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Excitonic trions in single and double quantum dots
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Excitonic trions in quantum dots with Gaussian confinement potential are studied by the variational method.
We show that the photoluminescence line associated with the negative trion is always shifted towards lower
energies with respect to the exciton line, and that this shift is larger for smaller dots. The qualitative behavior
of the photoluminescence line of the positive trion is the same only in dots which resemble quantum wells or
quantum wires. In other dots the size dependence of the positive-trion shift is more complex. In particular, we
show that the order of the positive-trion line and the exciton line can be changed. The present approach has
been generalized to the trion states in vertically coupled dots. We discuss the trion energy-level splitting
induced by the coupling between the dots, as well as the relation between the photoluminescence-line shift with
the binding energy of the trion in the double quantum dots.
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I. INTRODUCTION

The excitonic trions are charged exciton complexes co
posed of either two holes and one electron~positive trion
X2

1) or two electrons and one hole~negative trionX2).
These complexes have been a subject of an exten
theoretical1–17 and experimental study.18–24In bulk semicon-
ductors the excitonic trions are stable against dissocia
into an exciton and a free carrier. However, their bindi
energies in bulk materials are very small. The confinemen
the trions in two-dimensional quantum wells increases th
binding energies by an order of magnitude.2 The enhance-
ment of the trion binding energy in quantum wells allows f
experimental observation18 of this complex. The excitonic
trions confined in quantum dots~QD’s! are observed in
charge-tunable nanostructures.23,24

The first observations of QD-confined charged excito
were performed on ensembles of QD’s.23 The results of these
experiments were perturbed by the inhomogenous broa
ing caused by the variation of the sizes of the dots. Rece
measurements of the photoluminescence~PL! spectra of
charged excitons from a single self-assembled QD w
reported.24 This technique, which allows for selection of
single dot as a signal source, may be used in order to d
mine the dependence of the trion PL lines on the size
geometry of the dots. A theoretical study of this depende
will be useful in the interpretation of the experimental da
The aim of the present paper is to furnish this study. T
present work is also motivated by the measurements of
exciton spectra in coupled self-assembled QD’s.25 The
present results for the splitting of the trion-energy levels
duced by the coupling between the dots should be usefu
identification of the trion-related lines in the PL spectra
coupled dots. The present paper is a continuation of our
vious research on neutral26 and charged15 excitons. In Ref.
15 we studied the exciton trions in spherical quantum d
with square-well confinement potential. Here, we genera
this study to more realistic cylindrical symmetry. In Ref. 2
we studied the neutral-exciton spectra in vertically coup
0163-1829/2002/66~16!/165331~9!/$20.00 66 1653
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QD’s. The present paper extends the previous work26 to the
problem of charged excitons.

The exciton PL peak, as well as peaks corresponding
exciton complexes are blueshifted~i.e., shifted towards
higher energies! by the confinement in quantum wells, wire
and dots.27 Here, we present a theoretical study of the ex
tonic trions confined in single and double QD’s. In particul
we are interested in the confinement-induced shift of the
citonic trion PL line with respect to the exciton line. Th
shift is a basic quantity of experimental interest for the ex
tonic trions. The excitonic trion PL line is shifted with re
spect to the exciton PL line by15

SX
2
15hnX2hnX

2
15EX1Eh2EX

2
1 ~1!

for the positive trion and by

SX25hnX2hnX25EX1Ee2EX2 ~2!

for the negative trion. IfS.0, the energy of the trion PL line
is smaller than the energy of the exciton line. Then, we sp
about the redshift of the trion PL line with respect to t
exciton line. If the energy difference is negative (S,0), the
trion line is blueshifted with respect to the exciton line. W
will shortly refer to energy differences~1! and ~2! as the
positive-trion energy shiftSX

2
1 and the negative-trion energ

shift SX2. In bulk materials, quantum wells and quantu
wires, energy shifts~1! and ~2! can be identified with the
binding energy of the trions. However, it is not the case
QD’s15 ~cf. a discussion of the binding energy ofD2 center
in the QD28!.

This paper is organized as follows. In Sec. II we pres
the model of the single QD, introduce the variational wa
functions for the exciton and excitonic trions, and discuss
influence of the shape and geometry of the QD on the tr
PL line shifts. In Sec. III we generalize the approach of S
II to the trions in double QD’s. Section IV contains concl
sions and the summary.
©2002 The American Physical Society31-1
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II. EXCITONIC TRIONS IN A SINGLE QUANTUM DOT

A. Confinement potential and variational wave functions

In the present paper we adopt the Gaussian model of
confinement potential,29 which was successfully applied26 to
a quantitative interpretation of the exciton spectra25 in
InxGa12xAs self-assembled QD’s. The confinement poten
in InxGa12xAs QD’s embedded in the GaAs matrix can
derived from spatial distribution of indium concentratio
within the QD’s.30 We assume that this distribution can b
described by a cylindrically symmetric Gaussian function26

X~r,z;R,Z!5X0 exp~2r2/R22z2/Z2!, ~3!

wherer25x21y2, R is the radius of the QD,Z is half of its
height, andX0 is the concentration of indium at the center
the QD. In accordance with Eq.~3!, we take the confinemen
potential for electrons

Ve~r,z;R,Z!520.7DEgX~r,z;R,Z! ~4!

and for holes

Vh~r,z;R,Z!520.3DEgX~r,z;R,Z!, ~5!

whereDEg is the energy-gap difference between GaAs a
InAs. We assume that the band offset ratio is 70/3031

Throughout the paper, we take the conduction-band m
mum of the barrier material as the reference energy leve
the electrons and the barrier valence-band maximum as
reference energy level for the holes. The calculations h
been performed forDEg51.11 eV26 and the material param
eters of GaAs, i.e., the static dielectric constant«512.5, the
band mass of the electronme50.0667, and the band mass
the holemh50.5.

In order to determine the trion-energy shifts we need
know the trion ground-state energy, as well as the grou
state energies of the exciton, electron, and hole confine
the QD. For this purpose we use the confinement poten
~4! and~5! and assume the effective-mass approximation
electrons and holes. The ground-state energy of a single e
tron and a single hole confined in a QD with radiusR and
height 2Z is determined by the variational method with
Gaussian trial-wave-function

fe(h)~re(h) ;R,Z!5 (
i 51

Ne(h)

(
j 51

Me(h)

ci j exp~2a i
e(h)r22b j

e(h)z2!,

~6!

where ci j are the linear variational parameters,a i
e(h) and

b j
e(h) are the nonlinear variational parameters, which

scribe the localization of the particles radial and vertical
rections, respectively. In this paper, we takeMh51, Nh
52, Me52, andNe54, which ensures that the one-partic
energies are determined with a precision of 0.1 meV.

The Hamiltonian of the exciton confined in the QD h
the form
16533
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HX52
\2

2me
¹e

22
\2

2mh
¹h

22
1

4p«0«r eh
1Ve~re ,ze ;R,Z!

1Vh~rh ,zh ;R,Z!, ~7!

wherer eh5ure2rhu. The ground-state energy of the excito
confined in the QD can be determined with the followin
variational wave function

CX
(1)~re ,rh!5 (

i e51

Me

(
j e51

Ne

(
j h51

Nh

(
i eh51

Meh

(
j eh51

Neh

ci ej ej hi ehj eh

3exp~2a i e
e re

22b j e

e ze
22ahrh

22b j h

h zh
2

2a i eh

ehreh
2 2b j eh

eh zeh
2 !, ~8!

where reh
2 5(xe2xh)21(ye2yh)2, zeh5ze2zh , a i eh

eh and

b j eh

eh are the variational parameters, which describe the r

tive position of the electron and the hole inx-y plane andz
direction, respectively. The other variational parameters
Eq. ~8! play the same role as in wave function~6!. The con-
vergence of variational basis~8! with respect to the numbe
of the Gaussians applied was verified for the values26 of
parameters corresponding to InxGa12xAs self-assembled
QD’s,25 i.e.,X050.67,R524.9 nm,Z50.92 nm. The varia-
tional estimates of the exciton ground-state energy obtai
with various numbers of terms in Eq.~8! are listed in Table I.
We note, that the convergence of these estimates is very
The results are not significantly improved if one introduce
secondbeh exponent or a thirdaeh parameter. The electron
and hole wave functions are stiffened inz direction due to
the strong confinement and react only weakly to the mut
Coulomb interaction. The change of the one-particle wa
functions under the influence of the interaction is more p
nounced inx-y plane, where the confinement is weaker.
this paper we consider not only the QD’s in form of fl
disks, but also QD’s of different shape and size. Therefo
we have takenMeh5Neh53 in the following calculations.

The results of Table I show, that variational wave functi
~8! is an effective tool in the calculations for the confine
exciton ground state. However, this wave function is not s
able for a direct generalization to the problem of trions, sin
the number of basis elements grows very fast with the nu

TABLE I. Ground-state energyEX ~in meV! of the exciton con-
fined in the single QD calculated with wave function~8! with Me

52, Ne54, andNh52 quoted for several numbers of exponen
describing the relative electron-hole position inx-y planeMeh and
in z direction Neh . The parameters of the QD areX050.67, R
524.9 nm, andZ50.92 nm. The total number of basis elemen
(N5Me3Ne3Nh3Meh3Neh) is listed in the third column.

Meh Neh N EX

1 1 16 2261.47
2 1 32 2262.19
2 2 64 2262.20
3 2 98 2262.23
3 3 144 2262.25
1-2
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ber of particles. Therefore, we have elaborated another
proach to the problem of the QD-confined trions, which
will first demonstrate on the example of the confin
electron-hole pair. The dependence of the wave function
the relative interparticle positions will be referred to as t
‘‘correlation between the particles.’’ In wave function~8!,
this correlation is directly described by the exponents w
aeh andbeh. However, even if the parametersaeh andbeh

are set equal to zero, wave function~8! cannot be separate
into a product of one-particle functions. Therefore, ev
without aeh andbeh exponents, a part of correlation is ind
rectly included in wave function~8!. Now, we introduce an-
other trial wave function for the QD-confined exciton, whic
takes into account the correlation between the particles in
direct way only,

CX
(2)~re ,rh!5fe~re ;Re ,Ze!fh~rh ;Rh ,Zh!

3 (
i eh51

Meh

(
j eh51

Neh

ci ehj eh
exp~2a i eh

ehreh
2 2b j eh

eh zeh
2 !.

~9!

Trial wave function~9! is applied to the exciton confined i
the QD with radiusR and height 2Z. It is composed of the
ground-state wave functions of the electron (fe) confined in
potential ~4! with effective parametersRe and Ze and the
hole (fh) confined in potential~5! with effective parameters
Rh andZh . The double sum in Eq.~9! describes the electron
hole correlation. The parametersRe , Ze , Rh , and Zh are
treated as variational parameters. In this way, the one-par
wave functionsfe andfh are allowed to change their spati
extension under influence of the Coulomb interaction
tween the particles.

The results obtained with wave function~9! are listed in
Table II, which shows that the energy estimates obtai
with the values of the variational parametersRe(h) , Ze(h)
fixed at the physical values of the QD sizeRe(h)5R and
Ze(h)5Z converge to a value, which is larger by 0.2 me
than the energy obtained with basis~8! ~cf. Table I!. How-
ever, if we perform the optimization with respect toRe(h) and
Ze(h) , we obtain results equivalent to those obtained w
wave function~8!. Although wave function~9! does not re-
quire less numerical effort than function~8!, the number of

TABLE II. Ground-state energyEX ~in meV! of the exciton
confined in the single QD calculated with trial function~9!. The
parameters of the QD are the same as in Table I. In the first
columns, the number of elements taken in sum~9! is listed. In the
third column, the energyEX8 calculated with the fixed variationa
parametersRe(h)5R and Ze(h)5Z is quoted. The number of basi
elements is equal toMeh3Neh . The results in the fourth column
are obtained with optimized parametersRe(h) andZe(h) .

Meh Neh EX8 EX

1 1 2261.17 2261.34
1 2 2261.17 2261.36
2 1 2261.93 2262.19
3 1 2262.03 2262.22
16533
p-

n

h

n

e

le

-

d

h

basis elements is much smaller and less memory consum
so, it can be easily generalized to the problem of excito
trions.

The Hamiltonian for the negatively charged trionX2 con-
fined in a QD has the form

HX252
\2

2me
¹1

22
\2

2me
¹2

22
\2

2mh
¹h

2

1
1

4p«0« S 2
1

r 1h
2

1

r 2h
1

1

r 12
D1Ve~r1 ;R,Z!

1Ve~r2 ;R,Z!1Vh~rh ;R,Z!, ~10!

wherer1 and r2 are the position vectors of the electrons,rh
determines the position of the hole,r 125ur12r2u, r 1h5ur1
2rhu, and r 2h5ur22rhu. The Hamiltonian for the positive
trion X2

1 can be obtained from Eq.~10! by interchanging the
indicese↔h and ascribing the indices 1 and 2 to the hole

In the negative-~positive! trion ground state, the electro
~hole! subsystem is a spin singlet. This means that
ground-state spatial wave function of the negative~positive!
trion is symmetric with respect to the interchange of the p
sition vectors of the electrons~holes!. Therefore, we apply
the following trial wave function for the negative trion

CX2~r1 ,r2 ,rh!

5fe~r1 ;Re ,Ze!fe~r2 ;Re ,Ze!fh~rh ;Rh ,Zh!

3 (
i 1i 2i 12

(
j 1 j 2 j 12

ci 1i 2i 12j 1 j 2 j 12
~11P12!

3exp~2a i 1
ehr1h

2 2a i 2
ehr2h

2 2a i 12

eer12
2 !

3exp~2b j 1

ehz1h
2 2b j 2

ehz2h
2 2b j 12

eez12
2 !. ~11!

The presence of the sum in wave function~11! introduces the
correlation for the three particles. In Eq.~11!, the summa-
tions start from 1 and run toMeh over indicesi 1h andi 2h , to
Neh over j 1h and j 2h , and toM12 andN12 over i 12 and j 12.
P12 is the operator which exchanges the coordinates of
two electrons. The factor (11P12) ensures, that the electro
subsystem is in the symmetric spatial state and enables u
reduce the number of the basis elements. Namely all
basis elements, for whichj 15 j 2 and i 2. i 1 are omitted in
the summation~11!. Re , Ze , Rh , andZh are treated as varia
tional parameters like in wave function~9! for the exciton.
For the positive trion we apply an analogous trial wave fun
tion. Similarly as in the case of the exciton confined in t
flat QD, a single Gaussian is sufficient for the description
the correlations inz direction. The convergence of the varia
tional results with the increasing number of Gaussians
scribing the in-plane correlation is displayed in Table III.
the following section we discuss the influence of the size a
shape of the dot on the relative shifts of trion PL peaks. T
discussion goes beyond the flat QD geometry, so the co
lation in z direction should be described with the same p
cision as the in-plane correlation. The results presented in
following section have been obtained with 90-element ba

o

1-3
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generated byMeh5Neh52 andM125N1253. We estimate
that the trion ground-state energies are determined with
cision of 0.2–0.3 meV.

B. Results

Figure 1 displays the energy shifts of the PL lines for t
trions confined in a spherically symmetric (R5Z) QD with
respect to the line of confined exciton. In bulk GaAs, t
trion PL peaks are only slightly shifted with respect to t
exciton PL line (SX

2
1'0.4 meV andSX2'0.25 meV4,15!. In

large QD’s~with radiusR larger than;100 nm), the shift of
the positive-trion line is not significantly changed with r
spect to the bulk-limit value. If the radius of the dot d
creases below 80 nm,X2

1 PL line approaches the excito
line, i.e.,SX

2
1 decreases to 0. ForR.40 nm the recombina

tion of the electron-hole pair in the positive trion releases
same amount of energy as the exciton recombination.
R,40 nm SX

2
1 takes on negative values; so, the order of

exciton and X2
1 PL lines changes. The behavior of th

negative-trion line is just opposite. The quantum confinem
shifts X2 line deep below the exciton line on the ener
scale. The opposite behavior of the positive- and negat
trion energy shifts was reported in our previous paper15 on
spherical quantum dots with the square-well confinement
tential. In the strong confinement limit this effect can
explained in the framework of the perturbation theory. In t
approach,15 the trion-energy shifts are expressed in terms
the energies of the Coulomb interaction between the parti
forming the trion complexes, as follows:SX

2
15Veh2Vhh ,

and SX25Veh2Vee, where Veh , Vee, and Vhh are the
electron-hole, electron-electron, and hole-hole interaction
ergies, respectively. The quantum confinement in the Q
leads to the localization of the charge carriers, which is m
stronger for the holes. Therefore, the absolute value of
Coulomb interaction energy between the holes increa
more than the electron-hole and electron-electron interac
energies, i.e.,Vhh.Veh.Vee, which explains the qualitative
difference in the confinement-induced changes ofX2 and

TABLE III. Ground-state energyEX2 ~in meV! of the negative
excitonic trion calculated with trial wave function~11!. The first
column shows the number of Gaussians taken for the descriptio
the electron-hole correlation inx-y plane. The number of Gaussian
describing the electron-electron in-plane correlation is listed in
second column. In these calculations, a single Gaussian descr
the correlation inz direction was applied. The third column show
the total number of basis elements. The parameters of the QD
the same as in Table I.

Meh M12 N EX
2

1 1 1 2396.45
2 1 3 2397.91
2 2 6 2398.48
2 3 9 2398.59
3 3 12 2398.70
4 4 40 2398.71
16533
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1 energy lines in spherical QD’s (SX

2
1,0,SX2). The re-

sults of the present calculations show, that the same e
occurs also for spherical quantum dots with the Gauss
potential profile.

The problem is more complex if the QD is anisotrop
Then, the strength and range of the confinement potentia
x-y plane and the growth direction are different. We ha
performed the calculations of the trion-energy shifts for d
ferent values ofR andZ. Figure 2 shows the calculated trion
energy shifts as functions ofZ ~half of the QD height! for
several values of the QD radiusR. We have considered QD’s
with very different height-to-radius ratios. The left~right!
end of horizontal axis of Fig. 2 corresponds to the QD in
form of a flat disk~elongated cylinder!. Each of the curves in
Fig. 2 passes through the point, for which the QD has sph
cal symmetry. These points are marked by circles. T
curves for the negative-trion exhibit the following simp
regularity: the smaller is the QD, the stronger is the reds
of X2 PL line with respect to the exciton line. The depe
dence of the positive-trion energy shift is more complex.
QD’s of large height, the movement of the confined cha
carriers inz direction is nearly free. We can say that the
QD’s resemble the quantum wires. We note, that the
peaks of both the negative and the positive trions are r
shifted with respect to the exciton PL line if the radius of t
‘‘wire-like’’ dot decreases. ForR5100 nm, the positive-
trion line is monotonously redshifted with the decreasi
height of the QD. This dependence on the height is qual
tively the same as in the case of the two-dimensional qu
tum wells, in which both the positive- and negative-trion P
peaks are redshifted with respect to the exciton peak, if
width of the quantum well decreases.16 In contrast toSX

2
1

shift for R5100 nm, the curve forR550 nm is nonmonoto-
nous. WhenZ decreases below 120 nm theX2

1 PL line ap-

FIG. 1. Energy shiftsS of the trion PL line with respect to the
exciton PL line calculated for the spherical QD as a function
radiusR5Z for X050.67. The solid~dashed! curve corresponds to
the negative-~positive-! trion-energy shift (SX25EX1Ee2EX2 and
SX

2
15EX1Eh2EX

2
1).
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proaches the exciton PL peak. The curve forR550 nm ex-
hibits a flat minimum forZ between 50 and 80 nm. Th
minima of the curves forR525 and 15 nm are distinctly
more pronounced and appear atZ520 andZ510 nm, re-
spectively. We note, that these minima correspond to qu
tum dots with nearly spherical shapes. The PL line of
positive-trion confined in the QD with radiusR550 nm has
smaller energy than the exciton line regardless ofZ. In other
words,SX

2
1 is always positive forR550 nm. This is not the

case of QD’s with smaller radii, for which the value of th
shift can be negative. The PL peak of the positive-trion c
fined in the dots with radius 25 or 10 nm can be blue shif
or redshifted with respect to the exciton line depending
the height of the QD.

Figure 3 shows the shifts of the trion PL lines with resp
to the exciton line as functions of the radius of the dot
fixed values of its height. The points for which the QD p
tential is spherically symmetric are marked by circles. Aga
the negative trion is redshifted more strongly for smal
QD’s, while the dependence of the positive-trion shift
more complex. In Fig. 3, the QD with the radiusR
;150 nm can be treated as a quasi-two-dimensional qu
tum well. In this QD, the redshift of the PL lines is largest f
the lowest value of the height of the well. On the other ha
the QD with the largest value of the height (Z5100 nm)
looks like a quantum wire and the redshift of the PL lin
grows, when the radius of this ‘‘wire-like’’ QD decrease
The curve for Z550 nm shows a flat minimum atR
530 nm. This minimum is more pronounced for QD’s wi
smaller height. We note, that the minima ofSX

2
1 can corre-

spond to negative values of the shift.

FIG. 2. Trion-energy shiftsSwith respect to the exciton PL line
calculated as a function ofZ ~half of the QD height! for several
values of the QD radiusR. The solid curves show the results for th
negative trion, and the dashed curves show the results for the
tive trion. Open circles correspond to spherical symmetry of QD
16533
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C. Conclusions

In this section, we have studied the dependence of
energy shifts of the trion PL peaks with respect to the exci
peak on the size and geometry of the QD’s. The obtain
results indicate, that the negative-trion PL peak is alwa
redshifted with respect to the exciton line. The stronger is
confinement ~the smaller is the QD! the larger is this
redshift. The positive-trion line behaves qualitatively in t
same manner only in the cases, where the QD geometry
sembles a quantum well or a quantum wire. For the ‘‘we
like’’ QD’s the redshift ofX2

1 PL line is larger for the small
height of the quantum well, while for the ‘‘wire-like’’ QD’s
the redshift is more pronounced for the small radius of
‘‘wire.’’ For the QD’s with the diameter 2R comparable to
the height 2Z, the size dependence of the positive-trion e
ergy shift is more complex. This energy shift plotted as
function of the radius or the height of the QD exhibi
minima nearR/Z51, i.e., close to the QD’s with the spher
cal symmetry. If the values ofR or Z are of order of 25 nm or
smaller, these minima correspond to negative values of
energy shift. Then, the order of exciton and positive-trion
lines is opposite that in the bulk limit. The results presen
in this section are in a qualitative agreement with the pres
knowledge on the trions in quantum wells,4,16 and with the
previous study of the trions in spherically symmetric QD’s15

Moreover, based on the present results for the ‘‘wire-lik
QD’s, we can predict that the PL lines for both the negat
and the positive trions in quantum wires should be redshif
with respect to the exciton line if the quantum-wire radius
decreased.

si-
.

FIG. 3. Trion-energy shiftsS calculated with respect to the ex
citon PL line as a function of radiusR of the QD for several values
of Z ~half of the QD height!. The solid~dashed! curves correspond
to the negative~positive! trion. Open circles correspond to spheric
QD’s.
1-5
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III. EXCITONIC TRIONS IN VERTICALLY
COUPLED QUANTUM DOTS

A. Theory

The energy shiftsSX2 andSX
2
1 for the trions confined in a

single quantum dot cannot be identified with the trion bin
ing energy.15 However, if the QD is not single, i.e., if there i
another identical QD at a distance large enough to excl
the coupling between the dots, the trion-energy shifts
exactly equal to the energy needed to transfer one elec
~for X2) or one hole~for X2

1) from the QD occupied by the
three charge carriers to the other empty QD. Let us assu
that the charge carriers have at their disposal two identi
remote QD’s. Since in a single QDSX2 is always positive,
the ground state of a system composed of two electrons
one hole will always correspond to a state, in which all t
particles are confined within the same QD~this is the
confined-trion state!. However, this is not the case forX2

1

trion. For QD’s in which the energy shiftSX
2
1 is negative, the

ground-state corresponds to the electron-hole pair confi
in one dot~confined exciton! and one hole confined in th
other QD. If the QD’s are closer, the coupling between th
can essentially change the energies of the exciton compl
and the type of the localization of particles.26 The coupling
between vertically stacked InxGa12xAs self-assembled QD’s
was observed in the PL spectroscopy25 in the shifts of the PL
peaks as functions of the thickness of the interdot barrie

In this section we study the effect of the vertical coupli
between the QD’s on the trion states. We assume that
coupled dots have identical shapes and sizes, and poss
common axis of the rotational symmetry. We apply the f
lowing confinement potentials for the electrons and
holes:

Ve(h)
c ~re(h) ,ze(h)!5Ve(h)~re(h) ,ze(h)2a/2;R,Z!

1Ve(h)~re(h) ,ze(h)1a/2;R,Z!,

~12!

whereVe andVh are the given by Eqs.~4! and ~5!, respec-
tively, anda is the distance between the centers of the QD
The thickness of the barrier between the QD’s can be
pressed in terms of the distance between the QD centers
the height of the QD as follows:t5a22Z. We adopt the
values of the QD parameters corresponding to InxGa12xAs
self-assembled QD’s:X050.67, R524.9 nm, Z50.92 nm
~same as in the test calculations of Sec. II!. The ground-state
wave function of a single-particle confined in potential~12!
possesses an even parity with respect to the change of si
z coordinate. We calculate the one-particle ground-state
ergy using the wave function

fe(h)
c ~re(h) ,ze(h)!5fe(h)~re(h) ,ze(h)2a/2;R,Z!

1fe(h)~re(h) ,ze(h)1a/2;R,Z!,

~13!

wherefe(h) is wave function~6! of the ground state of the
electron ~hole! confined in the single isolated QD. Wav
16533
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function ~13! is a good approximation of the exact groun
state wave function for the studied range of the barrier thi
ness between the dots, i.e., fort5a22Z.2 nm. The
ground-state energy of the electron-hole pair in the coup
dots is determined variationally with the following trial wav
function:

CX
c ~re ,rh!5 (

ke ,kh50

1

(
i eh51

Meh

ci ehkekh
fe

@re ,ze1~21!ke~a/2!;Re ,Ze#fh

@rh ,zh1~21!kh~a/2!;Rh ,Zh#

3exp~2a i eh

ehreh
2 2behzeh

2 !, ~14!

whereci ehkekh
are the linear andRe ,Ze ,Rh ,Zh ,a i eh

eh ,beh are

the nonlinear variational parameters. This function is a dir
generalization of trial wave function~9! for the exciton con-
fined in an isolated QD withNeh51. In Eq. ~14! the sum-
mations overke and kh take into account all the possibl
distributions of the charge carriers over the two QD’s. Thz
direction correlation between the particles confined in
same self-assembled QD is weak~cf. Tables I–II!; so we
neglect it almost totally in wave function~14!. The interdot
correlations are introduced via the two-center localization
the products of the one-particle functionsfe(h) .

We have calculated the lowest-energy levels of
negative-~positive! trion assuming that the electron~hole!
subsystem is the spin singlet. For the negative trion we
the following wave function:

CX2
c

~r1 ,r2 ,rh!

5 (
k1k2kh

(
i 1i 2i 12

ci 1i 2i 12k1k2kh
~11P12!fh

@rh ,zh1~21!kh~a/2!;Rh ,Zh#

fe@r1 ,z11~21!k1~a/2!;Re ,Ze#fe

@r2 ,z21~21!k2~a/2!;Re ,Ze#

3exp~2a i 1
ehr1h

2 2a i 2
ehr2h

2 !

3exp~2a i 12

eer12
2 2behz1h

2 2behz2h
2 !, ~15!

where the summations overk1 andkh run from 0 to 1, over
k2 from 0 to k1, over i 12 from 1 to Mee, and overi 1 and i 2
from 1 to Meh . The terms withk15k2 and i 2. i 1 are ex-
cluded from the sum, because of the symmetrization of
basis elements (11P12). Basis ~15! takes into account al
the possible distributions of the three particles between
two QD’s. In the calculations, we takeMee53 and Meh
52, like in the case of the trion in the single QD. In cons
quence, basis~15! consists of 60 elements. The trial wav
function for the positive trion has been chosen in the sa
way.
1-6
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B. Results

Figure 4 shows the four lowest-energy levels forX2

states, in which the electron subsystem is the spin sing
The corresponding barrier thicknesst is marked on the uppe
horizontal axis. Since the confinement potential of t
coupled QD’s~12! is invariant with respect to the reflectio
throughz50 plane, the wave functions of the three-partic
complex possess a definite~even- or odd-! parity symmetry
with respect to the operation of a simultaneous change
signs ofz coordinates for all the particles. The parity pro
erties of considered states result from the symmetries of
calculated three-particle wave functions, cf. the detailed
cussion of the parity symmetry for the electron-hole pair
vertically coupled self-assembled QD’s given in Ref. 26. T
wave functions associated with the energy levelsA and C
~solid lines! possess even parity, while the energy levelsB
andD ~dashed lines! correspond to the wave functions wit
odd parity. Fora. 14 nm all the energy levels are indepe
dent of the interdot distance. Then, the QD’s can be trea
as separate~uncoupled!. In this limit, the distribution of the
charge carriers between the QD’s is a definite property o
the eigenstates, i.e., in all the eigenstates, the charge ca
occupy with a 100% probability either the same QD or d
ferent QD’s.26 At large interdot distance, the degenera
statesA andB correspond to the trion localized in one of th
QD’s. In these states all the charge carriers are confi
within the same QD. The energy of these states is equa
the energy of the negative-trion confined in the single i
lated QD~cf. Table III!. The ground state is twofold degen
erate, because the trion can be located in one of the
QD’s.

FIG. 4. Lowest-energy levels of the negative excitonic trion
the double QD as functions of the distancea between the centers o
the QD’s ~thickness t of the barrier between the QD’s!. Solid
~dashed! lines correspond to the energy levels of the even-~odd-!
parity states. Thin dotted (X1e) line shows the sum of the ground
state energies of the exciton and the single-electron confined in
double QD. The meaning of symbolsA,B,C, andD is explained in
the text.
16533
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For a,14 nm both the degenerateA andB energy levels
start to decrease, which is a signature of the tunnel coup
between the QD’s. The presence of the tunnel coupl
means, that in statesA andB there is a nonvanishing prob
ability of finding one of the particles in the other QD than t
remaining two charge carriers. However, the tendency of
the particles to occupy the same QD is still visible in the
states.26 The degeneracy of the energy levelsA andB is lifted
for a,6 nm. For a54 nm (t'2 nm) the QD’s are
strongly coupled. In the strong coupling limit the trion wav
functions exhibit an approximate one-particle parity, i.e., p
ity with respect to the change of the sign ofz coordinate of
each of the particles separately.26 Due to the difference of the
electron and hole masses, the effective height of the ba
between the dots is much larger for the hole than for
electron. In consequence, the even-odd energy-level split
for the electron is considerably larger than the splitting
the hole. BothA andB states correspond to an approxima
even parity of both the electrons. Moreover in stateA, the
hole is in the even-parity state, whereas in stateB, the hole is
in the state with an approximate odd parity. In both the e
cited statesC andD, one of the electrons is in the even-pari
state and the other is in the odd-parity state. The correspo
ing C and D energy levels split fora,6 nm. Similarly as
statesA andB, statesC andD differ by the parity of the hole,
which is even inC state and odd inD state. In the limit of the
separate QD’s,C and D states have the same energy a
correspond to the electron-hole pair confined in one of QD
while the second electron is confined in the other QD.

The thin dotted line marked by (X1e) in Fig. 4, shows
the sum of the ground-state energies of the following t
systems: the electron-hole pair and a single electron in
double QD structure. In the limit of largea, this sum coin-
cides with the degenerateC andD energy levels. The differ-
ence between the sum of energies (X1e) and the ground-
state energy of the trion is equal to the shift ofX2 PL peak
with respect to the exciton line, i.e., toSX2. In the limit of
separate QD’s, the energy shiftSX2 becomes identical with
the difference of the energies between the trion ground s
(A,B energy levels! and the excited state (C,D energy lev-
els!. Then, this difference can be interpreted as the bind
energy of the trion in the double QD structure, i.e., as
amount of energy needed to remove one of the electr
from the QD occupied by the trion and transfer it to the oth
QD. On the other hand, in the strong coupling limit, th
double QD can be treated as a single QD with enlarg
height~larger vertical extension!. The trion energy shiftSX2

decreases with the decreasing distance between the Q
This effect is consistent with the results of the preced
section, which show that the negative-trion energy shift
larger for smaller QD’s.

The results for the lowest-energy states ofX2
1 trion are

displayed in Fig. 5. We restrict our study to the singlet sta
of the hole subsystem. The energy levels correspondin
the states with even~odd! total parity are plotted by the solid
~dashed! lines. In the limit of separate dots~large a), the
ground state is twofold degenerate~cf. degenerate energy
levels marked byA andB). In the ground-state all the thre
particles occupy the same QD, while the other dot is em

he
1-7
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In other words, for separate QD’s the ground state co
sponds to the positive trionX2

1 localized in one of the QD’s.
In the limit of the separate QD’s, the first-excited state e
ergy level (C,D) is also degenerate. In the statesC andD, an
electron-hole pair is confined in one QD and the second h
is confined in the other QD. For comparison, the sum of
ground-state energies (X1h) of the exciton and hole is plot
ted by the thin dotted line. For smaller values of the barr
thickness, the relative distribution of the charge carriers
tween the QD’s is uncertain as a consequence of the
pling. Nevertheless, even for the coupled QD’s, inA andB
states, all the particles exhibit a tendency to occupy the s
dot, while in the excitedC andD states, the holes exhibit
tendency to occupy different QD’s.

The degenerate excited-state energy level (C, D) splits
for larger values of the interdot distance than (A,B) level.
The electron inA, B, andC states possesses an approxim
even parity, therefore the corresponding energy levels
crease when the barrier thickness decreases. InD state the
electron has an approximate odd parity, and in contras
statesA,B and C, its energy grows when the barrier thick
ness decreases. The stateC corresponds to both the holes
even-parity states. In the stateA ~B! one hole~two holes!
occupies the odd-parity state. The degeneracy ofA,B energy
levels is lifted fora.6 nm as the result of the splitting be
tween the even- and odd-parity energy levels of the hole.
most interesting feature of the positive-trion spectrum is
fact, that the energy ofC state passes below that ofA andB
states fora,;10 nm. This change of order of energy leve
can be understood in context of Fig. 2. In the single QD,

FIG. 5. Lowest-energy levels of the positive excitonic trion
the double QD as functions of the distancea between the centers o
the QD’s. Solid~dashed! lines present the energy levels of the sta
with the even~odd! parity. Thin dotted (X1h) line shows the sum
of the ground-state energies of the exciton and the single hole
fined in the double QD. The meaning of symbolsA,B,C, andD is
explained in the text.
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energy shiftSX
2
1 for R525 nm andZ50.92 nm is positive

but decreases if the height of the QD increases. In particu
for 10<Z<40 nm the energy shiftSX

2
1 is negative~cf. Fig.

2!. As we have noted before, the coupled QD’s correspon
a single dot with a larger height. This explains why the st
C, in which the holes tend to occupy different QD’s, b
comes the ground state ofX2

1 trion under influence of the
interdot coupling. We note, that the change of order ofA, B,
and C energy-levels appears for the specific value of
height of the dot. In the limit of separate dots,C energy-level
should correspond to the ground state for these values o
height for which the positive-trion shiftSX

2
1 is negative~cf.

Fig. 2!.

IV. CONCLUSIONS AND SUMMARY

We have presented the results of variational calculati
for the excitonic trions confined in the single and vertica
coupled QD’s with the Gaussian confinement potential.
have proposed the trial wave function expanded in
Gaussian basis, which takes into account both the sin
particle confinement effects and interparticle correlatio
We have studied the influence of the shape and geometr
the confinement potential on the shifts of the trion PL lin
with respect to the exciton line. We have considered all
geometries of the cylindrically symmetric QD from a ve
flat QD, which resembles the two-dimensional quantum w
to an elongated wire-like QD. We have shown, that t
negative-trion PL line is always redshifted with respect to
exciton line and that this shift is larger for smaller QD’s. Th
positive-trion exhibits qualitatively the same behavior on
in these QD’s, which resemble quasi-one-dimensional qu
tum wire or quasi-two-dimensional quantum well. Howev
in the nanostructures with similar height and diameter,
positive-trion line can be blueshifted with respect to the e
citon line, if the linear size of the QD is sufficiently sma
The limit cases of the present results are in a qualita
agreement with the results of previous studies of the tr
binding energy in quantum wells,4,16 and also with the shifts
of the trion PL lines found for the spherical QD’s.15 Based on
these results we can also formulate predictions about
binding energy of the trions in quantum wires. Namely, t
present results indicate that the binding energy of both
negative and the positive trions should increase when
radius of the quantum wire is decreased.

Moreover, we have extended our study to the excito
trions in the vertically coupled InxGa12xAs self-assembled
QD’s. We have considered the low-energy spectrum of
system of two electrons and one hole, as well as the sys
of two holes and one electron in a couple of vertica
stacked QD’s. We have shown, that the shifts of the trion
lines with respect to the exciton line obtained for a sing
isolated QD can be identified with the binding energy of t
trion complexes for a pair of identical remote QD’s. We ha
studied the splitting of the trion-energy levels under infl
ence of the coupling between the QD’s. We have found, t
the interdot coupling decreases the redshift of the negat
trion PL line with respect to the exciton line. Moreover, w

s

n-
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EXCITONIC TRIONS IN SINGLE AND DOUBLE . . . PHYSICAL REVIEW B 66, 165331 ~2002!
have shown that the coupling may induce a redistribution
the charge carriers between the dots in the positive-t
ground state. These effects have been explained on the
of our studies for the single QD, since—in the stron
coupling limit—-the coupled QD’s can be treated as a sin
QD with an enlarged extension in the vertical direction.
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ter 10, 7575~1998!.

29J. Adamowski, M. Sobkowicz, B. Szafran, and S. Bednarek, Ph
Rev. B62, 4234~2000!.

30P. D. Siverns, S. Malik, G. McPherson, D. Childs, C. Roberts,
Murray, B. A. Joyce, and H. Davock, Phys. Rev. B58, R10 127
~1998!.

31R. Colombelli, V. Piazza, A. Badalto, M. Lazzarino, F. Beltram
W. Schoenfeld, and P. Petroff, Appl. Phys. Lett.76, 1146~2000!.
1-9


