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Charged excitons and excitons bound to neutral impurities in wurtzite semiconductor structures
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We have established the possible symmetries for the states of charged eftdibmissin bulk materials with
the wurtzite structure and in wurtzite-based heterostructures. We considered both free trions and botard ones
excitons bound to neutral, i.e., un-ionized impuritieSrom the Pauli principle for identical fermions it is
shown that only one symmetry is possible for the ground state of positively charged free trions involving two
holes from the same valence band. The property also holds for negatively charged free trions, except in
quantum wells and some superlattices for trions whose hole lies i tvedence band. We established the
selection rules for trion optical transitions. Only a few trions are dark. Even more, for many trions, several
channels are available, in terms of symmetry, for radiative decay, which suggests fast recombination processes.
A comparison is provided between exciton and trion transitions. The changes of the symmetry of the states and
of the optical selection rules induced by an electric field parallel tctivds have been considered. When one
(several phonorts) is (are involved in a process, it is always possible to connect any initial state to any final
one by an optical transition.
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I. INTRODUCTION citons bound to impurities and defects and their optical se-
lection rules as well as the selection rules for transitions be-
Bulk semiconductors with wurtzite structure, e.g., 1I-VI tween Bloch and bound states. Finally, we extended our
ZnS and ZnO or IlI-V GaN, are characterized by a pro-results to phonon-assisted transitin®f course, excitons
nounced anisotropy of their physical properties with respecare bosons and their symmetry therefore can be described by
to the direction parallel and perpendicular to thaxis, re-  single-valued irreducible representatiofiseps only, even
spectively. Moreover, they present a large exciton Rydbergn the case when the spin-orbit interacti@®0l) is taken into
number. The symmetry of wurtzite-based heterostructuregccount as it is done hereafter. On the contrary, trions are
such as quantum wellQW's) and superlattice$SL's) al-  fermijons and their symmetry can be described only by
lows the existence of an electric field directed along theyoyple-valued irreps when the SOI is taken into account.
growth ¢ axis and arising from the straifpiezoelectric ef-  yereafier, the labeling of point-group irreps follows Ref. 5
fect) and from the difference in spontaneous polarizability of ;4 the irreps of the space groups are labeled according to

the well and barrier materials. Ref. 6. In such a labeling of Bloch statdd; andI'g irreps

Due to th? large exciton Rydberg value n the structures,, exchanged in comparison with notations common for
charged excitonghereafter referred to as trionshould at- . .
I1-VI wurtzite materials.

tract a strong interest. Nevertheless, to our knowledge, the The Kronecker products df irreps for the space group

symmetry of trion states as well as the selection rules for_, are displayed in Table I, providing the optical selection

their optical transitions have never been established. In par=6tv

ticular, the possible channels, in terms of symmetry, for trionrules for direct electron transitiohat theI" point of the BZ

radiative recombination and the corresponding final-carrier!S€€ &/S0 Fig. J1 The vector representation in t@g, group
state symmetries have never been considered. The excitohs! 1(2) T T's(x,y). When thel'; irrep and/or thel's one
bound to neutral impurities play an important role in the @PPeafs) in the Kronecker product, the transition is allowed
photoluminescence spectra of wurtzite semiconductors—fof? the z and/orxy polarization. For example, the transition
example, with the so-calle line and its photon replicae in P€tween a state with the, symmetry and a state with ttig
GaN. The system made of an exciton bound to a neutra?ymme”}’_'s allowed in thay polarlzgtlon(Table_I),Whereas
impurity is similar to a trion bound to an ionized impurity _the _transmon between twb- states is allowed in any polar-
and obeys the same optical selection rules. Indeed, both &ation. , _ _
them involve three carriers since, in the former case, the 1able | also provides the symmetries of zero-orbital-
carrier which remains bound to the neutral impurity has to bdnomentum excitonghereafter referred to asexcitong from
taken into account when considering the possible symmetrid§'® Symmetries of the electron and hole they are built from.
of the states. Indeed, the possible symmetries ®fxcitons built from a
Using a group-theory method based on site-symmetrj0le with the '} symmetry and an electron with thie
analysist we previously establishédhe genesis of Bloch Symmetry are those included in tt X T'; direct product.
states from the atomic orbitals of constituent atoms and delThe irrep associated with the hole generated by the absence
rived the optical selection rules for electrons and excitons aof an electron with thd", symmetry isI'; . Note thatl'}
the I point and at other symmetry points in the Brillouin =T",, since all thel irreps of thecg‘v group are real, thus
zone(BZ) of the crystals with the wurtzite structufespace reducing their Kronecker products to simple direct prodiicts.
group Cév). We also studietithe states of electrons and ex- For GaN, there is a general agreement about the symmetries
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TABLE |. Kronecker products of the irrepgsingle and double valugaf the space group:év at thel” point of the BZ.

r, I, I T, Ts T T, Ty Ty

T, r, I, Ty T, Ts T T, Ty Ty

T, r, T, T, T, Ts T T, Ty T,

T; r, r, I, T, T Ts Ty T, T,

r, r, I, I, I, T Is Ty T, Ty

Ts Is Ty Ty Tg  T40,4Ts  Ta+D,+T g+ Do I+, I+l

s I Ty TIs Ts  Ta+Du4Tg  Ty+0,+T I+, T+ T, I+l

T, r, T, Tg T Tg+T I,+T, [,4T,4T;  Ta+D,+T Is+T

Ty rgy Iy I, T, I,+T, T+l R S S e e Is+T

T, r, T, Ty T, T+ T+ T+ T+ T,+T,+T 44T,

at thel” point for the lowest conduction bandl { originating AA*, BB*, CC*", AB", AC*, andBC™, the first three
from I';) and for the uppermost valence bandg (@ndI';  being negatively charged, the others positively. For example,
originating fromI'g and I'; from I'; for the A, B, andC the trionA~ is made from a hole in the valence baadnd
transitions, respectively: see Fig). I'lhe possible symme- two electrons in the conduction band; the triéB™* consists
tries then ard’s andI'g for the s Aexcitons, and’y, I';,  of two holes in valence bandsandB and an electron in the
andI'g for thes BandC excitons, respectivefy(Fig. 1). The  conduction band. One can read these notations otherwise,
I'; (I's) excitons can recombine radiativelé in tze(xy)  je., an exciton associated with a carrier. Than, is a trion
polarization(Table |). The others are dark oné&ven if the  formed by an excitorA and an electron in the conduction

ordering in energy of the three upper valence bands in thg,nq and'the triodB* is built from the excitorA and a hole
other materials with the wurtzite structure is sometime dlf-in the valence banB or from the excitorB and a hole in the

ferent, it is widely accepted that the materials present the ;jance band

same set of upper-valence-band symmetries that GaN does. The states (')f the trion energy band with wave veckoirs
To obtain the possible symmetries of excitons with orbitalthe vicinity of k=0 are the most important ones from the

momentum equal to 1p excitons one should multiply the experimental point of view. Similarly as in the case of

irreps of s excitons by the vector representatiofi;(-I's).  gxcitond or biexcitons® the symmetry of trion states is de-
The possible symmetries pfexcitons arel’; . termined by the direct product:

II. SYMMETRIES OF THE FREE-TRION STATES AND
OPTICAL TRANSITIONS IN BULK MATERIALS LenXTOXT@XTE), D
WITH WURTZITE STRUCTURE
_ - , where ') (i=1,2,3) are the symmetrie6rreps of the
The free-trion states can be classified according to thgates related to the extremalkat 0 of the bands involved
valence bandgholes associated with them:A™, B™, C*,  anqr_is the symmetry of the envelope functi,, of the
[l trion state. _ _ _ _
7T If one considers a trions as a system excit@arrier,
then the functior,, is the product of the envelope function
Feny Of the exciton and the envelope functidif,, which

env
I;V[I;] I;[I;] XY describes the binding between the exciton and carrier:
A I; Fenv=FenFeny: Its symmetry is given byTle,.~=Igny
L [I;] XY X Ten- Of course, the final symmetry of a trion depends on
1"7‘"[1;] : the symmetry of the trion envelope function. For the state
‘B\—E @ with the lowest trion energy, the symmetriesrd,. andF gy,
are expected to bé&’;. Then the symmetry of the trion
T, o ground state is given bf W x @ x1®),
I';'[I;] L The trion state of symmetrfl) has to be properly sym-
é\——n ;] = metrized with respect to the permutations of identical par-
ticles. Let a negatively charged trion be composed of two
Bands § excitons electrons with symmetrieg§=T(3)=T", (the bottom of the

FIG. 1. Construction ofsexciton states from BZ center 'OWest conduction bandand a hole with symmetr;{‘w
conduction- and valence-band Bloch states in GaN and=19 (the tO_D _Of th? upeermo_st valence band in QaN, for
(GaN),(AIN) , SUs with odd values ofm+n (space groupCd). example. This is a trionA™ (or, in other words, an excitofA
The labels of the irreps in brackets refer to the case when the spir@ssociated with an electron of symmelty). Both electrons
orbit interaction is not taken into account. The light polarizations inbeing in the states of the same irr€p, the space of the
parentheses refer to the case only with taking into account the spirdirect productd’;xI'; can be split into odd and even sub-
orbit interaction; those in capitals are allowed in any o&ef. 12.  spaces with respect to permutations of the indices of basis
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functions of the irrepgRef. 9 (or, which is the same, with TABLE Il. Permutational and spatial symmetries of free trion
respect to permutations of the identical particles invohvaesi  functions in bulk materials with the wurtzite structure and SL's with

follows: odd value ofm+n (space groufCy,).
F7XF7:(F7XF7)(_)+(F7><F7)(+):F(1_)+F(2+)+Fé+), Fenv ("") (_)

@ Teo (-) (+)
where the signst point out the permutational symmetry of B*A - 11:9 r71; FSIL Iy
the products. To obtain the whole trion function(ef) per- 'Y 7 709
mutational symmetry, the Bloch-type parts of functions have 'f‘A . I'7 I'7, g
to be multiplied by the envelope functions of opposite per- BB . CC/ Iy I7, Ty
mutational parity. Finally, the possible symmetries for the  AB", éc I'7, Tg, Ty I'7,Tg, Ty
trions A~ are those included in BC Iz, g Iz, Ty

[CL XD+ X (TS +TE) X T N ' _
metry I'g (I';) only, whereas positively charged trions with

_(+ - - + + +
=TLuxXTe HTLuX (T +TE7+T7). (3 two holes from the same valence band have only the

. . ymmetry.
The permu_tat.|onal symmetry, although it has to b.e respecteé’, Table | allows us to study the optical transitions of trions
cannota priori exclude any of the double-valued irrePs_q . .
) . . to a carrier and a photon by setting one state to be that of the
as possible spatial symmetry of the whole trion funciisee

the Appendix. Which of them correspond to positive values tr|on' gnd the other that of the carrier. V‘.’h‘?” a negat!vely
of the trion binding energy is a question that cannot be(posﬁwel;b charged trion can decay ra_ldlatlvely, the final
solved by symmetry consideration. The envelope function o?}ate tI$ thatd of an e':(ralctro(hol'e). Nfegatl\;]elil chafrged‘7
the state with the lowest trion energground stateis ex- (I'o) trions decay with emission of a photon of arwy)

. olarization and al'; final electron, whereas negativel

pecf[tedf o tt;e Oftsimr;?t_'?(lﬂ - Then the only possible sym- (F:)hargedl“g trions are7dark. Positively chargdd, triong']s de- g
metry Tor this state 136 - . . , ay with emission of a photon of any &y polarization and

. By the same way, one can mvest'lgat'e the s_ymmetnes 9 I'; or Ty final hole (C,trion* —xyz+T'; hole orxy+Tg
trion states with other possible combinations of involved par'hole) One has also the transitiodgtrion” —xy+T'y hole
ticles. But in the case when the states of identical particle(sjmdll trion” —xy+T'; hole or z+ Ty hole. Note tI?lat the

; irregEi 9 7 9 .

are _related to mdependent bases of irn valent or NON- ~ same selection rules are valid for the inverse transition
equivalen}, their product can be made of both permutational

" : o carrier+ photon—trion.
par|_t|es. For examplg, the t_noBC (in other words, an In each transition, wave vector and energy conservation
exciton B or C associated with a hole of symmethy,) is

laws have to be taken into account. The wave vektaf the
formed by an electron of symmetidy, (the bottom of the et

) trion is also that K.) of the final carrier since the photon
I(?r\]/vetst con??ctlog#)andatnd }WO hotl)es(jat;sho odf_syr?metgwt wave vector is negligibleE; (E.) and m, (m;) being the
of t?/vgliorf dzpe\:/\rll?jer;tirpe:cevsaci‘rm% e%?ﬂvalgntlirrergpgr?el:tce q tinternal energy and effective mass, respectively, of the trion
different identical holes has to be doubled by their permuta?cameb andfi the photon energy, one has
tion. In this doubled space of the direct product, both sym-
metric and antisymmetri¢with respect to permutation of

21,2 _ 21,2

identical holeg irreducible components can be obtained: Bt Aki2m=ho+Eothkl2me, k=K. (6)

2T XT7) =T+ Ty )+ T+ T +T5+ T Herem, being generally smaller tham,, the photon energy

4) s at most equal t&;— E.. One can therefore expect broad

emission bands since trions with nonzero momentum can
radiatively recombine, the momentum being then transferred
to the carrier. In addition, from the point of view of symme-
try, two channels for radiative recombination are available
for any positively charged trion except thg one, which has
only one channel. The two corresponding emitted photons

Table Il shows the symmetries of all the possible trionsare expected to have energies slightly different one from the
generated by electrons of the conduction-band bottom ofther due to the different final-carrier states. This also should
symmetryl’; and holes of the three uppermost valence-ban@ontribute to broaden the peaks when the two transitions
tops of symmetried’y, I'7, andI';. This table shows that cannot be separated in the spectra due to insufficient resolu-
trions can present any of tHe,_q symmetries. Even in the tion of the measurement. For the same reasons, fast recom-
case oﬂ“éﬁ\}:Fl, to which certainly corresponds the ground bination processes are expected to occur in time-resolved
state of various trions, trions of any symmetry are possiblegxperiments Such properties have been reported for free tri-
but negatively charged trions~ (B~,C~) may be of sym- ons in GaAs/AlGaAs QW'S®

Finally, the possible symmetries of the trioBE™ are those
included in

TUIX (BT )+ )+ T (BT +T5). (5

env env
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TABLE Ill. Kronecker products of the irrepsingle and double valugaf the point groupCs;, and of the
space grouC3, (at thel point of the BZ, with the replacement af, a,, e, &" , €2 , ande, irreps of the
Cs, group by thel'y, T, T3, Ty, T's, andTq irreps of theC3, group.

a; ay e ER ef? e,
a a; a € 5(11) 6(12) €
a, a, a; e ef? et e,
e e e agta,te =S e, et +ef?+e,
EY e E% & a 2 e
E% E% E¥ & az a e
e e € eV +ef?+e, e e ata,te
[1l. TRIONS BOUND TO IONIZED IMPURITIES IN BULK z-polarized photon. A trion witfe, symmetry has two chan-
MATERIALS WITH WURTZITE STRUCTURE (OR nels to recombine by emitting axy-polarized photon and
EXCITONS BOUND TO NEUTRAL IMPURITIES ) one channel by emitting a photon with any polarization. The
L photon energy depends on the nature of the final-carrier state.
The symmetry of any atomic site in the crystalls, . All - Tha¢ can induce a broadening of the peak related togghe

the states are classified according to the irreps of this pointjoy recombination in they polarization as well as a fast
group. The bognd—_c(?)rrle_rfz\?tates can have symmetry of anye ay associated to several lifetimes in time-resolved experi-
double-valued irre; ™, €}/, ande, (the SOI being taken ents for any trion.
into account. The bound excitons can have the symmetry of |t js also possible to imagine that the final carrier is trans-
any single-valued irrep, i.€a,, &,, ande. The three single-  ferred into al' Bloch state corresponding to th&f, space
valued |_r(r1e)ps a_(ng the double-valued irrep are real, goyp ', conduction statel’; or T'y valence state The
wherea®}" ande{”) are complex conjugate ongThe pos-  subduction proceduteprovides the following correspon-
sible symmetries for the states of a bound trion are include@iences: I'y—e{V+&{? andI';, ['g—e,. Therefore al'g
in the direct product of the irreps of the envelope functiong ., . . . =t =t2)
and of the three carriers. The product has to be symmetrizegp alcarrier state can reﬂlace, na processefd or &1

, e ; . “~pound one and B state a, one. The inverse processes are
.accord'”g to t_he Pauli principle. The ggneral consideration vailable for the recombination of free trions with the final
in the Appendix are also valuable for this case, and the Pau

rinciole d ot im riori restrictions on th ol arrier being in a bound state. Of course, the energy of a
principie does not Impose prion restrictions on e possible 4 carrier is lower than that of a free one at Ithpoint.

symmetries of trion states. When the two carriers with theg,  .." cio1oc ot the other BZ symmetry points could be in-
same naturéelectron or holgare in the same state, the space,, 1 ed in the same mann@rthe momentum conservation

of the direct product of their states is split as follows into Oddlaw being then satisfied by emitting or absorbing one or sev-
and even subspaces with respect to the permutations of t%

two identical particles: al phonons.

Sl =g D = g+ IV. SYMMETRIES OF TRION STATES AND OPTICAL
1 1 1 1 2 TRANSITIONS IN WURTZITE-BASED
HETEROSTRUCTURES
e Xe,=al '+ay ) +elt). 7)

We previously established that the space group of the
Equation(7) shows that, when the trion envelope function is (GaN),(AIN) , SL's is Cév for odd values ofn+n and Cév
symmetric under the permutation of the identical particlesfor even ones! The space symmetry of the (GaN)AIN
the symmetry of each of the latters is necessajlgince the  QW's (including single interfacgss described by th©3m1l
whole trion function has to be df-) permutational symme- (DG69 layer group whatever is then value!? The space
try with respect to them. The spatial symmetry of the pair ofgroup Cév is a semidirect product of its layer subgroup
identical particles is thea;. When the states of the identical P3m1 and its invariant subgrouf of lattice translations
particles are related to independent irrépguivalent, such along the z axis (Cév:P?’mlDT)- Therefore, the layer
as, for example, tchfll) states with different energies, or group is isomorphic to the factor grou@§vlT of space
nonequivalent, such as, for example, cg¢) and onee, group C3, with respect toT (P3m1«C3 /T).* In all the
statg, their product can be made of both permutational parheterostructures, any atom of the lattice occupies a site with
ity. the Cs, symmetry*?

The Kronecker products &3, group irreps are displayed |t can therefore be concluded that the results we estab-
in Table Il providing the selection rules for optical transi- lished above in terms of symmetfthe permutational sym-
tions [the vector representation for th®;, group isa;(z) metry included for the I' point of bulk materials with the
+e(x,y)]. It can be seen that a trion wit" ore{®) sym-  wurtzite structure are still valid at the point of SL's with
metry has one channel to radiatively recombine by emitting add values oim+n.

Xy-polarized photon and one channel by emitting a For SL's with even values ah+n and QW'’s, the results
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r;’-‘[n] ) level when no magnetic field is applied to the structure. It
can be readily seefTable Ill, Fig. 2 that negatively charged

I'y orI's (I'g) trions decay with emission of a photon with
the xy (any) polarization and d'¢ final electron. Positively
L] GIGI xy chargedrl', (I's) trions decay with a photon with thepo-

A I, XY larization and d°4 (I's) hole or a photon with they polar-
ization and al'g hole. Positively charged's trions decay

TVIL] GIL] xy with emission of a photon with they polarization and 4",
3 2 or I's hole or with emission of a photon with any polariza-
L @ tion and al'g hole.
» I - Bound excitons and trions obey the same selection rules
I;SV[E} r3 ' as in bulk materials since the site symmetryQg, in any
c I'Z[F] 2 case. In heterostructures, it is worth noticing that energy val-
i ues for trapping of single carriers and excitons depend on the
Bands s excitons location of the impurity, in particular on its distances to in-

terfaces. This can induce some dispersions of transition en-
ergies, but without change in symmetry, and hence in the
selection rules, since any site of the lattice presentCthe
symmetry.

Finally, in the heterostructures, an electric field directed
along the growth axis lifts the translational symmetry of SL's
in terms of symmetry for th&' point are those deduced from along the growth axis and lowers their space symmetry to the
the Céu space group by subduction of its irreps onto its sub-P3m1 (DG69) one, the symmetry of any atomic site remain-
groupsC:l,,v and DG69 with the following correspondence of ing described by th€;, group. The electric field therefore
ireps: I'1—I'y, I'y—T'y, I'3—Iy, I'y—ITy, I's—1I;3, induces no change in symmetry for the QW’s. It simply low-
I'¢—T3, [';—Tg, Tg—Tg, andly—T4+T'5. InFig. 2are  ers the symmetry of any SL to that of QW%.
given the generally accepted notatioh, B, and C) for the
transitions between the conduction and valence bands which \y pHONON-ASSISTED TRANSITIONS IN BULK
are used here to Classify the excitons and trions in these MATERIALS AND HETEROSTRUCTURES
structures. The notation arises by the subduction procedure
from the A, B, and C transitions in bulk materials with the ~ We previously showed that, in bulk materials with the

wurtzite structure. The subduction procedure transformgvurtzite structuré and in wurtzite-based heterostructutés,
Table | into Table Ill(optical selection ruléswhere one has any couple of extended and/or bound states can be connected

only to replace the,, a,, e, g(ll) , §f12)’ ande, irreps by the Py @ phonon-assisted transition. The phonons we took into

Iy, T,, T, Ty, Ts, andl's ones since the site symmetry of account are thosg at high-symmetry points. in the BZ, i.e.,
any atom isCs, . Permutational and spatial symmetries of p'h.onons W|th.a'1 'hlgh density of states, ensuring that the tran-
different parts of states of trion in SLs with even values of Sition probabilities are reasonably high. The result holds
m+n and QW's are given in Table Iwhich also can be whatever are _the_number of phpnons involved in the process
obtained by subduction from Table)IIThe ground state of @nd the polarization of the emitted phot@uerallel or per-
any free positively charged trion with two holes from the Pe€ndicular to the axis). Of course, the energy of the photon
same valence band is of symmefry. This is also the case depends on the nature of the phof®riand eventually on its

for negatively charged freB~ andC~ trions, whereaga~ ~ OWN polarization, if several processes are available. Al
trions can have thE, or I's symmetry. The', and[ ' irreps these properties are _stlll valid for trion transitions as well as
are complex conjugate and correspond to the same eneré?r transitions of excitons bound to neutral impurities.

FIG. 2. Construction ofs-exciton states from BZ center
conduction- and valence-band Bloch states in (GAN)N) , SL's
with even values ofn+n (space group:%v) and in (GaN),/AIN
QW's (layer group DG6® The notation is the same as in Fig. 1.

TABLE IV. Permutational and spatial symmetries of free-trion VI. CONCLUSION

functions in (GaN),(AIN) ,, SL's with even values ofn+n (space

N ! The free excitons present some limitations for optical re-
groupCs,) and in (GaN),/AIN QW’s (layer group DG6%

combination. Indeed, in crystals with tf@-‘gv space group
(the bulk materials and SL's with odd valuesraft-n) (Fig.

Tenv ) =) 1, Table ), only theI'; andT'¢ excitons can radiatively re-
T, (-) (+) combine, whereas thi,_s ones are dark. In structures with
A~ I, Ts r,, I's, Tg the C3, space grougithe SL's with even values ah+n and
B, C~ [ r,, I's, T any QW (Fig. 2, Table Il), the I'y and I'; excitons can
AA* | S T radiatively recombine, whereas th& ones are dark. Last,
BB*, CC* T r,, I's, T the excitons bound to ionized impurities obey the same se-
AB*, AC*t I, Ts, T r,, Ts, Tg lection rule$ as the free excitons at tHeépoint in structures
BC* I, Ts, T r,, Ts, T with the C3, space grougfone has only to replace tHe,,

I',, andI'; irreps by thea,, a,, ande ones, respectively

165223-5



P. TRONC AND V. P. SMIRNOV PHYSICAL REVIEW B56, 165223 (2002

If one considers the set of trions corresponding to a freghe space), there are the states of all the possible symme-
or bound exciton with a given symmetry, the total number oftries (of all the double-valued irrepsvith k on the symmetry
channels for their radiative recombination in any structureslements in the BZ.

(bulk, SL, or QW is much larger that it is for the exciton Note that, in the spac8, there are the states with all the
itself. As a matter of fact, a carrier with any of the threek in the BZ. At first consider the direct produfd,)|qgs)*
double-valued symmetries in the relevant grdtipe Cg,, =Kz, Ye2) | Kya, ¥o3)* With ke,=k,3=k in the general po-
c%v, or C3, one can be associated with the exciton to build sition which transforms according to single-valued identity
a trion. Moreover, among the free trions, only the negativelyl 1 [K+(—k)=0] irrep of little group G, (or the identity
chargedI'g ones(structures with theCg, space groupare irrep of little co-groupF,=C,), as there is only one small
dark. The positively charged free trions have at least twdTeP ¥c2= ¥,3= 1 of the little groupG,C Gy, consisting of
possible channels, in symmetry terms, to radiatively recomtranslations only. The number of points in the st&r with
bine, except thd' ones, which have only one. Last, at leastrespect to the little co-groupy; is equal to its order. The
two channels are available for the radiative recombination ofet of |02)[0z)* =Kcz, ¥c2)|Ky3,703)* corresponding to all
any bound trion. Obviously, the energy of the emitted photorthe points of k forms the space» invariant under all the
depends on the final-carrier state. Let us also remark that theperations ofG,.; and transforms according tb'" [k+
number of possible channels for trion recombination is ever{ —k)=0] rep of Gy¢;. In the general case, all single- and
increased if the final-carrier state is a friém®und one when double-valued irreps of the little group,, (small and oth-

dealing with a boundfree) trion. erg are in one-to-one correspondence to the projective
single- and double-valued irreps of the little co-grokp
ACKNOWLEDGMENTS with appropriate factor system$.In these projective irreps

of Fy, the matriceqand charactejof elementsRe F, are
We acknowledge the support of the French Embassy ithe same as of those irreps Gfi; which map the corre-
Moscow and of Ministee de la RecherchéFrance and  sponding elementsR|vg) € Gy, . Projective reps of point

thank Dr. V. Kochereshko for very fruitful discussions. groups have many properties of ordinary reps. In particular,
the spacew is the space of the single-valued rep of F,
APPENDIX induced by the identity y irrep of FyCFye1 [v

=y1(F)TFe1]. The repy’ is a regular rep of,.; and

Let [q)=|k,y,m,u) be a full group-theoretical notation contains every single-valued irrepf, as many times as its
of a one-electron orbital whema numbers the basis vectors dimension. The characterjs(V')(R) of all the elementR

of the allowed double valued irrepy of the wave vector Fyo, in the y' rep are zero excep/t(y')(E)—n (the
roup G,C space grouf, and u discriminates between in- <" kel 4 ; : kel
group i Sp grouyts K order ofFy¢1). Let a« be anym,-dimensional double-valued

dependent bases of equivalent irreps@f. This function . . . .
(with other irrep basis vectorgransforms according to the irrep of Fy; with appropriate factor system. The direct prod-
uct ¥’ X a is also a double-valued rep Bf; with the same

double-valued irrepk, ) of the groupG, and double- ) 2 .
valued irrep (%, ) of the space grouf where * means factor system and with the charactegs” *(R)=x{"")
the star of the wave vectd. (RIX“(R).

In the two (or thre@ bands approximation, any excited  The m;-dimensional double-valued irre@; is contained
state of trion type is described by a linear combination of theén the direct producty’ X «, rf“)=mj , m,#0 times, and,
Slater determinant¥(q;,0,,q3), which correspond to two therefore, all double-valued irreps; are contained in the
electrons in the statds|;) and|q,) of the conduction band direct producty’ X «. Due to the one-to-one correspondence
and one hole in the statgs) of the valence band for a between small irreps of little groups and projective irreps of
negatively charged triofone electron in the statg;) of the =~ co-groups with appropriate factor systems, this proves that
conduction band and two holes in the stdgg and|qs) of  the reducible regs of G in the space] of the determinants
the valence bands for a positively charged tyiofFhese de- W (d;,0,,03) contains all the double-valued irreps Gf
terminants have necessary properties with respect to permu- The space) can be decomposed in subspaces which cor-
tations of identical particle$Pauli principlg. On the other respond to these irreps of the space group by usual group-
hand, a determinan®¥(q.;,qc.q,3)—for example, for theoretical methods. In other words, one can form the linear
negatively charged trions—transforms with its partners accombinations of the determinants related to the double-
cording to a double-valued irrep contained in the directvalued irreps of the space group:
prOdUCZ (*Kers Yer) X (*Kez, ¥e2) X (*Ky3,7,3)*  where
(*K,3,7,3)* means irrep complex conjugated to the irrep  ®(k,y,m,u")=d(q’")

(* kv3!7’03)'

The space) of the determinant¥(q,,d,,0ds) is closed = 2 C(q';01,02,92) ¥ (01,95,03),
with respect to all the operations of the space grGupe., it 19293
is a space of some reducible r@gpof G. The spac«) con- (A1)

tains the subspaces of all the double-valued irreps.dfhis

affirmation is evident for the states witfy,, k¢,, k,3, and  the coefficientsC(q’;q4,9,,03) being found by symmetry
k=k¢;+ke—k,3 Of general position in the BZ as these considerations. In the twdthree) band approximation, the
states have only translation symmetry. Let us prove that, irstates of a trion energy band are the linear combinations of
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®d(q’) of the same symmetry with the coefficients found bytions of identical Fermi particle@lectrons and holgslt can
solution of the Schidinger equation for the system under be concluded from the above that the Pauli principle imposes
consideration. It is obvious that the wave functions of trionsno restrictions on the possible symmetrigouble-valued
states have the necessary properties with respect to permutereps of trion states.
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