Fi¢h)l and repelled on
the opposite side of the MD. Moreover, it is pinned in a spot
whose position does not depend on the magnetization of the
MD but it is influenced by the vertical position of the dipole
and the thickness of the SC. When the dipole approaches the
SC or the thickness of the superconductor is increased, the
interaction becomes stronger and the vortex will move closer
to the MD.

From our asymptotic expressions for the interaction en-
ergy the most favorable position of the vortex can be easily
obtained by minimizing the energy. In the thin film approxi-

mation d<1), we obtairp* = \2+2/51/2~1.272, while

for d>1, butl>1/d we havep} =1/\2~0.7071. In Fig.
4(a) we show thed dependence of the equilibrium position
as a function of the thickness of the SC. Ta{&(I) function

is in general nonlinear, as shown in Figb¥ A peculiar fact

is that ford>2, the energetically preferable position of the
vortex depends only oh This follows from the fact that the
magnetic field of the dipole penetrates only in the surface
plane magnetic dipoléMD) in units of Fo=®2/(m\) as a function layer of the superconductor down to t.he penetration d&pth
of the position of the vortexg(,): (a) for different position of the so that fl'!rther 'n,crease of the SC thickness does_’ not affect
MD:; (b) for different thickness of the superconductor: anfithe  the total interaction. From Fig.(d) one should notice that
contour plot of the interaction potential. The inset(a illustrates ~ OUr asymptotic results describe nicely the behavior of the
the component of the total MD magnetic field in the presence ofystem ford<1 orl>d, whend>1.

FIG. 2. The interaction energy of the vortex with an out-of-

the SC, tangential to the SC surfade,£m,/\%). The inset in For the case of an in-plane MD, it should be emphasized
(b) depicts the asymptotic behavior for specific values of thethat the vortex is attracted to the side of the MD where the
parameters. magnetic field is parallel to the field of the vortex, which is
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FIG. 4. The position of the vortexof ) as function of the thick-
ness of the superconduct@d) and distance between the in-plane
magnetized dipole and the SC surfate-@—d/2). p}; is scaled by
| or by \ [inset of (b)].
) cmdysing (=
jo(pr@,2)=——————| daexp(—ql)qJi(ap)C(q,2),
27\°p Jo
(9a)
3 -2 1 0/ 1 2 3
X/\ cmd, cose (= Ji(ap)
jopp = TR | dqexq—qnqz(—
¢ 2m\°8 0 ap

FIG. 3. The interaction energy of the vortex with an in-plane
magnetic dipoléMD) in units of Fy=®2/(m\) as a function of the
position of the vortex g,): (a) for different vertical position of the —Jo(qp)) C(q,2), (9b)
MD; (b) for different thickness of the superconductor; dogthe
contour plot of the interaction potential. Open circles denote the
energetically favorable position of the vortex. j2(p,¢,2)=0. (90

- ) , We obtained the following asymptotic behavior of these
similar to the case of the out-of-plane magnetized d'p°|ecomponents:

This conclusion also follows from the observation of the (@) p>max(,1/d) or I>max(,1/d)
interaction between the induced currents and the vortex. For ’ o
an in-plane magnetized MD above the superconductor, the

components of the superconducting current in the absence of i(p¢,2)=— i
vortices are given by . 2mN\3(p2+12)%2  sinh(d)

cmdysing coshd/2+2z)

, (10a
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(10b) A. In-plane magnetized dipole
Obviously, in the case of in-plane magnetization, the vor-
(b) p,I<1/Md, d<1, tex will be repelled on the side of the MD to which the
magnetic moment points to and pinned on the opposite side
_ cmdgsing \pZ+1%—| (and vice versa for the antivortexThe case when the dipole
Ip(pp,2)=— 3 5 , (100 itself creates vortices was experimentally investigated by
4mN\®  p?\p?+12 Van Baelet al.!® where it was found that the stray field of
the in-plane magnetic dipole induces a vortex-antivortex pair
_ cmd g cose | \pZ+12—| I at the poles, at positions predicted by our analysitex
jo(pre,2)= 3 TN toward the negative pole, antivortex toward the positive
4m\ poNp I (po+1%) pole). Therefore, this asymmetric pinning potential provides

(100 stability for vortex-antivortexconfigurations. One would ex-
For the case of the MD under the SC, these currents chan eeCt th‘r.ﬂ the position of the pinning sites depends on the
sign. The detailed expressions for the magnetic fields and th agnetic moment of the MD and t.he number of flux quanta
vector potential as solution of E¢4) are given in the Ap- c?rtrk:ed byteach tv ort(tex. To .de.te{rr:mne the prefe;able. poslmon
pendix. The vector plots of the screening currents for botf}c\)ﬂD € vor ex-ﬁn lvortex-pair in the przser?ce of an in-plane
directions of the MD magnetization are presented in Fig. 5. we put_t e vortex at g,,¢,) and the ant|vort§>§ at
(pay »Pap) With respect to the MD and calculate their inter-

Previous theoretical studf@on the interaction of a mag- : / i : ; .
netic moment and a vortex used a Gibbs free energy argtﬁcuor.' W|_th the dipole. The vortex-antivortex interaction en-
ment to show that this force was attractive. In our case, th&'9Y 1S given bg"

pinning force between a vortex and the MD consists of two L L. @2
parts:(i) the interaction between the vortex fringing field and F o (Ro L Liy=——"270 4Kk (R

. . . . v—av( av 1 -v av) 2 0( av)
the magnetic moment, an(i) the interaction between the 8N\
vortex and the screening currents created in response to the
magnetic dipole field. One should notif€ig. 5a)] that al- Y Jo(aRy,) 11
though the magnetic field of a MD with out-of plane magne- 0 q K2 ' 1D

tization changes sign in the SC plane, the superconducting
screening current is always in the same direction, and therevhere R,, = \/p§+piv—2pvpav cos(p, — ¢4,) is the dis-
fore, the interaction between the MD and a vortex with partance between the vortex and antivort&g(x) is the Mac-
allel orientation of the field is attractiveconsequently, the Donald function, and_, andL,, are the vorticities of the
vortex will sit under the MD, and analogously, for anti- vortex and antivortex, respectively.
parallel orientation of the magnetic fields they repel each First, let us suppose that the vortex-antivortex pair ap-
other. pears due to the stray field of the dipole. In that case, this
For the case of a MD with in-plane magnetization, thepair nucleates where the superconducting current is maximal,
Meissner current vector plot in Fig(l® shows that the di- namely, under the dipolé-ig. 5(b)], with vortex and antivor-
rection of the current is such that the vortex is attracted to théex situated on opposite sides of the dipole. Therefore, due to
region where the magnetic field of a MD is parallel to it andthe symmetry of the applied potentigFig. 3(c)], we may

repelled on the other side of a MD due to the opposite direcassume thap,=p,, and ¢,=7— ¢, . TO investigate the
tion of the current. stability of such a pair of vortices, we calculate the total
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d/A=0.1; a/A=1.0

FIG. 6. The total interaction enerdyn units
of FO=CD§/(7T)\)] between the in-plane magnetic
dipole (MD) and the vortex and the antivortex
placed at opposite sides of the dipole for different
values of the magnetic moment

interaction energy in this system with respect to the position

of the vortices. The results are shown as contourplots in Fig. -0.02
6 for different values of the magnetic moment of the dipole.
The lowest value of the interaction energy gives the energeti- -0.04

cally favorable position of the vortex-antivortex paapart
from the global minimum ak=0 (zero distance between
vorticeg, where the energy equals~]. Obviously, the lat- w® -0.08
eral motion of vortices is forbidden by the high energy bar- —

riers, while along the direction of the dipole, also an energy u_'E -0.10
barrier exists, but lower than the lateral ones, showing us the 1

i
-0.06

preferable direction of possible vortex-antivortex annihila- -0.12

tion. 014L,
Knowing this, we put the vortex and antivortex along the i

direction of the MD, in such a way that,=p,,, ¢,= 7, -0.16

and¢,, =0, and investigate the pinning potential as function

of the distance of the vortex and antivortex from the MD. We -0.01

substituteR=2p, in Eq. (11) and add this energy to the

values of the MD-vortex and MD-antivortex attraction ener- -0.02

gies obtained from E(8a). The result is shown in Fig. 7 for

(a) different values of the vorticityl(, , L,,), and(b) differ- o -0.03 iy

ent magnetizations arld, =L ,, = 1. After a minimization of L

the total energy ovep,, we obtain the position of the & -0.04
vortex-antivortex pair. In the thin superconductor cade ( L

<1) this leads to the nonlinear equation -0.05
27mp, _pz( 1 -0.06
2 2 2 2 vl g2 2
VIZ+ p2(1+ 12+ p?) 12+ p? oy
1 L,L
n _ . _ vlav . (12) 0.0
VI2+ p2(1+ 124 p?) Ly+Lay

Although all forces acting in the system are attractive, itis FIG. 7. The interaction energy of a vortex-antivortex pair and an
clearly visible that annihilation of vortices can be preventedin-plane MD, as a function of the position of the vortep,(
by their strong confinement at the poles of the MBe po-  — _/ y along the direction of the magnetization of the dipole for
sition of vortex-antivortex pairs is illustrated by the open (g different values of the vorticity of the vortex and the antivortex,
circles in Fig. 7. The interaction energy shows an absoluteand b) for single-quantized vortices but different value of the mag-
minimum for p, =0, implying the annihilation, but in order netization of the dipole. The open circles denote the local minimum
to do that vortices have to cross a potential barrier. Thereef the interaction energy.
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fore, the vortex-antivortex configuration can be stable in this 2.4 : :
system. To determine if this vortex state is metastable or the [
ground state one should compare its total energy to the on o[ Forbidden
without vortices. In that case, the existence of the pairs as the [ area
ground state will not depend only on the magnetization of 16k
the dipole but also on the parameters of the superconducta [ g
(i.e.,\, &) which influence the equilibrium phase diagram via *5 1oL ¥
the self-energy of the vortices. aQ Q<
From Fig. 7b) it is clear that in the case df,=L,,=1 sl et
there exists a critical MD magnetization for which the anni- Tl - Smim=1 ]
hilation barrier disappears. More generally, the critical value ol Unstable region —-—mmg=2 ||
of the magnetic moment of the MD, in the thin SC film limit, L (anmibilation) T :;20;50 ]
follows from Eq.(12) (by the condition that the function has . T s e
no solution and is given by 000 05 10 15 20 25 30 35 40
[/A
L,La,l i . :
m* =1.08529 L L (13 FIG. 8. The position of the vortex-antivortex paip() as a
v Fav function of the distance between the in-plane magnetized dipole and

From this equation the critical values of the vorticity, whent.he SC surf"’.‘celéa_d/ 2), for different values of the magnetiza-
tion of the dipole.

attraction becomes stronger than the pinning, can also be

H — *
estimated. Fot., = +Lav we havem™ =1.08528,1/2, and Us-  pat the distance between vortex and antivortex decreases
ing the fact thatd ™ /®y=2m/l for an in-plane MD we ob-

: - 9 + o + and they finally annihilate. The maximum distaneg fol-
fjaérr:c;[tr; fgg'?lilxiﬂ?g:'%rﬁ:e/ iogi.g??hzeﬁvésmcgr:tz fieIcJOWS from Eq.(12) by taking the derivative with respect to
9 9 b y and leads t@,,,,=0.7071,,,, (open dots in Fig. B which

of the dipole at the SC surface. This implies that there is a . . o
connection between the appearance of stable vorte gain corresponds to the single vortex situationl fod (see

antivortex pairs and the amount of penetrating flux of the ig. 4.
magnetic dipole. Notice that the criticdt* is not exactly
quantized in units ofb, which is a mesoscopic effett The

quantization conditionfb=§ﬁc,&- di= Ld, cannot be used Due to the strong field inhomogeneity and the reversal of
because it is not possible to construct a cont@around the the direction of the magnetic field in the vicinity of the MD
positive stray field region where the current is zfsee Fig.  with out-of plane magnetization, and the fact that the net
5(b)]. The inhomogeneous magnetic field of the dipolemagnetic flux due to the MD in the SC plane is equal to zero,
stimulates the creation of a vortex and an antivortex at opone expects that vortex-antivortex configurations might be
posite poles. These vortices cannot be treated independensjable in such applied field, as predicted earlier in Ref. 23 for
and it turns out that larger flux is needed in order not only toa finite size superconductor. As shown in Fig. 2, an indi-
create this pair but also to keep them apart. vidual vortex is strongly attracted by the MD and the anti-

As shown above, for the case of the experimentally im-vortices are repelled. Therefore we artificially put one vortex
portant thin SC film approximation, the position of the with vorticity L, under the MD and assume the existence of
vortex-antivortex pair with respect to the dipole can be ob-a ring ofn,, single antivortices around it, with radiysg .%*
tained from Eqg(12). This position depends both on the ver- Adding the interaction between each two vortices to our pre-
tical position of the dipole and its magnetization strength.vious expression for the interaction energy, we obtain the
For a fixed magnetic moment of the dipole, the vortex-total interaction energy
antivortex pair can only be stabilized fbbelow some criti-
cal value which is obtained from Ed13). If we put m md2
=m* in Eq. (12), we obtain the simple dependenpd Fint:m[LUUL(O)_naUUJ_(pv)]+nauFu—av(pu!Lvil)
=0.4904*. The dependence g¢f; on| is shown in Fig. 8,
for different values of the magnetization, where also the sta- Nay Nay 1 2]
bility region of the vortex-antivortex pair is indicated. One -5 Fuav(pu 2—2005—,1,1>, (14)

. . . . . . j=1 Nay

can see three regions in this diagramthe region where the
vortex-antivortex pair is unstable, which is boundeddly  where the first two terms describe the dipole-vortex and
=0.4904, for any value of the magnetization of the M) dipole-antivortex interactions, the third term is the vortex-
the region of stability; andiii) the forbidden area, fop* antivortex attraction term, and the last term is the repulsion
>1.272. The latter condition follows from Sec. IJsee Fig.  energy between antivortices. The functiby.,, is given by
4(b)]. Notice that with increasing distance between the di-Eq. (11). Although the vortex is attracted by the antivortices,
pole and the SC film, the pinning sites move further from theannihilation is prevented by the repulsion between the anti-
center of the dipole, up to a certain point when the interacvortex and the MD(for example, see Fig. 9, fok,=n,
tion between vortices overwhelms the pinning force. After=1). Naturally, this energy barrier becomes smaller with de-

B. Out-of-plane magnetized dipole
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FIG. 9. The total interaction energy between an out-of-plane
magnetic dipolgMD), the vortex(+) under it, and the antivortex
(—) at a distance,, . This illustrates vortex-antivortex pair stabili-
zation by the short range interaction with the MD.

FIG. 10. The energetically favorable position of the vortex
and the antivortex—) in the case ofN=3 pairs placed symmetri-
cally around the out-of-plane magnetic dipgdD). The inset il-
lustrates the configuration.

creasing magnetic moment of the dipole. Nevertheless, if a

barrier exists, the interaction energy shows one local miniWhere the superconducting current is zgsee Fig. $3)], and

mum, meaning that antivortices would not be repelled toconsequently the flux quantization condition does not apply
infinity but to a certain point. The position of this local mini- €€

mum we obtained in the same manner as previously, which !N this treatment, we assumed the presence of a giant
within the thin film approximation, leads to the equation vortex under the d|p_olg as an energetically preferable state. It
is well known that in infinite superconductors; thus in the

absence of boundaries imposing the symmetry of the super-

4mmp? conducting state the giant vortex splits into multivortices.
v X ; . : L
2—23/2=ZLU—naU+ 1. (15 Since in our case an inhomogeneous applied magnetic field
(1°+py) dictates the behavior of superconducting electrons, it is not

clear which state carries less energy. Which central vortex
From this expression, the threshold value of the magnetigonfiguration is realized depends on the parameters of the
moment(when the potential barrier appepis obtained as superconductor, i.e \, and d, which come into play
through the self energy of the involved vortices. Therefore,
3\32(2L —n, +1) for a particular superconducti_ng film, we extend our ap-
m* _( ) v A P (16) proach to the case of multivortices surrounded by a multian-
™ tivortex ring. That is, we investigate the stability dfvortex-
antivortex pairs symmetrically arranged around the dipole,
For lower values of the magnetic moment, the energetic baivhere vortices sit on a ring with radiys, , and antivortices
rier between vortices disappears and annihilation can not beccupy the corresponding positions on the ring with radius
prevented. Analogously, for fixed magnetic moment, increasp_ . We apply the same approach as before, calculating the
ing vorticity L, of the vortex will make the attraction stron- interaction energy in a similar manner as in Etg), where
ger and for a certain value af, , antivortices will be able to  the interaction between each two vortices is included. After a
overcome the barrier. This critical value of the vorticity can minimization of the interaction energy with respect to the
also be estimated from E¢16). One should notice that we parameterg, andp,,, we obtain numerically the energeti-
leave the possibility of,#n,,, which corresponds to the cally favorable positions of the vortices. The results are
experimental situation when first positive external flux linesshown in Fig. 10 for the case &f=3 (see the inset of Fig.
are pinned by the magnetic center, and then the polarity of0). Increasing the magnetization of the dipole increases the
the applied field is changed. Using*/®,=4/37/9 m/| distance between vortices and antivortices in a way that vor-
for an out-of-plane magnetic dipole polarization, far  tices come closer to the dipole and antivortices are repelled
=m* we find that the critical condition becomas™/®,  further away. It should be noted that a certain critical value
=(2L,—ng,,+1)/2, where® " denotes the flux through the of the magnetization is needed to prevent annihilation. In
region of positive stray field of the dipole. One should noticeFig. 11 we give this threshold value as a functionl dbr
that the first stable vortex-antivortex pait (=n,,=1) ap- different values olN. One should note that this value of the
pears for®*=®,, and further increase of vorticity is a magnetic moment again implies the quantization of the pen-
quantized process, with®* =®d,/2 necessary for stability etrating flux(as in the case of a giant vortex surrounded by
for each one-unit-increase &f, andn,, . Also in this case antivorticeg, but with A®*=1.0483b, necessary for the
we cannot define a path around the positive stray field regiostability of the first pair, and slightly decreasing for addi-
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FIG. 12. The free energy difference between the states Mith
FIG. 11. The stability phase diagram fof vortex-antivortex  vortex-antivortex pairs around the dipole and the Meissner state, for
pairs around the out-of-plane magnetized dipole, as a function o& thin SC film with\/&=10 and the out-of-plane dipole positioned
the distance between the dipole and the SC surficand the at I/A=1.0. The inset shows the total interaction energy in the
magnetic momenm. Solid lines denote the critical value of the correspondingN states.
moment needed for the stability of such vortex-antivortex configu-

rations. tices. This is in contrast to the interaction eneigge the

. . inset of Fig. 12 which, in the London approximation, is
tional pairs. FoIN>4, A®" becomes smaller than the flux independer?t 0521 PP

guantum. The interpretation of this behavior can be that mul-
tivortices eventually join into a giant vortex, or that a differ-
ent geometry of the superconducting state appears. For ex-
ample, for a larger number of pairs, due to the large linear
density of vortices along the ring, they could rearrange, To summarize, we applied the London theory to investi-
forming more than a single ring. gate flux pinning in SC films due to the presence of a mag-
Figure 11 gives only the critical condition for stability of netic dipole situated abov@r undej the SC. Depending on
vortex-antivortex pairs. However, which configuration hasthe direction of the dipole magnetic moment, we obtained
the lowest energy and is thus the energetically preferablexact analytic expressions for the MD-vortex interaction en-
state cannot be inferred from this figure. In order to comparergy and screening currents. We obtained the asymptotic be-
the energies of states with different number of pairs, Ne., havior of the interaction potential and the induced currents
we include the self-energy of individual vortices in the for specific values of the involved parameters. We calculated
calculatiort* the pinning potential for both an in- and out-of-plane mag-
netized dipole. Our results show that an out-of-plane magne-
tized dipole attracts a vortex if aligned parallel to it, and
14 %9)” opposite, for antiparallel alignment the vortex is repelled.
cot 51| (-

V. CONCLUSION

v

& 2 This is a consequence of the monodirectional superconduct-
(17) ing current induced in the SC for the out-of-plane magneti-

zation of the MD. However, for in-plane magnetization, the
The numerical results, as referred to the Meissner state, atfipole-vortex interaction shows a dual behavior, namely, the
shown in Fig. 12, for a thin SC film with/£=10. With an  vortex is attracted to the negative pole of the MD and re-
increasing magnetic moment of the dipole the energeticallyelled on the other side. Moreover, the position of the pin-
favorable state goes through successive states in wWHich ning site depends on the position of the MD and thickness of
increases. If we again calculate the flixb™ which now  the SC. We calculated these dependences and showed that
corresponds to the appearance of the réxstate as the they are linear for thin superconductors, or large MD-vortex
ground state, we find that® " =1.97D, for the appearance distances. Due to the dual behavior of the pinning potential,
of the first pair, and folN=2, the additional flux slightly we explored the possible coexistence of vortices and antivor-
decreases with increasimg starting fromAd®*=1.089b,, tices in such systems. The total interaction energy calculation
for N=2. The larger flux needed for the first vortex- leads to the conclusion that the vortex and antivortex are
antivortex state can be explained by the fact that this cylinseparated by an energy barrier due to the short range inter-
drically asymmetrical state appears in a symmetrical magaction with the dipole, and therefore, these pairs could be
netic potential. ForN=2, the results correspond to our stable. Both in- and out-of-plane magnetized dipoles are able
previous analysis. It should be stressed that these results de- keep these vortices apart. We analytically calculated the
pend on the parameters of the superconductor, namealyd interaction potential in the presence of vortex-antivortex
¢, which come into play through the self-energy of the vor-pairs(or giant vortex-single antivorticegnd gave estimates

cpg(

N d
:16 2 din—=+2tanh =|In
T
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of the parameters necessary for stability of such fascinating

configurations in a thin SC film.
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APPENDIX: THE MAGNETIC FIELD OF A MAGNETIC
DIPOLE IN THE PRESENCE OF A SC FILM

The magnetic field of a vortek, =rotA, , which is per-

pendicular to the plane of the film, is determined as the so-

lution of the system of equations

A,(p,z)+N2rotrotA,(p,2) =P (p—p,), |z|<d/2,
(Ala)
—~V2A,(p,2)=0, |z|>d/2, (Alb)

with the following boundary conditiongi) the continuity of
the vector potential components &t +d/2, and (ii) their
vanishing far from the superconductéat |z|—>0<>) Here

CID(p pv) takes into account the vortex, Whepg is the

PHYSICAL REVIEW B66, 174519 (2002

2|z|—d

h<°><pz>— °s r(z)f ( )xp(—q |2|k )
(A3d)
h{)=h{?=0, (A3e)

whereK(x) is the MacDonald function.
The magnetic field of a dipole, situated at the distahce
above the film, can be written in the following wéyere and

below| =|a|—d/2) (see, for example, Ref. 26
ha(p,2)+h, (p,2), z>di2
hn(p,2)=3 hW(p,z), —di2<z<d/2
h (p,2), z<—d/2,

(A4)

where ﬁd(ﬁ,z) is the direct contribution from the dipole,

h{) (p,z) is the induced field above the superconductor,
ﬁﬂq)(ﬁ) is the dipole field penetrating inside the supercon-
ductor anch®)_(p) denotes the field of the dipole below the

film. The vector potentialy(p,Zz) is defined by the equation
rot Ay(p,z)=47md(p) 8(z—a), (A5)

wherem is the magnetic moment of the dipole. The potential

vortex position in the film plane. In cylindrical coordinates A(')(p) is found as the solution of EqAla) with zero right

®,=d,=0, CI)‘P—LCI)O/27r|p p,] [so that rotd

=LO 5(p p,)]. The solutions of Eqs(Ala) and (Alb)
aré*?

(|) Do (= Ji(qRIN) kqcoshkz/\)
(0:2)= 2777\J0d @ |- Qsinmkdi2v) |’
(A2a)
LDg (= Ji(qR/N) 2|z —d
AP D)= 5 ;\)J dg= qQ exp(—q—|2|)\ )
(A2b)

Here k=(1+0g)Y2 Q=k[k+qcothkd2\)], R=|p—p,|

=[p2+p2—2pp, cosle—¢,)¥2 J,(x) is the Bessel func-

tion, and index 1(0)” denotes the field insidé€outside the

superconductor. The components of the vortex magnetic field

are given by®
LD R =g R\ cosikz/\
h(p,2)= 20 i | B ‘f qq q hkz/\)
27\2 A 0 kQ sinh(kd/2\) |’
(A3a)
LD, dqq R sinh(kz/\)
hi)(p.2)= —— -
2mA%Jo Q sinh(kd/2\)
(A3b)
Ld, (=dgq_ [gR 2|z|—d
h(p,2)=—>| —=-J (—)exp{— :
2P 2= 5 )o@ X 972x
(A3c)

side andA(?), (p) as a solution of Eq/ALb). The integration
constants have to be found through similar boundary condi-
tions as for the vortex field distribution) the continuity of

the vector potential components at =d/2 and i) their
vanishing at|z|—«. We consider two orientations of the
MD magnetization.

(I) The dipole is directegherpendicularto the film plane,
i.e.,m,=m,=0, m,=m. In this case the vector potential has
only an azimuthal component and is described by the expres-
sions

m (= ap q
Adqo(P’Z): FJO dqq‘l.l.(T> eX% - X|Z_a|

™
[pP (a2

. 1 (= kz
Alne(p:2) = FJO dqqal(‘l—p)[wq)exp( - T)

(A6a)

kz
Dl(q)eXp<y> : (A6b)
A‘”M(pz)——f dqul( )Bz+(q)exp( ?\Z)
(A6c)
where  By(q) = B(q)q(k—q)exp(-kd2x),  Dy(q)
=B(ag)q(k+a)expkd2\), By (q) = —B(g)sinhkd\)
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exp@ad2n), and
with B(q) =
—(k—0)? exp(—kd/\)].

B, -(q) = 2B(q)kgexp@d2r),
2mexp(—ql/\)/[(k+a)? expKd/\)

Consequently, we obtain the following components of the

dipole magnetic field:

k
h{(p.2)=— f dqqu()( ){Bl(mexp( - TZ)

kz
+D1(q)ex;{T”,

. 1 (= kz
hin(p.2)= Ffo quqi(i—p)[Bl(q)eX% - y)

(A7a)

kz
_Dl(Q)eXF{T”y (A7b)
m oo
hq.(p,2)= Ffo dqqu()(q)\_p) ex;{ - glz—al
_ m[2(z—a)?—p?] (70

[+ (z—2)2%

msgnz—a) (= qp q
hdp(P:Z): TJ’O dqq2J1<T) EX[{ - X|Z_a|

B 3mp(z—a)
PP+ ()

(A7d)

E;’L(pz)——J dqquo( )Bz+<q>exp( qf)

(A7e)

Z
h<°>+<pz)——f dqqzal( )Bz+(q>ex;n( ‘1)

(A7)

h(l) =h® —o.

me, =

(A79)

(II) The dipole is magnetized in the directiparallel to
the SC film plane(in-plane magnetization Following the
same procedure as above, we obtain

mcos<,oJ0o 5 F{ q
d exp — —|z—a
e ), dad x1z2—al

[

hdp(P,QD,Z):

m[2p?— (z—a)?]cose
[p2+(z a)2]5/2

’

(A8a)
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q ap
d - le-al]2, %)
B msine
[pP+ ()PP AS
haxp,¢,2)=— mCOS(Pf doo? ex;{——|z al|J, ap )
- 3mp|z—alcose
TPt aP? hee
. _ cosgp (= qp qp
e =5 | aak o ) -5 7|
kz kz
Dl(q)eXp(y)—Bl(q)eXp(—y) :
(A8d)
k
h®) (., z)— (i—p”wq)exr{{)

(A8e)

p 0
kz
—Bl(q)exr<—yﬂ,
CcoSp [* k
ape2)=- o | dqqzal((l—p)[wq)exp({)

kz
+Bl(q)eXp(—T) : (A8F)
hgr?,g,i(l)'%z): [{__)[Jz(qp)
ap
—Jo( ”Bz+(Q) (ABQ)
h{) o (p.¢.2)=— sin¢ D( q)Jl(qp)Bz+(Q)
(A8h)
R e
X3, qp)82+(q> (ASi)
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