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Bell inequalities and entanglement in solid-state devices

Nikolai M. Chtchelkatchev;? Gianni Blatter® Gordey B. Lesovik;® and Thierry Marti
1L.D. Landau Institute for Theoretical Physics RAS, 117940 Moscow, Russia
2Centre de Physique Thaque, Universitede la Maliterranee, Case 907, 13288 Marseille, France
3Theoretische Physik, ETH-Hggerberg, CH-8093 Zich, Switzerland
(Received 24 February 2002; revised manuscript received 29 August 2002; published 31 October 2002

Bell-inequality checks constitute a probe of entanglement—given a source of entangled particles, their
violation is a signature of the nonlocal nature of quantum mechanics. Here, we study a solid-state device
producing pairs of entangled electrons, a superconductor emitting Cooper pairs properly split into the two arms
of a normal-metallic fork with the help of appropriate filters. We formulate Bell-type inequalities in terms of
current-current cross correlators, the natural quantities measured in mesoscopic physics; their violation pro-
vides evidence that this device indeed is a source of entangled electrons.
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Entanglemerit® is a defining feature of quantum- two filters F (2 selecting electrons by spin; the filted/ F
mechanical systemsvith important new applications in the transmits electrons spin-polarized along the directidnto
emerging fields of quantum information thedrguantum |ead 5 and deflects electrons with the opposite polarization
Computati_orﬁ quantum  cryptograpty, and quantum into lead 3(and similar for filter # with directionb). The
teleportatiorf. Many examples of entangled systems can bejetector thus measures cross correlationgspfncurrents

found in nature, but only in few cases can entanglement bgqyveen the leads; a violation of Bls provides evidence for

probed and used in appllcatlon_s. So far,_ much attention haWonlocal spin correlations between the quasiparticle beams 1
been focused on the preparation and investigation of eNind 2

tangled photorﬁ? and, more recently, of entangled We formulate the Bls in terms of current-current correla-

10,11 H H R
while other studies use elementary particles, .. assuming separability and locatfty® (no entangle-

atoms,
ment, only local correlations are alloweithe density matrix

(kaons'? and electrons® Bell inequality (BI)** checks have
become the accepted method to test entanglefficfitheir of the source/detector system describing joint events in the
leadsa, B is given by

violation in experiments with particle pairs indicates that
there are nonlocal correlations between the particles, as pre-
dicted by quantum mechanics, which no local hidden vari-
able theory can explaitf.

Quasiparticles in solid-state devices are promising candi- particle source superconductor
dates as carriers of quantum information. Recent investiga
tions provide strong evidence that electron spins in a semii (a)
conductor show unusually long dephasing times approachin
microseconds; furthermore, they can be transported phas
coherently over distances exceeding 10017 Several pro-
posals how to create an Einstein-Podolsky-ROs@PR) 1 2
pair of electrons in solid-state systems have been made re
cently, e.g., using a superconducfo®or a quantum déf as
a source of entangled beams of electrons. At first glance, th¢ 3 \J 4

entangler

possibility of performing Bl checks in solid-state systems ;A F/ F, N b %/\\\ Z§
may seem to be a naive generalizaffoR® of the corre- s ” -a a\—l [/bb\
sponding tests with photofis. But in the case of photons, detector 13////*\\ I 144§16

the Bls have been tested using photodetectors measuring ¢
incidence rategthe probability that two photons enter the
detectors nearly simultaneou$R. Counting quasiparticles
one-by-ongas photodetectors do in quantum optjds dif-
ficult to achieve in solid-state systems where currents an
current-current correlators, in particular noise, are the naturaiong the direction: a(+b) are transmitted through filtef!f3, into
observables in a stationary regirffetiere, the Bls are refor- jead 5 and 36 and 4. b) Solid state implementation, with super-
mulated in terms of current-current cross-correlatoisise  conducting source emitting Cooper pairs into the leads. Filtes F
and a practical implementation of Bls as a test of quasiparte.g., Fabry-Perot double barrier structures or quantum) goes
ticle entanglement produced via a hybrid superconductorvent Cooper pairs from entering a single lead. Ferromagnets with
normal-metal sourc&*is discussed>? orientations* a, b play the role of the filters §;,, in a); they are

Consider a sourcgrig. 1(a)] injecting quasi-particles into  transparent for electrons with spin aligned along their magnetization
two arms labeled by indices 1 and 2. The detector includeaxis.

FIG. 1. (8) Schematic setup for the measurement of Bell in-
equalities: a source emits particles into leads 1 and 2. The detector
easures the correlation between beams labeled with odd and even

umbers. Filters 2—'(2) select the spin: particles with polarization
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p=J dNF(N)pa(N)®pg(N), 1

where the lead indew is even ang3 is odd (or vice versg

the distribution functionf(\) (positive and normalized to

unity) describes the “hidden variableX. The Hermitian op-
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_ ([Ns(7) =N3(7)J[Ne(7) —N4(7)])
([Ns(7)+N3(7)J[Ne(7) +Nu(7)])
and witha,b the polarizations of the filtersSF, .

At this point, the number averages and correlator&an
need to be related to measurable quantities, current averages

G(a,b)

(6b)

eratorsp,(\) satisfy the standard axioms of density matri- and current noise; this step requires to perform the time av-

ces. For identical particles the assumptidn implies that

eraging introduced in Eq2) and implemented in Eq63).

Bose and Fermi correlations between leads with odd anghe correlator(N,(7)Ng(7)) includes both reducible and

even indices are neglected.
Consider the Heisenberg operator of the curiejft) in

lead «=1,...,6 (see Fig. 1 and the associated particle

number operatorN,(t,7)=f1""dt" 1 (t") describing the
charge going through a cross section of leadiuring the

time interval[t,t+ 7]. For later convenience we introduce
the averageg ...),, (...), over the density matrices

p.(\), p, respectively, and over large time periods, e.g.,

1 (T
NN =5 [ AN N, D

whereT/r—o. Finally, we define the particle number fluc-

tuationséN,(t, 7) =N, (t,7) —(N,(7)).

irreducible parts. As demonstrated below, the(&d) can be
violated if the irreducible part of the correlator is of the order
of (or largey than the reducible part. The irreducible cor-
relator(6N,(7) 6N4(7)) can be expressed through the noise
power S, z(w) = [d7e'“"( 5l ,(7) 6l 5(0)),

4 sirt(w7l2)

oN oN _fw de 7
(N7 NG()= | 5 Suplw)————. (D)

In the limit of large times, sf{w2)/(w/2)?>—2w78(w),
and therefore

(NL(TINg(7))=~(1 ){1 g} 7>+ 7S5, (8)

The derivation of the Bl is based on the following lemma: Where(l,) is the average current in the lead and S,z

let x,x’,y,y’,X,Y be real numbers such that/X|, |x'/X],

ly/Y|, and|y’/Y| do not exceed unity, then the following

inequality holds®
—2XY=xy—xy' +x'y+x'y’'<2XY. (3

Lemma(3) is applied to our system with

x=(Ns(t, 7))\ = (Na(t, ), (4a)
X" =(Ns/(t, 7)) = (Na:(t, 7)), (4b)
y={Neg(t,7))x — (Na(t, 7))y, (40)
y'=(Ne/(t,7))x—(Nas (t, 7))y, (4d)

where the “prime” indicates a different direction of spin-

selection in the detector’s filtde.g., leta denote the direc-
tion of the electron spins in lead 5-@ in lead 3, then the

subscript 8 in Eq. (4b) refers to electron spins in lead 5

polarized along’ (along—a’ in the lead 3. The quantities
X,Y are defined as

X=(Ns(t, 7))\ +(N3(t,7))\=(Ns:(t, 7))+ (Ng: (t, 7))\

=(Ny(t,7))y, (5a)
Y=(Ng(t, 7))y +(Na(t,7)), =(Ng/(t,7)) +(Nas(t,7)))
=(Na(t, 7))\ (5h)

the equalitieg5a) and(5b) follow from particle number con-

servation. All terms in(5a and (5b) have the same sign,

hence|x/X|<1 and|y/Y|<1.

The BI follows from Eq.(3) after averaging over both

timet [see Eq(2)] andX\,

|G(a,b)—G(a,b’)+G(a’',b)+G(a’,b")|<2, (63

denotes the shot noise. In reality, the noise power diverges as
1/w whenw— 0, but this singular behavior starts from very
small < wy ;%" at frequenciesv;<w<w, the noise power

is nearly constar* The upper boundarny, of the frequency
domain depends on the voltalyeof the terminals 3-6 (the
particle source is groundgdon the characteristic time of
electron flightr, between these terminals, and parameters of
the normal leads 1,2. If, for example, a superconductor plays
the role of a particle source, the normal leads must include
the filters P—iz preventing Cooper pairs to decay into one
lead!® Consider the case when Fabry-Perot double barrier
structures or quantum dots with resonant energieg and
widths I'y (;y<e play the role of the filters }'2. If the leads

are equally biased with the respect to the source thgn
=min(|V|;F1(2);r;1) [carbon nanotubes are promising
candidate? for the role of the normal wires 1,2 in Fig. 1 as
strong electron-electron interactions assume the task of the
filters F ,;%% in this casewo=min(V|;7 *)]. Summarizing,

Eq. (7) implies Eq.(8) if

w61< T< wal 9
(we assume a temperatufe wg). Using Eqs.(6a) and(8),

|[F(a,b)—F(ab’")+F(a’,b)+F(a’,b")|<2, (109
_ S5~ Ss4— Sget Saat A -
Sset Ssat Szet Ssat Ay

where A . = 7({I5)=(13))({1g) =(l4)). The BI (109 is the
expression to be tested in the experiment; as implied by Eq.
(10by), its violation require$S, 4| =|A .|, i.e., the dominance
of the irreducible particle-particle correlator over the reduc-
ible.

Below, we discuss the violation of Bls in mesoscopic sys-
tems. A violation of Eq(109 then implies that the assump-

F(a,b) (10b)
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tion (1) does not hold and the correlations are nonclassical; The current in Eq(13) is of the order ofl 7, /h, where
the particles injected by the source into leads 1 arlde2  I'=min(l’;,I',) and TA_TrTEh(sO)/h Then the condition
Fig. 1) then are entangletfor a system in a pure state, en- (13) becomesr<#/I'7,. Equatlon(loa) becomes the non-
tanglement implies that the wave function cannot be reducefbcality criterium if there is no electron exchange between
to a product of wave functions of individual particles the leads 1 and 2 during the time requiring r<< 7,/ 7, .
Consider the solid-state analog of the Bell device in Fig.The two conditions can be written as
1(b) where the particle source is a superconductor; two nor-
mal leads 1 and 2 are attached in a fork geont&tand the r<wg M. (14)
filters F; , enforce the splitting of the injected pairs. The
filters F‘}zplay the role of spin-selective beam-splitters in the The condition(14) implies that during the time- not more
detector (they can be constructed using ferromagrits, than one electron pair can be detected; the noise measure-
quantum dots? or hybrid superconductor—normal-metal— ment in this limit then is closely related to the coincidence
ferromagnet structurdy: e.g., quasiparticles injected into measurement in quantum optfts.
lead 1 and spin-polarized along the magnetizati@mter the Let us estimater. A typical device as sketched in Fig.
ferromagnet 5 and contribute to the currégt while quasi-  1(b) has parameters, '<v(/100 nm~1 GHz, A~1 meV,
particles with the opposite polarization contribute to the curI" ~0.1A=10 GHz, &,<|V|<A, 7,~0.01; then w,
rentl 5. The appropriate choice of voltages between the leads-100 GHz. The natural scale fas; is 1 kHz?’ From (9)
and the source fixes the directions of the currents in agreeand (14) follows that 7~ 1~10 MHz and according to Eq.
ment with Fig. 1a). Consider, for instance, a biased super-(13) the current in the leads should not exceed 1 nA.
conductor with grounded normal leads. To begin with, we The Bl test described above does not imply that the par-
assume the filters ) to be perfectly efficient. The noise ticles in the leads 1,2 are separated by a spacelike interval; in
power is calculated usmg scattering the®t¥In the tunnel-  our approach we try to optimize the parameters of the device
ing limit with a weak coupling between the superconductorto reduce interactions between the particle beams which can
and the leads 3—6e.g., Cooper pairs decaying from the su- destroy the entanglement, e.g., backscattering from one lead
perconductor into the normal leads through a tunnel barrierto another, but ignore more subtle relativistic effects.
we find the noise Finally, we probe the robustness of our Bl test by allow-
ing the filters Fe2 to have finite line widthsl’; 5. If, for
instancel’; ,~2E,, the noise correlations will acquire a
(small) StP contrlbutlon(here the superscriptdenotes par-

. allel magnetizations*
wherea=3,5, B=4,6 or vice versap,z denotes the angle

between the magnetization of the Ieads and B, e.q.,
cos(se) =a- b and cosfsy) =a-(—b), andS{ is the noise Saﬁ—S(a)smz(
for antiparallel orientations of the ferromagnet& B [e.q.,

S{g) impliesat | b]. Below, we need configurations with dif- and with the same choice of angles as considered above the
ferent settings andb and we define the angle,,= 6s¢. In Bl (103 reduces to
the tunneling limit and for antiparallel polarization of the

filters F{, in the leadsa, 3 the scattering approathpro-

duces the expression

Oa
saB:sgagsinz(Tﬁ), (11)

+S{Pco 52< ) (15)

(a) _ g(p)
Sup— Sy
(a) 4 g(p)
Sept Sug

- (16)
=—;
V2
Y
(a)_ (I =1 )| = f dsTfTer};(S) (12)  the BIs(16) still can be violated, though not maximally. Al-
0 ternatively, Eq(16) can be used to estimate the quality of the
WhereT'j'; is the matrix(in channel spadecontaining the filters F{ ,. Here, we have discussed the violation of Bls in
Andreev transmission probabilities from the leadnto the ~ an idealized situation ignoring paramagnetic impurities, spin-
lead 8 (the tunneling limit considered here imp"érszf; orbit mteractlon etc. ImperfectlF filters should be conS|d—

in Eq. (10b) can be dropped if can be shown in a similar way as in Ref 21 that 90% spm
polarization of the filters is enough for the Bl-violation test
(I y7<1, (13 under consideration; appropriate spin filters can be realized

with current technology in spin electronitsNote that there
a=3,...,6.Then, the BIS103—(10b) neither depend om  are other inequalities which test entanglement for fvand
nor on the average current but only on the shot noise, anghany#° particle systems; tests of such inequalities can be
F=—cos{,p); the left-hand side of Eq(108 has a maxi- implemented in a similar manner as discussed above. More-
mum when 6a,= 0,,= 05, =4 and 0, =36,, (shown  over, while electron-electron interactions were neglected
as in the photonic caevith the substitutiord— 6/2). With  here, it has been suggestédf that they do not destroy en-
this choice of angles the BIL0g is violated it reduces to  tanglement.
1<1/2, thus pointing to the nonlocal correlations between The Bl violation discussed above applied to a supercon-
electrons in the leads 1[8ee Fig. 1b)]. ducting source of entangled particles. In other cases, e.g.,
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when quantum dots play the role of entandf°a violation In conclusion, we propose a general form of Bl tests in
of Bls can be demonstrated in a similar way. solid-state systems formulated in terms of current-current

Finally, consider the same device but with a normal metaktross correlatorgnoise, the natural observables in the sta-
source rather than a superconducting one and with§yt F tionary transport regime of a solid state device. For a super-
filters. Using the scattering approdéf® in the tunneling conducting source injecting correlated pairs into a normal-
limit between the leads and the source we find that  metal fork completed with appropriate filtef&!® the
~19192(wo)? andS, g~ 919,00, Whereg; ;)<1 is the con-  analysis of such Bls shows that this device is a source of
ductance between the ledq2) and theparticle source and entangled electrons when the fork is weakly coupled to a
wo=V/fi. The A, terms in Eq.(10b then cannot be syperconductor. Bl-checks can thus be applied to test elec-
dropped as otherwise we arrive at a contradiction with th&ronic devices with applications in quantum communication
condition(9). In this caseF=A_/A, and the BI(108 as-  and quantum computation where entangled states are basic to
sumes the form their functionality.

[A_JAL]<1, (17) We thank Yu.V. Nazarov and F. Marquardt for stimulating

which cannotbe violated, a strong indication that a normal discussions. The research of N.M.C. and of G.B.L. was sup-
source itself cannot produce entangled particles. However, @orted by the RFBR(Projects No. 00-02-16617, 02-02-
the electrons strongly interact with each other on their wayl6622, and 02-02-06509 by Forschungszentrumlith
from the normal source into the leads then, according to ReflLandau Scholarshjp by the Netherlands Organization for
20, a finite entanglement can be produced by the interacScientific ResearciNWO), by the Swiss NSF, and by the
tions; in this case the violation of Bls can be demonstrated aRussian Ministry of SciencéprojectsMesoscopic Systems

well.
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