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Theory of the fourfold induced-torque anisotropy in potassium
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Induced-torque anisotropies observed in single-crystal spheres of potassium prove that the Fermi surface is
multiply connected. Cyclotron orbits which intersect heterodyne gaps created by the charge-density-wave
broken symmetry lead to an anisotropic Hall effect having longitudinal components. Thereby the theoretical
induced torquéin a 360° magnet rotatigrhas four evenly spaced minima and four maxima with a staggered
spacing. The maxima grow almostH? and can be 30 times higher than the minima. All such features have
been observedDetails depend on crystal growth and orientatiokll are impossible in a spherical crystal
with a simply connected Fermi surface.
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Potassium, the simplest metal of all, is for solid-stateheterodyne gaps decrease rapidly with increasingetero-
theory the analog of the hydrogen atondirtually all work-  dyne gaps are likely in the meV range, and minigaps are an
ers, teachers, and authors believe that the conduction elegrder of magnitude larger. Unfortunately, CDW diffraction
trons are free-electron-like, having a Fermi surface that isatellites have not yet been seenkinso the precis® is
essentially a perfect sphere. The experimental properti&s of ynknown.
provide therefore a paradigm to test numerous aspects of the |t s clear from Fig. 1 that the Fermi surface will not only
quantum theory of metals, including many-electron effectge nonspherical; it will be multiply connectebly virtue of
caused by Coulomb interactions. the minigaps and heterodyne gapghe LAK magnetotrans-

Experimental data from diverse phenomena which seport theorem¥ cannot then apply. Consequently the magne-
verely contradict the Fermi-sphere model have accumulateghresistance need not saturate whens1, and the high-
during the last forty years. See Refs. 2—8 for a partial surveyield Hall coefficient need not be exactly 1/nec (w,
These “anomalies”(about thirty in number can be ex-
plained if K has a charge-density-waveCDW) broken

symmetry’ Such a broken symmetry is theoretically ex-
pected for ar(otherwise bctalkali metal when the extreme I ;
I

heterodyne gaps

nonlocal character of exchange and correlétiSrs recog-
nized.(A CDW cannot arise in a simple metal if commonly
used local-density approximations to exchange and correla-
tion are employed?)

Some of the energy gaps k space that arise from an I
incommensurate CDW having wave vectrare shown in
Fig. 1. Q is tilted slightly from the[110] direction of the |
reciprocal-lattice vectoG,;o (Ref. 12 andQ is expected to
be about 1.33 (2/a), i.e.,~6% smaller tharG ;5. The two , I
families—heterodyne gaps and minigaps—are higher order
gaps that arise naturaffjwhen the Schidinger equation for I
a conduction electron has both potentials included:

!
V(r)=Vj10c04G-r)+VgocogQ-r). (1) ’I’

The Brillouin-zone energy gap ¥,,4~0.4 eV and the CDW |
energy gap i%/~0.6 eV 8 The heterodyne gaps correspond
to periodic potentials with wave vectors

__ Fermi sphere

minigaps

cow gapJ

G,=nQ’, Q'=Gy;—Q, )
n=1,2,3..., and theminigaps have wave vectors FIG. 1.. Energy-gap planes in the Brillouin zpnelﬁt:reated by
the combined influence of the crystal potentil;qcosGyioT),
G,=(n+1)Q—nG,,, 3 and the CDW potential/o cosQ-r). The wave vectors associated
with the heterodyne gaps and minigaps are given by Ejsand
n=1,23.... There are also second-zone minigaps, buf3). The two solid lines represent faces of the Brillouin zone, and

they do not intersect the Fermi surface. The minigaps andre separated b, .

0163-1829/2002/68.6)/16511%6)/$20.00 66 165115-1 ©2002 The American Physical Society



A. W. OVERHAUSER AND GRACIELA LACUEVA PHYSICAL REVIEW B66, 165115 (2002

FIG. 2. Induced torque versus
magnet angled in the horizontal
plane from Ref. 17. The single-
crystal sphere was growfby the
Bridgman methogin a spherical
Kel-F mold, machined to a preci-
sion of 0.002 cm. The magnet ro-
tation rate was 35°/min, i.ef)
=0.01rad/secT=1.5K. Curves
are shown foH=1 to 23 kG in 1
kG increments.(There are two
traces for 18 kQ. In (@), the
growth axis was perpendicular to
the (horizonta) plane of rotation.
In (b), the growth axis was in the
horizontal plane.
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=eH/mg is the cyclotron frequencys the scattering time, axis was(the threefoldl [111]. Indubitably,K has a broken
and n the electron density.Furthermore, open orbits can symmetry that violates its imputed cubic structure. Geomet-
occur. ric distortion from a spherical shape was precluded by re-
The induced-torque technique is a very convenienguiring torque patterns at 78 Koefore further cooling to 4
method to study magnetoresistance since there is then ) to be accurately isotropic.
need for current or voltage leads. A spherical sample is Holroyd and DatarS confirmed the discoveries of
placed in a horizontal magnetic field, which is then slowly Schaefer and Marcus and extended them in several ways. A
rotated about a vertical axis. The induced currents lead to single-crystal sphereK(—10), grown in a kel-F mold, ex-
torque N, (about this axis which is, for a metal with an hibits a 30:1 anisotropic torqueH=23 kG) when the
isotropic resistivity po (and a simply connected Fermi growth axis is in the horizontal plane, as shown in Fig. 2.

surface®® Another sphere K—4), grown in oil (but with the oil re-
moved had an isotropic torque. However, an identical
N _27R%ONn%e%py  (wc7)? @ sample K—2) with surface oil had a 6:1 anisotropic torque
y— 15 1 2 (H=22kG).
1+ 2 @WeT The extraordinary variations described above are easy to

understand. The optical anisotropykfequires that there is

R is the radius of the sphere afdi the rotation rate of the only a singleQ for each domaif® There are, of course, 24
magnet. The torque is isotropic, independent of the afdgle equivalent axes thdd might have. If they are equally repre-
of the magnetic fieldH in the horizontal planeN, ap-  sented in a macroscopic sphere, the torque pattétn (
proaches a constant value whepr> 1. This is the required <23 kG) should be isotropic. However, elastic stress created
behavior forK if it has a spherical Fermi surface. by cooling (below the freezing point of gilcan lead to an

Schaefer and Marctfdiscovered that the induced torque orientational Q-domain texture and, consequently, to the
of single-crystalK spheres is highly anisotropic. In all but fourfold torque anisotropy, as we show below.
seven of two hundred experiments at 4 K, on seventy differ- At higher fields, 486<H<85 kG, 20-30 sharp, open-orbit
ent samplesiN,(#) exhibited four large peaks in a 360° mag- resonances appear in the induced-torque patteFhss truly
net rotation. The anisotropy ratios were typically 3 or 4:1 atspectacular phenomenon, observed in all eightesamples
H =25 kG. The four peaks appeared irrespective of the crysstudied, has been explainchased on the multiply con-
tallographic orientation of the spheres, even if the rotatiomected Fermi surface of Fig. 1.
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FIG. 3. Coordinate systems employed to describe the resistivity
tensorp,,, or py,w . The heterodyne-gap wave vectf is taken to
be in theXz plane, at an angl® from the magnetic fielH. (A S
positive increment ird here, and in Fig. 6, corresponds to a nega-
tive increment in Fig. 2.

The purpose of the present work is to derive the torque
pattern shown in Fig. 2. Suppo$€ has a spherical Fermi
surface. Then, withH along theZ axis, the resistivity tensor
in the Xyz frame is

FIG. 4. Cyclotron orbitsS and S’ on the Fermi surfacéin k

1 we,r 0 space. The heterodyne-gap planes are the two vertical lines. If the
heterodyne gag, is very small, the orbigwill “pass through” the
pxyz=po| ~@cT 1 0. S energy gaps, i.e., magnetic breakdownElf is sufficiently large,
0 0 1 the electron on orbi&’ will proceed instantly fromP to P’ (be-

. . cause they are in fact the same quantum state
We shall examine the effect of one pair of heterodyne gaps y a B

and assume tha’ lies in theXz plane, an angl® from H _ . _
and parallel toi, as shown in Fig. 3. The resistivity tensorin ~ Consider Fig. 4 and the twgvertica) heterodyne-gap
the oW frame is planes. A magnetic fieltl cosé parallel toQ" would support

ordinary cyclotron orbits, unaffected by the heterodyne gaps.
Puow=S""pyy S, (6)  Consequently theiw andvu elements of the tensdB) re-
where main unchanged. However, for a magnetic figddsin 6, par-
allel to a vertical line in Fig. 4, a typical cyclotron ortf#
cosd 0O sind would obtain if the heterodyne gap i=0. If Eg#0, then
S= 0 1 0o | @) on orbit S’ (in Fig. 4) the pointsP and P’ have the same
wavefunction. So the time it would ordinarily take to travel

—sing 0 cosd from P to P’ is not required. This effect corresponds to a

S !is the transpose d8 Accordingly, Bragg-like reflection in real space; but in momentum space,
to an instantaneous “Bragg advance.” Consequently the ef-
1 T COSOH 0 fective cyclotron frequency for thew andwuv elements of
Puww=Po| —@cTCOSH 1 —w.TSIiNG | . the tensor(8) must be increased from. t0 w(1+ vy):
0 wc7SiNG 1
tS)
|
1 .7 COSH 0
Pupw=Po| — @c7COSH 1 —wcr(1+y)sing | . (9)
0 weT(1+ y)sing 1

One can show thaty=~3Q'/4kg, for the simple case just consideréd/e will modify y below to treat magnetic breakdown
effects and additional heterodyne gaps.
The corrected resistivity tensor in th§Zz frame is obtained by the inverse transformation

Pxyz= SPUUwsil- (10
Accordingly, from Eqgs(7) and(9)
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1 wT(1+ y Sir? 6) 0
Pry=po| —@cT(1+ ysir 6) 1 —wcTysindcosé | (12)
0 w7y Sind coso 1
|
The xy andyx components require the Hall coefficient to be 47R50 B2 Y
larger in magnitude than,déc (the rigorous prediction for a Ny= 1562 N pout pr)—p’ (12
simply connected Fermi surfaceSignificant Hall enhance- o e
ments ~4—8%, depending on single-crystal orientation,
have been observedly helicon resonances at high fields ~ Where
both slaB® and spheric&f geometries.
The most remarkable feature of the tenghl) is the ap- A= (Pt P22 (Pxxt Pyy) — PyzPzy (13
pearance oyzandzycomponents. These can be described as
a “longitudinal Hall effect,” i.e., a current in thg direction and
creates an electric field parallel td. The existence of this
longitudinal Hall effect was postulated and shown to cause a
four-peaked, induced-torque anisotrépybut a derivation 1= (Pxxt P22 PxaPzxt (Pxxt Pyy) PxyPyxt PxyPyzPzx
(as given abovewas unknown.
Of course, the torqué, is no longer given by Eq(4). T PxaPzyPyx- (14
Visscher and Falicd¥ have derived an expression bk, ,
applicable to a general resistivity tensor For the tensof11) there is considerable simplification:
|
_ 27R°Qn%e%pg (weT) )[4+ (weTy Sinf cosh)?] 15
v 15 4+ (w.ysinfcosh)’+[wer(1+ ysir? 6)]%’ (15

which reduces to Eq4) if y=0. It is clear from thed de-  sized by ReitZ> H, combines all the other factors in Eq.
pendence that a four-peaked anisotropy occurswfor>1,  (16) and is frequently called the breakdown field; it will be
and that the torque peaks grow roughlyHs in the high-
field limit. H
In order to fit Eq.(15) to the data of Fig. 2 it is necessary
to introduce magnetic breakdown of the heterodyne gaps. If
an energy gafy is small and if an electron is approaching
(in momentum spagerapidly, there is a probabilitfPg that
the electron will not be “Bragg advanced” at the energy gap.
Instead, it will continue on its initial orbit ik space as if the
energy gap were not there. An invariant expressionHgr
based on original exampfgs*is?®

2
—mmc
PB:eX[{ Eg

2h2%€e|v- (KX H)|

: (16)

whereK is the wave vector of the periodic potential produc-
ing the energy gajgy andv is the velocity that the electron
would have at the gap if it were free. For the present purpose
the breakdown probability reduces to

20’

: 17

PBIGX[{—HO

H|sin 6| FIG. 5. Cyclotron orbitsS and S’ on the Fermi surface, inter-
sected by two pairs of heterodyne gaps. The dBlidt broken down

where 6 is, as in Fig. 3, the angle betwe@' andH. The  at the outer pair, but is “Bragg advanced” by the inner pair. The

appearance ofsing| in the denominator, was first empha- orbit S’ advances fron® to P’ if the outer pair is not broken down.
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a FIG. 6. Theoretical induced-
E torque anisotropy based on the re-
3 sistivity tensor (11), calculated
g from Eq. (15 and incorporating
:; the breakdown phenomenon mod-
=) eled by Eqg.(18), in accordance
g with Fig. 5. The torque peaks have
= staggered separations 75°, 105°,
'g 75°, 105°, in agreement with the
S data of Fig. 2. The parameters
2 used in Egs.(15 and (18): o
- =0.4,Hy=2.12 kG, w,7=2.5 H,
with H in kG.
140
0 (degrees)
an adjustable parameter. Figure 6 illustrates the fit of Eq$15) and(18) to the data

Since the heterodyne gaps decrease rapidly with Eq.  of Fig. 2. (The data for 180%§<360° are identical to
(2), and sinceH, is proportional toEs, we will take (as an 0= 6=<180°.) The torque minima are evenly spaced: 90°,
approximate modelthe two-channel option depicted in Fig. 90°, 90°, 90°. However, the torque maxima are staggered:
5. We assume that all heterodyne gapsrfor2 are always 75°, 105°, 75°, 105°, as observed. The peak height ¥er
broken down, and that the heterodyne gaprferl is suffi-  #=155° in Fig. 2 is shown in Fig. 7 along with thétted)
ciently large to not break down whad<23 kG. Accord- theoretical curve. The dashed line-H?) indicates that the

ingly, orbit S’ in Fig. 5 will occur with probability +Pg, theoretical torque maxima deviate slightly from Hf de-
so the remaining chann&lwill be assigned probabilityPg . pendence.

The value ofy(H), which appears in Eq$9), (11), and(15) It is known from low-field H<3 kG) induced torque
will then be data1?®that the residual resistivitp, is very anisotropic.

This feature is caused by impurity-induced, CDW-umklapp
(18) scattering®’ For simplicity we have ignored this feature,
' which has an interesting field dependefi order that the

00~ 0]z i

120 T T T T

100

80

FIG. 7. Magnetic field depen-
dence of the torque peakst 6
=155° in Fig. 2. The solid curve
is the theoretical behavior from
Fig. 6. The dashed curve is a pure
H2 behavior, shown only to pro-
vide a comparison with the theo-
retical shape.
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behavior of Eq.(15) can be intelligible and uncomplicated. nearly randomcompared to K-1pbut with a preferred bias
The comparative data near the torque minima of Figs. 2 andreated by elastic stress or other metallurgical history.
6 indicate the relevance of an anisotropic residual resistivity. The anomalous terms, proportional $9in Eq. (11) can

The extraordinary anisotropy of sample K-10, shown inalso be derived by computing the conductivity tensawith
Fig. 2, requires a highly oriente@-domain texture. The the- the help of the Chambers path-integral metfioénd then
oretical treatment given above was tractable because we cofiiverting o to obtain p. (This calculation is extremely te-
sidered only a singl&® domain and, even then, neglected dious) One does mde;ed reproduce the anor_nalous Hall terms
many of the gaps shown in Fig. 1. Very likely the growth of Eq. (12). Te_rms which create an open-orbit resonance also
axis of K-10 wag110]. In such a case, @-domain texture appear. We disregard them here 'because they are unimportant
for which the[110] direction would be prominent in the data 07 <30 KG. They are treated in full elsewhére.

: P : In conclusion the induced-torque anisotropy of single-
Id fi d tel I vol- .
3?#(33 mtmhpgigotﬁggca%pﬁms(m approximately equatvo crystalK spheres shows th#t does not have a simply con-

nected Fermi surface. The data requires an anisotropic Hall

(1.0,0.9,0.1,(1.0,0.9-0.1),(0.9,1.0,0.1,(0.9,1.0- 0.1), effect, ind'eed one with longitudinal components. Heterodyne

(19 gaps, which are a natural consequence of a_CDW_ broken

symmetry, explain the four-peaked patterns, including the

(together with minor populations from the twenty oth@r  staggered angular intervals between maxima as well as their

domaing. Since mosK single-crystal spheres have a torquefield dependence. They also explain the anomalous Hall co-
anisotropy of 3 or 4:1, thei@-domain textures must be more efficients observed with helicons.
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