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Junction of several weakly interacting quantum wires: A renormalization group study
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We study the conductance of three or more semi-infinite wires which meet at a junction. The electrons in the
wires are taken to interact weakly with each other through a short-range density-density interaction, and they
encounter a general scattering matrix at the junction. We derive the renormalization-group equations satisfied
by the Smatrix, and we identify its fixed points and their stabilities. The conductance between any pair of
wires is then studied as a function of physical parameters such as temperature. We discuss the possibility of
observing the effects of junctions in present day experiments, such as the four-terminal conductance of a
guantum wire and crossed quantum wires.
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[. INTRODUCTION we will compare our weak-interaction results with the exact
results available from bosonization. In Sec. VI, the results of
Recent advances in the fabrication of semiconductor hetthe previous section will be used to study the conductance of
erostructures have made it possible to study electronic trang three-wire system as a function of the temperature in the
port in a variety of geometries. Recent studies of ballisticvicinity of one of the fixed points. In Sec. VII, we will con-
transport through a quantum wi@W) have brought out the sider the temperature dependence of the four-terminal con-
important role played by both scattering centers and the inductance of a quantum wir@vhich is often studied experi-
teractions between the electrons inside the QW. Theoreticanentally. In Sec. VIII, we will study the fixed points and
studies using a renormalization-grodRG) analysis show stabilities of the RG equations of a four-wire system, and its
that repulsive interactions between electrons tend to increadeur-terminal conductance. In Sec. IX, we will briefly dis-
the effective strength of the scattering as one goes to longefuss how to extend the previous analysis to the case of spin-
distance scaleSexperimentally, this leads to a decrease inful fermions. We will make some concluding remarks-
the conductance as the temperature is reduced or the wifduding a comparison of our model to that given in Refirt
length is increasetl Considerable effort has also gone into Sec. X.
understanding the effects ofFerm) leads® multiple
impurities; and also contactsMotivated by the understand-
ing of the effects of scattering in a one-dimensional problem,
we are led to address the following question in this work:  To study the problem, we first need a model for the junc-
what is the effect of interactions between electrons on theéion. Let us assume that semi-infinite wires meet at a junc-
conductance of more complicated geometrical structureon. The wires are parametrized by coordinates i
such as three or more QW's meeting at a junction? This=1,2, ... N. The junction is the point where all the are
problem has been studied before in Ref. 6; as explained bgimultaneously equal to 0. We adopt the convention that each
low, our model differs from theirs in certain ways, and oury; increases from 0 as one goes outwards from the junction
results are quite different. We will show that for the case Ofa|ong wirei. Let us denote the incoming and outgoing one-
weak i_nteractions, t_he effec_ts of a junctiteharacterized by  electron wave functions on wireby ;(x;) and ¢o;i(X;),
an arbitrary scattering matri8) on the conductance can be respectively(we are ignoring the spin labet for the mo-
understood in great detail by USing a RG teChnique intrOmenD; see Fig 1. For a given wave numbkpo, these
duced in Ref 7. We W|” a|SO Complement thIS W|th a Studywave functions are proportionai to the piane waves exp
of the effects of certain special kinds of junctions for arbi- (—ijkx) and expikx).
trary electron interaction to gain a more complete picture. — The coefficients of the plane waves are related to each
The plan of the paper is as follows. In Sec. II, we will other by anNx N scattering matrix calle& Denoting the

define a junction in terms of a scattering matrix, and we willincoming and outgoing wave functions at the junction by the
provide a microscopic lattice model of a junction. In Sec. I,

we will discuss an interacting theory of spinless fermions in
the presence of a® matrix at the junction, and we will
enumerate some of the speci@lmatrices for which the
theory can be bosonized. Section IV will contain a derivation
of the RG equations for the junctiddmatrix for the case of — X < Incoming

weak interactions in the wires. In Sec. V, we will study the

fixed points of the RG equations and their stabilities for the FIG. 1. Picture of a single wire showing the incoming and out-
case of three wires meeting at a junction. Wherever possiblgyoing directions and the junction at=0.

Il. AMODEL FOR THE JUNCTION

Outgoing

x=0
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FIG. 2. Picture of the lattice model for three wires meeting at a

junction.
columnsy,(0) and#o(0), we have the relation

$0(0) =S, (0). @

Clearly, S must be unitary.(If we want the system to be
invariant under time reversaf must also be symmetric.
The diagonal entries df are the reflection amplitudes; ,
while the off-diagonal entries are the transmission ampli
tudest;; to go from wirej to wire i.

It is useful, though not necessary,
croscopic model of a junction with a unitary and symmetric
S matrix. A simple lattice model for this is shown in Fig. 2
for the case of three wires labeled by 1,2,3. The junction
is the site labeled as 0, while the sites on the wires hav
labels going from 1 tee. The electrons hop from site to site
with a hopping constant which is 1 on all bonds except the
three bonds which join the sites labeled as 1 with the junc
tion; on those three bonds, we take the hopping constants
be the real numbers-u;. In addition, we have a chemical
potential\ at the junction, while the chemical potential on

all the other sites is 0. The momenta of the electrons go from

—r to 7 (taking the lattice spacing to be;lthe dispersion
relation is given byE= —2 cosk. Since the chemical poten-
tial is zero at all sites except one, the system is at half filling
and the Fermi points lie at kg wherekg= /2. For incom-
ing momenté&k close tokg, we find that the entries of th®
matrix are given by

2u?
Mi =

where

)

to have in mind a mi-
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This matrix is both unitary and symmetric, although it is not
the most general possible matrix with those properties.

IIl. TOMONAGA-LUTTINGER LIQUIDS WITHOUT SPIN

Let us now discuss the fermion fields in some more detail.
We will consider a single wire for the moment, so that the
label i can be dropped. Since all low-energy and long-
wavelength processes are dominated by modes near the
Fermi points=kg, let us write the second-quantized field
W¥(x) (which implicitly contains both fermion annihilation
operators and wave functionas

P(x)=T(x)e Ke¥+ P 5 (x)ekeX, ©)

Note that the fields¥, and ¥, defined in Eq.(3) vary
slowly on the scale of the inverse Fermi momentkpt,
since we have separated out the rapidly varying functions
exp(xikex). We will henceforth use the notatioh, andW¥
for these slowly varying second-quantized fields, rather than
the incoming and outgoing fields defined earlier. For these
fields, we will only be interested in Fourier components with
momentek which satisfy| k| <kg . We can then make a linear
approximation for the dispersion relations which take the
form E=*#Auvgk for the fieldsW, and V,, respectively,
wherev is the Fermi velocity(For instance, for the lattice
model discussed abover=2 sink:.) We will also assume
that the entries of th& matrix do not vary withk in the
limited range of momenta in which we are interested.

We now introduce a model for interactions between elec-
trons. Let us consider a short-range density-density interac-
tion of the form

1
e Him=§f fdxdyp(X)V(x—y)p(y), 4)
whereV(x) is a real and even function of and the density
p is given in terms of the fermion field ag(x)

to WT(x)W(x). Using Eq.(3), we find that

p(X) =W + WU o+ Vo 2K+ T L e 12k,
5

We can now rewrite the interaction in E@) in a simple
way if V(X) is so short ranged that the argumexi@ndy of

the two density fields can be set equal to each other wherever
possible(In doing so, we will be ignoring terms which have

a scaling dimension greater than 2, and are therefore irrel-
evant in the RG sense. We note that the assumption of a
short-ranged interaction is often made in the context of the
Tomonaga-Luttinger liquidTLL) description of systems of
interacting fermions in one dimensigrising the anticom-
mutation relations between different fermion fields, we
obtain

(6

whereg, is related to the Fourier transform ®f(x) asg,
=V(0)—V(2kg). [Note thatg, is zero if V(x) is a & func-
tion, soV(x) should have a finite range in order to have an
effect] Thus the interaction depends on a single parameter

Hint:ng dx¥ ¥, wiv,,
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g, on each wire. Different wires may have different values of3 can be bosonized as in case i, while wires 2 and 3 can be
this parameter which we will denote kg, . For later use, bosonized as a single infinite wire. Similarly, there are two

we define the dimensionless constants other cases, called cases Il and IV, which are obtained from
case Il by cyclically permuting the three wires. We note that
- 92i (7) ~cases I-1V are all invariant under time reversal, if we choose

" 2whug’ all the entries of theS matrix to be real.

(i) Cases V and VI: In case W, =|ts] =|t13=1, and
all the other entries of are zero. No matter how the phases
of the three nonzero entries &fare chosen, this is not in-

_ For many problems involving a Tomonaga-Luttinger liq- 4 jant under time reversafTherefore it cannot be realized
uid, it is useful to bosonize the thedty.For spinless fermi- by our lattice model for any choice of the parametafs,

ons, the bosonic .theory IS charaptenzgd by two quan.tltlesand ke .) This can be thought of as three infinite wires with
namely, the velocity of the bosonic excitations and a di-

onl & which i £ the int chiral fields; for instance, one such wire is the incoming field
MENSIONIESS parametsr wnich 1S a measure of the interac- along wire 1 which transmits perfectly into the outgoing field
tions between the fermiongTypically, K governs the expo-

; . . _along wire 2. Finally, we have case VI obtained by time
nents which appear in the power-law falloffs of various g Y y

. ) . . reversing case V, nameljt;, = |t,q =|t3] =1, and all the
correlat_lon funct_|ons n the ”‘_GO’VFOT a model defined on other entries ofS are zero. Cases V and VI can both be
the entire real line with the interaction parametgror «

where we assume that the velocity is the same on all
wires.

) . bosonized.
defined above, we find trfat Before ending this section, we would like to make some
v=vp(1—a?)?2 remarks about the physical applicability of cases V and VI. If
’ we think of the three wires as having finite widths, with the
1— o\ 12 incoming and outgoing waves running along two different
K= 1Ta (8)  edges of each wire, then the forms of Benatrices in cases

V and VI are very similar to those describing the edge states

Thus K=1 for noninteracting fermions, whil&K<1 for ~ of a quantum Hall system. However, the valueKofin a

short-range repulsive interactions. For weak interactions, wguantum Hall system is fixed by the filling fraction of the
see thaty =vr while K=1—« to first order ina. In this  (two-dimensionalbulk of the system, not by the interaction

work, we will be interested in the case in which the interac-between the edge statem fact, the interactions between the
tions are weak and repulsive, i.e., the parametgrare all ~ states at the opposite edges of a quantum Hall system are
positive and small. often ignored because of their spatial separatibncontrast
Although bosonization is a very powerful technique, it is to this, our model of the Tomonaga-Luttinger liquids in the
not always possible to bosonize a system of interacting ferwires and our derivation of the RG equations for Bmatrix
mions with boundaries. In particular, for our system of inter-given below both depend on the short-range interaction be-
est, i.e., three or more semi-infinite wires meeting at a junciween the incoming and outgoing modes on each wire.
tion with some arbitraryS matrix defined at that point, Hence the results obtained by us may not be applicable to
bosonization is a difficult task in general. The reason is thafiuantum Hall systems.
although one can always find linear combinations of the in-
coming and outgoing fermion fields which unitarily diago-
nalize theS matrix, the four-fermion interactions in the bulk
of the wires are generally not diagonal in terms of the same
linear combinations. Conversely, the interactions in the bulk Rather than employ bosonization to study the case of an
of the wires can be bosonized, but it is then generally notrbitrarySmatrix, we use an instructive and physically trans-
clear what boundary conditions should be imposed on th@arent method introduced in Ref. 7 to directly obtain RG
bosonic fields at the junction. equations for the entries of tHf@ matrix in the presence of
However, it is possible to bosonize the system easily forlectron interactions(provided that the interactions are
some special forms of th8 matrix at the junction. For the weak. The basic idea of this method is the following. In the
case of three wires, there seem to be only six such formgresence of a nonzero reflection amplituge the density of
These are as follows. noninteracting fermions in wireé has Friedel oscillations
(i) Case I: Hergriq=|ry=|rs3d =1, and all the other with wave number R-. When a weak interaction is turned
entries of theS matrix are zero. This can be realized by the on, an electron scatters from these oscillations by an amount
lattice model of Fig. 2 if we take the limk—oe. This case proportional to the parameter, . Yue et al.” use this idea to
corresponds to the three wires being disconnected from eaderive the RG equations for an arbitreé®ymatrix located at
other. Each wire can then be bosonized by an unfolding techthe junction of two semi-infinite wires. In the limits of both
nique described in Ref. 9. weak scattering r;;—0) and strong scatteringr(,|—1),
(ii) Cases II-IV: In case ll|jr 35 =|t;] =|ty]=1, and all  their results reduce to those known from bosonizatidkive
the other entries o are zero. This can be realized by our will use the same idea for a junction of more than two wires.
lattice model if we seuz;=A=0 andu;=u,#0. This cor-  Not surprisingly, we will find that the results are much richer
responds to wire 3 being disconnected from wires 1 and 2than those for two wires.
the latter two have perfect transmission into each other. Wire Let us briefly present the method of Yee al.” We first

IV. RENORMALIZATION-GROUP EQUATIONS
FOR THE S MATRIX
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derive the form of the density oscillations in one particular dk’
wire given that there is a reflection coefficianfor waves —i f EZW5(EK—EK')|0Ut90ingk'>
coming in along that wire. For a momentum in the vicinity of
ke, we can write the wave function in the form X (outgoingk'|Hi|incomingk)
wk(x):e—i(k+k,:)x+rei(k+k,;)x’ (9) 3 ) igor fwd_x iokx
—|outgomgk>47mvF X e ,
where|k|<kg . In the ground state of the noninteracting sys- (14

tem, the density is given by where we have used Eq13), the dispersion relatior,

=hvek [so that S(Ex—Ey)=(1l/hve)8(k—k')], and the
o dk | wave functions expfikx) of the outgoing and incoming
(p(x))= f_wﬁ i () (%), (100 \waves, respectively. The integral ovem Eq. (14) is diver-
gent at the lower end; we therefore introduce a short-distance

where we have used the fact that only states with energy leS&/toff d there. The amplitude in Eq14) then reduces to
thanEg (i.e., momenta less thakg) are occupied, and we ar

have extended the lower limit te- for convenience(Al- - ?In(kd) (15
ternatively, we can impose a cutoff at the lower limit of the

form exp(k), and take the limit— 0 at the end of the cal- plus pieces which remain finite &sl—0; we have used Eq.
culation. We then find thap has a constant piegg, (which ~ (7) here. Similarly, the amplitude to go from an outgoing
can be eliminated by normal ordering the density opefator wave to an incoming wave is given by

and anx-dependent piece given by

r*
5 In(kd). (16)
i ) )
_ —i2k 2k
<P(X)>_P0—_4wx(r*e 1 —re! ), (1D These reflections from the Friedel oscillations can then be

combined along with th& matrix at the junction to calculate
Using the expression in E@5), we see that the expectation the corrections to th& matrix. For instance, considey; . To
vaIue(\IfT\If, +pt Vo) is a constant, while first order in the interaction parametets, this gets correc-
' ° ’ tions from the following processes. An incoming wave on
wire i can either(i) turn into an outgoing wire on the same

yiy )= ir* wire with the amplitude in Eq(15) (with r replaced byr;; in
(Vo)) , L : . .
41X that expression (ii) get reflected from the junction with am-
plituder;; thereby turning into an outgoing wave, turn back
into an incoming wave according to E(L6), then get re-
<\IIITIIIO>: ~ I (12)  flected again from the junction; diii) transmit through the
X

junction into wirej (with j #i) with amplitudet;; , turn from
an outgoing wave to an incoming wave on wjraccording

Note that there is also a contribution4¢x) from the waves o Eq. (16) (with r replaced byr;;), then transmit back
transmitted from the other wires; however those are indepenrough the junction to wiré with amplitudet;; . The cor-

dent ofx and can be absorbed jip. Thus the Friedel oscil- (action tor; is, therefore,
lations Eq.(11) in a given wire only arise from reflections
within that wire. dr;j=—A;iIn(kd),
Next we derive the reflection of the fermions from the |\ hare
Friedel oscillations, using a Hartree-Fock decomposition o%N
the interaction in Eq(6). The reflection is caused by the ) .
following terms in the decomposition: i =~ 5| et a7 +j2¢i ajtijrit . (17)

" Similarly, the transmission amplitudg from wire i to wire
Hip= _ng dx((P LW )W o +(W W)W iw)), j can get corrections from the following processes. The in-
0 coming wave on wira@ can either(i) get reflected from the
. . junction with amplituder;;, turn back into an incoming
_dgp (=dx + . o L
=— | —(r*v/w,—rvlwv), (13y  wave according to Eq(16), and then transmit into wirg
4m)o X with amplitudet;; ; (i) transmit into to wirgj first, turn into
an incoming wave on wir¢ according to Eq(16), then get
where we have used E(l2) to write the second equation. reflected from the junction with amplituds; ; or (iii) trans-
Now we can derive the amplitude to go from a given incom-mit into a wirek (with k#i,j), turn into an incoming wave
ing wave with momentunk to an outgoing waveor vice  in wire k according to Eq(16) (with r replaced by ,,), then
versa under the action of exp{iH;xt). The amplitude is transmit into wirej with amplitudet; . Hence the correction
given by tot; is
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dt“ = _Ajiln(kd), 1
where a= 3 . (23
> at
1 2 2 * =t
Ai==3 aitii| i *+ oy |t +k;,j aktikrkktki} Then the fixed-poinB matrix has the entries
(18)
a .
Yue et al. then derive the RG equations for tSematrix i forall i,
which is now considered to be a function of a distance scale
L; they show that-In(kd) in Egs.(17) and(18) can effec- a a
tively be replaced byll, wherel=In(L/d). The RG equa- tij = \/(1— o 1—;) forall i,j. (24
i i

tions, therefore, take the form
It is possible to obtain a family of fixed points related to the
ﬂ A above by multiplying the various amplitudes by some phases
dai as discussed in Eq22). However, we will mainly consider
the above form of case VII for simplicity. Note that for the
case of equal interactions in the three wifes., all the q;
equal to each othgrand \=0, the fixed point is a well-
known S matrix whose entries ang;=—3 for all i, andt;;
=2 for all i,j. This is symmetric under all possible permu-
tations of the three wires, and has the maximum transmission
(in all channels simultaneouslallowed by unitarity.
Having found the fixed points of the RG equations, we
1 can study their stabilities. Let us write a fixed point of the
Fi=— Ea‘r“ ) (20) matrix asS,, and a small deviation from this as the matrix
€S,, wheree is a small real parameter. Give®,, we are

Then the RG equations can be written in the matrix form interested in finding the various flow “directions3; such
that Eq.(21) takes the simple form

ds

——=SF'S—F. (21) de

dl g =M (25
This is the central result of our work. One can verify from _ _ _ o
Eg. (21) that S continues to remain unitary under the RG Whereu is a real number. The solution of this equation is
flow; it also remains symmetric if it begins with a symmetric €(l) = €(0)exp(ul), wheree(0) is given by the deviation of
form. the S matrix from Sy at the microscopide.g., lattice scale.

We note also that the form of E(R1) remains unchanged Thusu <0 indicates thaSis stable against a perturbation in

if Sis multiplied either from the left or from the right by a the direction of the correspondir®j, while >0 indicates

_”:Aij = (19

whereA;; andA;; are given above. We can write E4$9) in

a simpler way. Given the matri$ and the parameters;
(which do not flow under the RGwe can define a diagonal
matrix F whose entries are

diagonal unitary matrix with entries of the form an instability in the direction of the correspondigg. We
. now consider the various fixed points in turn, see FigA3l.
Ui=e'?, (22 the fixed points have directions in whigh=0 correspond-

where the real numbers, are independent of the length N9 tO the phase rotations of tr#matrix described in Eq.
parametet. The fixed points discussed below will, therefore, (22)' We will ignore these directions in the following discus-

also remain unchanged under such phase transformation?.on'] . . .
We will generally not distinguish betweedmatrices which (1) €ase I This turns out to be stable against perturbations
differ only by such transformations. in all directions. There are three directions in whightakes
the values — (a1t ay)/2, —(artag)l2, and —(a;
V. FIXED POINTS AND STABILITY ANALYSIS +a3)/2, respectively. These are negative since we are as-

suming that the interactions in all the wires are repulsive.

We will now study the RG flow in some detail. We will Note that this result agrees, to first order in the with the
consider the case of three wires for convenience, althoughxact results one obtains from bosonization. The operator
much of the discussion below can be generalized to morghich tunnels a particle from wire 1 to wire 2 has the scaling
than three wires. Let us first find the fixed points of E2fL). dimension K;+K,)/(2K,K,). For weak interactions, this
The required condition is the8F'=FS', i.e., thatSF' is is equal to H (a;+ a;)/2. Under a RG flow, therefore, the
Hermitian. It is easy to see that the six cases 1-VI consideredoefficient of the tunneling operator satisfies E25) with
above are all fixed points of the RG. In addition, there isu=—(a1+ a5,)/2.
another fixed point which we will call case VII. For the (ii) Cases ll-IV: Case Il has two stable directions, both
physically interesting situation in which all the are posi- with u= —a3/2 (these correspond to tunneling from wire 3
tive, this case is described as follows. We first define a quarto wire 1 or wire 3, and one unstable direction with
tity a as = (a1t ay)/2 corresponding to reflection between wires 1

165327-5
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(1,1,1) We thus see that the flow diagram for the case of three
wires (with repulsive interactions on all the wines much
(0,0,1) // richer than in the case of two wires. In the latter case, there
are only two fixed points, a stable onelafy| =|r,J| =1 (two
disconnected wirgsand an unstable one [t =t/ =1 (a
perfectly transmitting wire The RG flow simply goes from
the second point to the firs
L1
VI. CONDUCTANCE OF A THREE-WIRE SYSTEM
Having studied theS matrix for a three-wire system as a
° /‘B,I,O / function of the RG distance scalewe can now discuss the
’(,119,1/9,1/9)\3 conductance of this system. We will assume that the three
wires, instead of being really semi-infinite, are connected to
(0,0,0 (1,0,0) three Fermi-liquid lead$with the interaction parameter be-

E’ng given byK=1) at a large distance from the junction. We
will also assume that there is only one transverse channel of
spinless fermions in each wire; in this band, there is a resis-
F%nceloofezlh at the contacts between the leads and the
wires:™ Although the contacts can themselves scatter the
fermions> we will ignore such effects here.

We take the fermions in all the leads to have the same

and 2. These results also agree, to first order inathewith ~ F€Mi €nergyEe, and the net current on all wires to be zero
those obtained from bosonization. For tunneling from wire 3N the absence of any applied voltage on the leads. Now
to wire 1, the operator has the dimension M2+ (K, suppose that the voltage is Changed byasr_nall_anM;_Jon
+1/K,)/4; this is equal to ¥ as/2 to first order in thex; , leadi. Then the net current flowing out of wirewill satisfy

and therefore giveg.= — as/2. A weak reflection between M€ linear relationshig
wires 1 and 2 has the dimensioK {+ K)/2 which is equal o2 3
to 1- (a1t ay)/2 to first order. This gives a flow with li=— >, TV, (26)
= (a1t a)/2 which goes in the direction of case I. The RG h =1
flows in cases Il and IV can be worked out similarly.

(iii) Cases V and VI: Case V has three unstable direction
with w= /2, a,/2, anda3/2, respectively. The three direc-
tions give flows towards cases II-1V. However, if we start

FIG. 3. Schematic diagram of the various time-reversal invarian
fixed points for the three-wire junction problem. Cases I-1V and
VIl are indicated ag1,1,7, (0,0,9, (0,1,0, (1,0,0, and &.3.3),
where the sets of three numbers denote the modulus squared of t
diagonal entries of the respecti@matrices. RG flows between the
various fixed points are indicated by the arrows.

where theT;; (for i #j) define the various transmission prob-
Abilities, andT;; + 1 denote the reflection probabilities. These
are related to th& matrix at the junction as follows:

out with an appropriate linear combination of the three di- Tij:|tij|2 for i#j,
rections, we can flow directly to case I. Similarly, one can
work out the flows for case VI. Ti=|ril>—1. (27)

(iv) Case VII: The stability of flows near this fixed point __ o o
appears to be difficult to study in general. However, the caseNCc€ the unitarity of the matrix implies that
of equal interactionsq;= @,= a3= «a, can be studied more
easily. It has one unstable direction wijth=a which flows Iril2+ > |t 12=1, (28)
in the direction of case|ithis is discussed further in E¢B5) j#i

below], and two unstable directions with=2a/3 which ;e see from Eq(26) that the currents; do not change if all
flow towards one of the four cases |-V depending on thehe yoltagesv, are changed by the same amount. When a
precise choice _of the initial dlrec_n_on. Further, for appropri- g q)i voltageV, is applied on lead in addition to the Fermi
ately chosen directions of the initial flow, one can go fromenergy, it increases the number of incoming fermions on that
cases V and VI to case VII. Near case VII, these correspong, - by an amount given BV, times the density of states in

to two stable directions with.=— a. energy per unit length. For noninteracting spinless fermions

Based on the above, we can state the flow diagram in thg, one gimension, the density of states in a continuum theory
space of allS matrices as follows. In general, case | is theg given by

most stable. Cases II-1V are only unstable to a flow towards

case |. Cases V and VI are unstable to flows towards cases 1

I-1V. Finally, for the case of equal interactions, case VI P(ER)=5 75—, (29

is unstable to flow towards cases I-1V, and cases V and VI F

are also unstable to a flow towards case §flbne starts out wherevg is the Fermi velocity. We assume this expression
in the appropriate directionWe have verified this flow dia- for p(Eg) to be the same on all leads. In the absence of any
gram numerically by starting from a number §fmatrices  scattering from the contacior from impurities inside wire,
close to the various fixed points and letting them evolvethese fermions will travel ballistically towards the junction
according to Eq(21). where they will be either reflected back or transmitted to one
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of the other two wires. Following that, the fermions again L
travel ballistically until they emerge from one of the three
2

wires. The outgoing currents are, therefore, giveneby

times the extra number of electrons coming in on wiire 1 | 5 5 ’

times the appropriate transmission coefficients on the othe / \
two wires and the reflection coefficie(gubtracted from the

incoming currenton wirei. 3 4

We can now compute the conductance by setting, say,
wire 3 to be the potential probe, i.¢3=0.1! Then, using the
set of Eqs.(26)—(28) given above, the corresponding three-
terminal relations are found to be

FIG. 4. Schematic diagram of a quantum wire of lengttgray-
shaded regionconnected to the two current probglsand 2 and
two voltage probe$3 and 4. The voltage probes are very weakly
coupled to the quantum wire via tunneling barriers of amplitdde

2
612’13:\/ l—lV _ eF Tyt Tyat T}|_2T13)’ (30) <1 (black-shaded regions
1 3 32
conductances on the temperature should be observable ex-
I e? T1oT3 perimentally if a three-wire system can be fabricated.
Crory —y. = 7| T2t Tt |, (BD As a specific example, consider case VII in whighhas
2 73 2 ri=—5 andt;=3. If all the interactions are equal, with
wherel;=—1,, and the two-terminal conductance is given a;= «, we saw above that this is unstable to a perturbation
by towards case [three disconnected wirgsvith u=«. The
, small deviation which takes case VII towards case | is given
I e T332 by
Glz'lz_Vl—Vz_ h ( 12+-|—13+ T (32

ide—3€®> ie—15€%/2 ie—15€%/2
In the above conductance expressions, we have employed the  jo— | ie—15¢2/2 i4e—3€® ie—15€2/2 (35)
standard convention for specifying the curréfitst pair of . 5 . 9 : 2
indices and voltage(second pair of indicesleads. It is le—15€7/2 1e—15¢°/2  i4e—3e
worth noting the incoherence introduced @y, ;, through  to second order in the real parametetWe have gone up to

the nonzero transmissions of carriefg; and Ty, into the  second order so as to calculate the correctiofjowhich

additional arm(here, wire 3. The conductances given in only begins at that order. Namely,ij=§+ie— 15€%/2,
Egs. (31) and (32) will flow under the RG following Eq.  which givesT;;=§—9¢2. Sinceu= e, the deviation ofT;;
(21). Let us begin with som& matrix at a microscopic dis-  from £ will grow as e~ 1/T2* as the temperature is reduced.

tance scaled (such as the spacing between the sites in &or example, the two-terminal conductance in this case will
lattice model. The RG flow in Eq.(21) is valid until the pe

logarithmic length scale reaches a physical long-distance cut-

off. The appropriate cutoff in this problem is the smaller of N
the scales Ini(; /d) (whereL; is the length of wira from the GlZ,lZ:F
junction to its leagland In(L+/d), where

- —cszo‘), (36)

wherec, is some constant, while the three-terminal conduc-

ho tances for this case are identical and are given by
F

TS RaT (33

2

Gioag1r |3 —27c.T 2

~2 Vi ) (37)
with T being the temperatureFor simplicity, let us consider 12z

the case of high temperature whéreis smaller than all the  Thys the power-law dependence Brean provide informa-

wire lengthsL;, but larger than the microscopic length  tjon on the strength of the interactian
Then the RG flow has to be stopped at the schle

=In(L+/d) since there is no phase coherence at distance

scales larger than this. Now let us suppose that at the micro-

scopic level thes-matrix deviates slightly from a fixed point

Sy by an amount(0)S;, whereS; is an unstable direction We consider here the case of the four-terminal conduc-

with ©>0. Then at the scall, the deviation is given by  tance of a quantum wire of finite lengthmeasured at high

temperatures such that the thermal lenbff{=%vg/kgT)

L\ # >].

E) €(0)S;. (34) The quantum wire is connected to two reservoirs 1 and 2
which act as current probes, see Fig. 4. In addition, the quan-

We thus see that the deviations fr@nwill grow as 1T# as  tum wire is also weakly coupled to two voltage probes 3 and

the temperature decreases. Of course, this is only true as lodgvia identical barriers with tunneling amplitudés<1. We

as the deviation is not too large, since E2p) is only valid  consider the current and voltage probes to be semi-infinite,

to first order ine. These power-law dependencies of thetwo-dimensional electron-ga&2DEG) Fermi-liquid reser-

VIl. FOUR-TERMINAL CONDUCTANCE
OF A QUANTUM WIRE

ds(Iy)=
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voirs; these can be modeled as Tomonaga-Luttinger leads), T, T, and T{Y)], and the fact that-h/[e2T{Q]

with interaction paramete, =1, i.e., in our case of very <Ry, ;<h/[e’T!)]. The average value Ry, 3, vanishes
weak interactionsq =0. The quantum wire is itself mod- due to the fact that the intrinsic resistance of a quantum wire
eled as a TLL with weak repulsive interactions characterizegvithout any defects or impurities comes from its connections
by a parametewny,. We can now see that this case is akin toto the 2DEG reservoirs, i.e., the so-calledontact

that of a system of two three-wire junctions with a commonresistances? Our prediction of the identical power-law
arm (of finite lengthL and withL <Ly). Further, one armin  variations ofG, 1, and G, 3, with temperature can also be
each of the two three-wire junctions is coupled to the othetested in such an experiment by taking measurements of the
two through a weak tunneling amplitude; this case thus fallswo conductances at various temperatures but at a fixed value
somewhere between the fixed point | and any one of thef the gate voltagéhis holds the values of the various trans-

fixed points 111V discussed earlier. _ missionsT;; fixed at the microscopic level, and their ob-
Following the analysis of Ref. 11, we can write the four- served values will vary with the temperature through the RG
terminal conductance of this system as equations
e (Ta+Ta)(Tar+Ta)
9Cus T .7, 7.7 : (38) VIIl. ANALYSIS OF A FOUR-WIRE SYSTEM
31142 32141
whereT;; stands, as usual, for the transmission from lead We can carry out a similar analysis of the fixed points and

lead]. As transmission from lead 1 to lead 2 can take placdN® conductance for a system of four wires meeting at a
through paths which never cross any of the two tunnelin unc_t|on. In_th|s section, we will assume for S|mpI|C|t)_/ that
barriers, we can writgto lowest order iné) T,,=T(Q),  the interaction parameterg =« are equal on all the wires.
Transmission from lead 3 to lead 1 can take place, to lowes Let us f|r§t consider the f|xc_ad points of the RG Eal.)
order in§, through a path that crosses one tunneling barrier or alfour-W|_re syste_m. To _begm with, one can regdlly iden-
this givesTa;= 51_%11)’ WhereTgll) is a positive number of tify 41 =24 fixed points which are natural generalizations of

= i i —
order 1. Similarly, even the simplest path from lead 3 to lea Eg ?Hreg-Cv)??: Spcg,?etzgca_‘rshe;sL ;i/))(ézat gﬁtgozgﬂ:sboovr? df?c: all
4 needs the crossing of two barriers, givifig,= 5°T%). ystem. P P

. . . the possible ways in which each roler column of the S
Thus, keeping only terms until ordé?, we can writeGy 34 matrix at the junction has only one nonzero entry whose

as modulus is equal to 1. We thus have the following possibili-
2 (1) (Dr7() (1) ties.
e T3/ +T T,/ +T : . ) ) . .
Gy, 34:_1-(1%)[ 31 - 312 I 4; 142 _ (39) (i) The simplest case is one in which all the four wires are
h THTEH-THTY disconnected from each other. TBenatrix is then diagonal,

with all the diagonal entries having unit modulus.

- 2-(0) 209 i (i) There are six cases in which two of the wires are
h_/[e T12.]$R12'?4Sh/[e T2 The_ RG f'OV_V of the tgn disconnected from all the others, while the remaining two
neling barriersé will take place as given earlier, but with a wires transmit perfectly into each other

parametey which is dependent on the interaction parameter (iii ) There are three cases in which pairs of wifgay, 1,2
of the quantum wirexy (note thata, =0 for all the four 54 3 4 transmit perfectly into each other.
probes. Now, as we have identical barriers connecting two (iv) There are eight cases in which one wisay, wire 4

identical voltage probes 3 and 4 to the quantum wire, thes gisconnected from the other three, while the other three

V?Igou;sl) V\(/ilr)e-voltag(% probe  transmissions, such  a$yjres (1-3 are connected to each other cyclically as in
Ta' T3 T4y, andTyy, will have identical power-law de-  cases v and VI for the three-wire system.

pendencies on the temperature. Thus, in the expre¢S@n (v) There are six cases in which the four wires transmit
given above, the only temperature dependend8 @k, Will  perfectly into each other in a cyclical way, such as 1 into 2,
come from the RG flow of the transmissid{?, since all 2 into 3. 3 into 4, and 4 into 1.

the temperature dependencies coming from the wire-voltage We note that the 10 cases given (in—(iii) above are
probe transmissions will cancel out. Further, as the twoinvariant under time reversal if we choose all the entries of
terminal conductanc&,, 15~ (e%/h) T to lowest order in  the Smatrix to be real; these 10 cases allow bosonization to
6, we can see that the temperature dependenci€s;9f,  be done. The 14 cases {iv)—(v) necessarily violate time-
and G, g4 are identical! reversal invariance; they can also be bosonized.

In a recent experimentt, de Picciottoet al. measured both In addition to the 24 cases given above, there are five
the two-terminal resistand®y, ;{ =1/G,, ;5 as well as the more fixed points of the RG equations. Four of these corre-
four-terminal resistanc®;, 3, of a cleaved-edge overgrowth spond to situations in which one of the wirésay, 4 is
guantum wire in a GaAs-AlGaAs heterojunction using twodisconnected from the other three, while the other three wires
weakly coupled voltage probes. They found that wRlg 1,  (1-3) have the completely symmetric and maximally trans-
is quantized in integer multiples df/2e?, Ri234 fluctuated  mitting S matrix of the form given in case VIl above. The
above and below zero and finally vanished as the gate volfifth case corresponds to the case in which the four wires
age was made less negatiy, 3, fluctuates about zero be- have a completely symmetric and maximally transmittiig
cause its value depends critically on the invasive nature ofnatrix; the diagonal and off-diagonal entires of this matrix
the probedi.e., on the precise values of the transmissionsare given by— 3 and 3, respectively.

The four-terminal resistand®,, 3,= 1/G, 34lies in the range
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We thus have a total of 29 fixed points for a four-wire wire 1 (or 2) and wire 3(or 4). All these hopping operators
system in contrast to seven fixed points for the three-wirehave the scaling dimensiofK@ 1/K)/2 which is necessarily
system. In addition to these 29 cases, we will now see thahrger than 1; hence they are irrelevant, and the pertugbed
the four-wire system has some new classes of fixed pointgatrices will therefore flow back to E¢42) under the RG.
which do not exist for systems with less than four wires.For weak interactions witk =1— «, we see that the scaling
Namely, there existwo-parameter familiesf fixed points in  dimension differs from 1 only at order? and higher, which
the four-wire system. In contrast to these, the fixed points oéxplains why these small perturbations look like fixed points
the two- and three-wire systems are all isolated points, i.eat ordere.
they have no variable parameteegpart from some trivial We therefore conclude that the two-parameter families
phasek given above are generalhot fixed points of the exadi.e.,

Although we have not studied all the two-parameter fami-to all orders in the interaction strengitRG equations. Al-
lies of fixed points in the four-wire system, we can exhibitthough we have shown this only in the vicinity of some
some of these families explicitly. Two examples are given bybosonizable points, it is plausible that this statement will also

be true for most other members of the families. However,

0 x; iy; O this does not rule out the possibility that there may be non-
Xo 0 0 iy, trivial and isolated members of these families which are
S= i 0 0 x|’ (40)  fixed points of the exact RG equations. Let us present a
Y2 2 plausible example of such a nontrivial fixed point. We con-
0 iys % O sider a one-parameter family &matrices of the form
wherex; andy,; are four real numbers satisfying the con-
straintsx; +y2=x5+y5=1, and 0 x iy 0
0 x - -z x 0 0 iy
y S=| . ) (43
x 0 -z vy iy 0 0 x
- 41 .
S vz o0 . E (41) 0 iy x O
z y x 0

wherex, y andz are three real numbers satisfying the con-Wherex*+y?=1 and 0<x,y<1. The two end points of this
straintx?+y2+2z2=1. [It is easy to see that these are fixed family given by &,y)=(1,0) and (0,1) are bosonizable be-
points of Eq.(21) since the diagonal matri is equal to zero ~ cause they consist .of pairs of perfectly transmitting wires
for these familied. Note that these two families have some (1,2 and 3,4 at the first point, and 1,3 and 2,4 at the second
members in common which are obtained by settiqg X, point) which transmit perfectly into each other. Within this
=X, y1=Y,=Yy andz=0, and then performing some phase ON€-parameter family, the bosonization approach discussed

transformations. Further, these families include some of th&20ve shows that both the end points are stable, since small
fixed points given earlier as special cases. perturbations from thenjcorresponding to turning oy,

The two-parameter families are fixed points of the RG Eq.= Y2 in EQ. (40)] are irrelevant. The simplest possibility,
(21) which are only valid to first order in the interaction therefore, is that there is one unstable fixed point which lies

parameter. Do they remain fixed points if we go to higher between_the two end point's; §ince thg ir!ter_action strengths in
orders ina? One way to answer this question is to use thedll the wires are equal, this fixed point is likely to be at the
technique of bosonization. As remarked earlier, it does nofalf-way point given byx=y= 1/\/E However, we are un-
seem possible to bosonize an interacting fermionic theory fogble to directly verify that this is an unstable fixed point of
all possibleS matrices. Fortunately, the two-parameter fami-the exact RG equations since this point does not seem to be

lies described above contain some special points at whicRosonizable.

bosonization can be done. For instance, consideSthatrix To summarize, we see that the pattern of fixed points and
RG flows for a four-wire system is immensely more compli-

0 1 0 O cated than those of two- and three-wire systems. We do not

100 0 have a complete classif_i(_:ation of the fixed_ points for a four-
S= ' (42) wire system. Some families &matrices which appear to be

0 0 01 fixed points at first order in the interaction strengths turn out

00 1 0 not to be fixed points at higher orders.

We now turn to a discussion of the temperature dependen-
which corresponds to wires 1(and wires 3,4transmitting  cies of the conductance corrections. Our arguments will be
perfectly into each other. We can bosonize this system; fovery similar to those given for a three-wire system at the end
equal interaction strengths on all the wires, the bosoniof Sec. VI. We consider the vicinity of one particular fixed
theory will have the same parametéfor all wires. We then  point of the four-wire system, namely, the completely sym-
turn on small perturbations corresponding to eithgry, in metric and maximally transmittin@ matrix. Let us perturb
the family given in Eq(40), ory,z in the family given in Eq.  this in a completely symmetric way, so that the entries of the
(41). These correspond to hopping at the junction betweer$ matrix are given by
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that they continue to stay zero as long as interactions are
ri=— §+i3€—362, weak and the RG flows of the various elements of &he
matrix take place in a symmetric fashion. This means that in
this case, the variouR,,, ; will continue to be zero even as
the temperature is varied.

The other interestingand experimentally relevantase

for which conductances can be computed is that of two
crossed, perfectly transmitting quantum wires which are con-
nected via the tunneling of electrons at one point. This point

1 . )
tij:§+le_5€ (44)
to second order in the small real numher(This perturba-

tion will eventually lead to the situation in which all the four

wires are disconnected from each othelsing Eq.(21), we g characterized by the matrix given earlier in Eq(42). We

find that the perturbation initially grows as in EQ4) with o6 already seen that the hopping between the two wires is
w=a. The arguments presented in Sec. VI therefore imply,, jrrelevant process. Further, we can treat any small reflec-
thal‘t at g|gh temperature, the transmission probabiliigs  (ion in either of the two perfectly transmitting wires pertur-
=3~ 4e” vary with temperature as batively; from the work of Kane and Fishkit is known that
such perturbations are relevant and will grow so as to cut the

1 o wires (i.e., they flow under the RG towards the perfectly
ij:Z_CZT ' (45 reflecting stable fixed point characterized by @mmatrix
) equal to unity. Thus, there is nothing new to be found in the
wherec, is some constant. _ computation of the conductances in this case.

We can also compute the four-terminal conductances of Finally, we would like to mention the work of Komnik
this system by following the arguments of Ref. 11 and thosgng Egger on crossed quantum witddn addition to the
given in Secs. VI and VII. For a set of four prob@snkl}  hopping operators considered above, they study the effects of
(which will be a permutation 0f1234}), we can write the 5 density-density interaction between the two wires at the

T

relation between the curreritg=—1,=1,, I),=—1=1and  point where they cross; they show that such an interaction
the voltagesV,=(um—pun)/€, Vo=(mc—m)/e (Wherep;  can have a nontrivial effect if the interactions in the wires are
denotes the chemical potential of tite probe as sufficiently strong. However, such strong interactions are be-
yond the purview of our analysis; for the case of weak inter-
(|1) eZ(all _a12) (Vl) actions considered here, such interactions are irrelevant.
= : (46)
I hlazg @ /\V;
where IX. TOMONAGA-LUTTINGER LIQUIDS WITH SPIN
It is not difficult to extend all the results above to the case
ap=[(1=T1)P—(T1gt T12) (Tar+ T2 J/P, of interacting fermions with spin. Let us first discuss the
form of the interactions. We again begin with a short-range
a15= (T15Ta4— T14T30)/ P, ![r;':ee:%?g]on as in Eq(4) where the density is now a sum of

1= (To1Ta3— T4 T23)/ P,

p=V1V, +¥w (49
@p=[(1=Typ)P=(Ty+Tw)(Tst+T1n) /P,

The second-quantized field¥, and W have expansions
P=Tip+ Tiat+Taot Taq=Tot Ty1+ Togt+ Tas. (470 near the Fermi points of the form given in E). (We
gassume that there is no magnetic field, so that $pamd
spin-| electrons have the same Fermi energpllowing the
arguments leading up to E(), we can show that

The general expression for the four-terminal resistanc
Rmnki=1/Gmnk (Which has six permutationsan then be
written as

h TkaIn_TknTIm
=~ T
Rinnki e? D ' (48) Hint:J dx %H [glq’raq'owq’la"l’og

where D= (aq,a90— aqoa57)/P. From here, we can easily 1

work out the four-terminal resistances for the case of the +gz\lff0\1fga,\lfog,\1fla+ 594(\1',*0\[’?0,\[',0,\[',0
completely symmetric and maximally transmittiSgmatrix

[using EQ.(44)]. In this case, however, as;,= a,,=0, all

four-terminal resistances will simply givByn=0. This +\I’(T)(,\Ifg(r,‘lfo(,/\lfo(,)
result is interesting for the following reason: while all the

four-terminal resistanceRy, vanish if the system is ex-

actly at the fully symmetric fixed point, the above suggestsvhere

: (50
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91=V(2k|:) X. CONCLUSION

In this work, we have derived the RG equations for a
- generalS matrix at the junction of several quantum wires,
92=94=V(0). (51)  and we have discussed the consequences of these equations

Yue et al. show that the backscattering interaction governecfOr the co.nductar)ces across the system. The RG f'OV.VS are a
result of interactions in the wires; there is no flow if the

by g, leads to a logarithmic renormalization of the interac-. . .
tion parameterg), andg,:’ we will ignore that effect here interaction parameters; are all zero. Our results differ con-

since it plays no role to first order in thg . We can also siderably from those of Ref. 6 that found RG flows even in

ignore the effects of thg, term; it renormalizes the velocity, e absence of interactions in the wires. This difference
but it does not contribute to the reflection from the FriedelS€€MS t0 be due to their model of the junction; they have a

oscillations which is what leads to the RG flow of tge SPin5 degree of freedom sitting there which interacts with
matrix. the electrons on the wires. This gives rise to a nontrivial
If there is a nonzero reflection amplituden wirei, then  interacting model of the Kondo type even if there are no
there will again be Friedel oscillations given by E¢kl) and  interactions in the wires. Their flow diagram is, therefore,
(12) for both spiny and spin} electrons. Then the interac- quite different from ours. Further, they only consider the case
tions will lead to scattering of incoming electrons to outgo-where both theS matrix and the interactions are symmetric
ing electrongand vice versp this is given by the following under all possible permutations of the wires, however, they
Hartree-Fock decomposition of E(p0), are able to use bosonization to study the case of an arbitrary
interaction strength.
. Our work can clearly be generalized to the case of more
Hipe= — Mfmdx[r*(‘l’rﬂ’oﬁ‘l’hq’ol) than four wires meeting at a junction. The RG flow diagram
A 0 will rapidly get more complicated as the number of wires
+ + increases. Physically, we expect the cases of three and four
—r(Wo Wy +Wo Wy ))]. (52 \wires to be the easiest to study; these two cases arise in the

. . : : experiments discussed earliet® as well as in the cases of
[This may be compared with EGL3) for spinless fermions. Y-branched carbon nanotul&s and crossed carbon

We see from Eq(52) that the spint and spin electrons 7
have decoupled from each other in this approximation nanotu_beé. - . . . .
" Besides the restriction to weak interactions in the wires,

H_ence the RG an_aly5|s given above f(_)r splnles_s fermlon%ur work has the limitation that we have assumed linear re-
W'" g0 through S|m|IarIy here. T_he only difference is that the lations between the incoming and outgoing fermion fields. In
interaction parametet is now given by principle, other interesting things can happen at a junction.
For instance, there may be Andreev reflection in which a
V(0)— 2V(2ke) fermion striki_ng the junc'_[ion from one W_ire is_ reflected back
- (53)  asahole while two fermions are transmitted into some of the
2mhug other wires® Even more complicated things may occur for
. ~ ~ . . the case of spinful fermions. Some of these phenomena can
instead of «=[V(0)—V(2kg)]/(27five) in the spinless pe expressed as boundary conditions at the junction in the
case. We thus see that to first order in the interactionygsonic language, but not in the fermionic language. We ex-
the analysis remains essentially the same for spinless arngbct that such bosonic boundary conditions will require a
spinful fermions. Finally, the conductances have factorgnethod of analysis which is very different from the one
of 2e/h for spinful fermions in place o&’/h for spinless \yhich we have used to study the fermi@matrix in this
fermions but have similar temperature power laws dependergaper.
on the interaction parameter defined above. In fact, it~ Finally, it remains a challenging problem to see if some of
should be possible to detect such power laws in existinghe nontrivial fixed points that we have foulstich as case
three-arm and four-arm quantum wire systems built by for the three-wire casecan be bosonized for arbitrary
the voltage-gate patterning on the 2DEG in GaAsinteraction strengths. Bosonizing such points would lead to a
heterojunctionéﬁl’ls While the early eXperimentS with such much more Comp'ete picture Of the RG ﬂOWS besides in-

systems focused on carrier transport in the presence of ateasing our understanding of conformal field theories with
external magnetic field and the effects of geométrpea-  poundaries.

suring the two-terminal, three-terminal, and four-terminal

conductances for fixed values of the various gate voltages

but at differen_t temperatures should qgain rev_eal identica_ll ACKNOWLEDGMENTS
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