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Bell inequalities and entanglement in solid-state devices
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Bell-inequality checks constitute a probe of entanglement—given a source of entangled particles, their
violation is a signature of the nonlocal nature of quantum mechanics. Here, we study a solid-state device
producing pairs of entangled electrons, a superconductor emitting Cooper pairs properly split into the two arms
of a normal-metallic fork with the help of appropriate filters. We formulate Bell-type inequalities in terms of
current-current cross correlators, the natural quantities measured in mesoscopic physics; their violation pro-
vides evidence that this device indeed is a source of entangled electrons.
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Entanglement1,2 is a defining feature of quantum
mechanical systems3 with important new applications in th
emerging fields of quantum information theory,4 quantum
computation,5 quantum cryptography,6 and quantum
teleportation.7 Many examples of entangled systems can
found in nature, but only in few cases can entanglemen
probed and used in applications. So far, much attention
been focused on the preparation and investigation of
tangled photons8,9 and, more recently, of entangle
atoms,10,11 while other studies use elementary partic
~kaons!12 and electrons.13 Bell inequality~BI!14 checks have
become the accepted method to test entanglement:15,16 their
violation in experiments with particle pairs indicates th
there are nonlocal correlations between the particles, as
dicted by quantum mechanics, which no local hidden va
able theory can explain.14

Quasiparticles in solid-state devices are promising ca
dates as carriers of quantum information. Recent invest
tions provide strong evidence that electron spins in a se
conductor show unusually long dephasing times approac
microseconds; furthermore, they can be transported ph
coherently over distances exceeding 100mm.17 Several pro-
posals how to create an Einstein-Podolsky-Rosen2 ~EPR!
pair of electrons in solid-state systems have been made
cently, e.g., using a superconductor18,19or a quantum dot20 as
a source of entangled beams of electrons. At first glance,
possibility of performing BI checks in solid-state system
may seem to be a naive generalization21–23 of the corre-
sponding tests with photons.8,9 But in the case of photons
the BIs have been tested using photodetectors measurin
incidence rates~the probability that two photons enter th
detectors nearly simultaneously8,9!. Counting quasiparticles
one-by-one~as photodetectors do in quantum optics9! is dif-
ficult to achieve in solid-state systems where currents
current-current correlators, in particular noise, are the nat
observables in a stationary regime.24 Here, the BIs are refor-
mulated in terms of current-current cross-correlators~noise!
and a practical implementation of BIs as a test of quasip
ticle entanglement produced via a hybrid superconduct
normal-metal source18,19 is discussed.15,25

Consider a source@Fig. 1~a!# injecting quasi-particles into
two arms labeled by indices 1 and 2. The detector inclu
0163-1829/2002/66~16!/161320~4!/$20.00 66 1613
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two filters F1(2)
d selecting electrons by spin; the filter F1

d

transmits electrons spin-polarized along the directiona into
lead 5 and deflects electrons with the opposite polariza
into lead 3~and similar for filter F2

d with direction b). The
detector thus measures cross correlations of~spin!currents
between the leads; a violation of BIs provides evidence
nonlocal spin correlations between the quasiparticle beam
and 2.

We formulate the BIs in terms of current-current corre
tors: assuming separability and locality14,15 ~no entangle-
ment, only local correlations are allowed! the density matrix
of the source/detector system describing joint events in
leadsa,b is given by

FIG. 1. ~a! Schematic setup for the measurement of Bell
equalities: a source emits particles into leads 1 and 2. The dete
measures the correlation between beams labeled with odd and
numbers. Filters F1(2)

d select the spin: particles with polarizatio
along the direction6a(6b) are transmitted through filter F1(2)

d into
lead 5 and 3~6 and 4!. b! Solid state implementation, with supe
conducting source emitting Cooper pairs into the leads. Filters1,2

e

~e.g., Fabry-Perot double barrier structures or quantum dots! pre-
vent Cooper pairs from entering a single lead. Ferromagnets
orientations6a,6b play the role of the filters F1(2)

d in a!; they are
transparent for electrons with spin aligned along their magnetiza
axis.
©2002 The American Physical Society20-1
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r5E dl f ~l!ra~l! ^ rb~l!, ~1!

where the lead indexa is even andb is odd~or vice versa!;
the distribution functionf (l) ~positive and normalized to
unity! describes the ‘‘hidden variable’’l. The Hermitian op-
eratorsra(l) satisfy the standard axioms of density mat
ces. For identical particles the assumption~1! implies that
Bose and Fermi correlations between leads with odd
even indices are neglected.

Consider the Heisenberg operator of the currentI a(t) in
lead a51, . . . ,6 ~see Fig. 1! and the associated partic
number operatorNa(t,t)5* t

t1tdt8 I a(t8) describing the
charge going through a cross section of leada during the
time interval @ t,t1t#. For later convenience we introduc
the averageŝ . . . &l , ^ . . . &r over the density matrice
ra(l), r, respectively, and over large time periods, e.g.,

^Na~t!Nb~t!&[
1

2TE2T

T

dt^Na~ t,t!Nb~ t,t!&r , ~2!

whereT/t→`. Finally, we define the particle number fluc
tuationsdNa(t,t)[Na(t,t)2^Na(t)&.

The derivation of the BI is based on the following lemm
let x,x8,y,y8,X,Y be real numbers such thatux/Xu, ux8/Xu,
uy/Yu, and uy8/Yu do not exceed unity, then the followin
inequality holds:26

22XY<xy2xy81x8y1x8y8<2XY. ~3!

Lemma~3! is applied to our system with

x5^N5~ t,t!&l2^N3~ t,t!&l , ~4a!

x85^N58~ t,t!&l2^N38~ t,t!&l , ~4b!

y5^N6~ t,t!&l2^N4~ t,t!&l , ~4c!

y85^N68~ t,t!&l2^N48~ t,t!&l , ~4d!

where the ‘‘prime’’ indicates a different direction of spin
selection in the detector’s filter@e.g., leta denote the direc-
tion of the electron spins in lead 5 (2a in lead 3#, then the
subscript 58 in Eq. ~4b! refers to electron spins in lead
polarized alonga8 ~along2a8 in the lead 3!. The quantities
X,Y are defined as

X5^N5~ t,t!&l1^N3~ t,t!&l5^N58~ t,t!&l1^N38~ t,t!&l

5^N1~ t,t!&l , ~5a!

Y5^N6~ t,t!&l1^N4~ t,t!&l5^N68~ t,t!&l1^N48~ t,t!&l

5^N2~ t,t!&l ; ~5b!

the equalities~5a! and~5b! follow from particle number con-
servation. All terms in~5a! and ~5b! have the same sign
henceux/Xu<1 anduy/Yu<1.

The BI follows from Eq.~3! after averaging over both
time t @see Eq.~2!# andl,

uG~a,b!2G~a,b8!1G~a8,b!1G~a8,b8!u<2, ~6a!
16132
d

:

G~a,b!5
^@N5~t!2N3~t!#@N6~t!2N4~t!#&

^@N5~t!1N3~t!#@N6~t!1N4~t!#&
~6b!

and witha,b the polarizations of the filters F1(2)
d .

At this point, the number averages and correlators in~6a!
need to be related to measurable quantities, current aver
and current noise; this step requires to perform the time
eraging introduced in Eq.~2! and implemented in Eq.~6a!.
The correlator^Na(t)Nb(t)& includes both reducible and
irreducible parts. As demonstrated below, the BI~6a! can be
violated if the irreducible part of the correlator is of the ord
of ~or larger! than the reducible part. The irreducible co
relator^dNa(t)dNb(t)& can be expressed through the noi
powerSab(v)5*dteivt^dI a(t)dI b(0)&,

^dNa~t!dNb~t!&5E
2`

` dv

2p
Sab~v!

4 sin2~vt/2!

v2
. ~7!

In the limit of large times, sin2(vt/2)/(v/2)2→2ptd(v),
and therefore

^Na~t!Nb~t!&'^I a&^I b&t21tSab , ~8!

where ^I a& is the average current in the leada and Sab
denotes the shot noise. In reality, the noise power diverge
1/v whenv→0, but this singular behavior starts from ve
small v,vfl ;27 at frequenciesvfl!v!v0 the noise power
is nearly constant.24 The upper boundaryv0 of the frequency
domain depends on the voltageV of the terminals 326 ~the
particle source is grounded!, on the characteristic time o
electron flightt tr between these terminals, and parameters
the normal leads 1,2. If, for example, a superconductor pl
the role of a particle source, the normal leads must inclu
the filters F1,2

e preventing Cooper pairs to decay into on
lead.18 Consider the case when Fabry-Perot double bar
structures or quantum dots with resonant energies6«0 and
widthsG1(2)!«0 play the role of the filters F1,2

e . If the leads
are equally biased with the respect to the source thenv0

5min(uVu;G1(2);ttr
21) @carbon nanotubes are promisin

candidates28 for the role of the normal wires 1,2 in Fig. 1 a
strong electron-electron interactions assume the task of
filters F1,2

e ;29 in this casev05min(uVu;ttr
21)]. Summarizing,

Eq. ~7! implies Eq.~8! if

v0
21!t!vfl

21 ~9!

~we assume a temperatureT,v0). Using Eqs.~6a! and~8!,

uF~a,b!2F~a,b8!1F~a8,b!1F~a8,b8!u<2, ~10a!

F~a,b!5
S562S542S361S341L2

S561S541S361S341L1
, ~10b!

whereL65t(^I 5&6^I 3&)(^I 6&6^I 4&). The BI ~10a! is the
expression to be tested in the experiment; as implied by
~10b!, its violation requiresuSabu*uL6u, i.e., the dominance
of the irreducible particle-particle correlator over the redu
ible.

Below, we discuss the violation of BIs in mesoscopic sy
tems. A violation of Eq.~10a! then implies that the assump
0-2
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tion ~1! does not hold and the correlations are nonclassi
the particles injected by the source into leads 1 and 2~see
Fig. 1! then are entangled~for a system in a pure state, en
tanglement implies that the wave function cannot be redu
to a product of wave functions of individual particles!.

Consider the solid-state analog of the Bell device in F
1~b! where the particle source is a superconductor; two n
mal leads 1 and 2 are attached in a fork geometry18,19and the
filters F1,2

e enforce the splitting of the injected pairs. Th
filters F1,2

d play the role of spin-selective beam-splitters in t
detector ~they can be constructed using ferromagnet18

quantum dots,30 or hybrid superconductor–normal-meta
ferromagnet structures31!: e.g., quasiparticles injected int
lead 1 and spin-polarized along the magnetizationa enter the
ferromagnet 5 and contribute to the currentI 5, while quasi-
particles with the opposite polarization contribute to the c
rent I 3. The appropriate choice of voltages between the le
and the source fixes the directions of the currents in ag
ment with Fig. 1~a!. Consider, for instance, a biased sup
conductor with grounded normal leads. To begin with,
assume the filters F1,2

d(e) to be perfectly efficient. The nois
power is calculated using scattering theory.32,24In the tunnel-
ing limit with a weak coupling between the superconduc
and the leads 3–6~e.g., Cooper pairs decaying from the s
perconductor into the normal leads through a tunnel barr!
we find the noise

Sab5Sab
(a)sin2S uab

2 D , ~11!

wherea53,5, b54,6 or vice versa;uab denotes the angle
between the magnetization of the leadsa and b, e.g.,
cos(u56)5a•b and cos(u54)5a•(2b), andSab

(a) is the noise
for antiparallel orientations of the ferromagnetsa,b @e.g.,
S56

(a) impliesa↑↓b]. Below, we need configurations with dif
ferent settingsa andb and we define the angleuab[u56. In
the tunneling limit and for antiparallel polarization of th
filters F1,2

d in the leadsa,b the scattering approach18 pro-
duces the expression

Sab
(a)5u^I a&u5u^I b&u5

1

hE0

uVu
d«TrTab

eh ~«!, ~12!

where Tab
eh is the matrix~in channel space! containing the

Andreev transmission probabilities from the leada into the
lead b ~the tunneling limit considered here impliesTba

eh

!1); V is the bias of the superconductor. Thus theL terms
in Eq. ~10b! can be dropped if

^I a&t!1, ~13!

a53, . . . ,6.Then, the BIs~10a!–~10b! neither depend ont
nor on the average current but only on the shot noise,
F52cos(uab); the left-hand side of Eq.~10a! has a maxi-
mum whenuab5ua8b5ua8b85p/4 and uab853uab ~shown
as in the photonic case9 with the substitutionu→u/2). With
this choice of angles the BI~10a! is violated: it reduces to
1<1/A2, thus pointing to the nonlocal correlations betwe
electrons in the leads 1,2@see Fig. 1~b!#.
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The current in Eq.~13! is of the order ofGTA /h, where
G[min(G1,G2) and TA[TrTab

eh («0)/h. Then the condition
~13! becomest!\/GTA . Equation~10a! becomes the non
locality criterium if there is no electron exchange betwe
the leads 1 and 2 during the timet, requiringt!t tr /TA .33

The two conditions can be written as

t!v0
21/TA . ~14!

The condition~14! implies that during the timet not more
than one electron pair can be detected; the noise meas
ment in this limit then is closely related to the coinciden
measurement in quantum optics.8

Let us estimatet. A typical device as sketched in Fig
1~b! has parameterst tr

21&vF/100 nm;1 GHz, D;1 meV,
G;0.1D.10 GHz, «0,uVu,D, TA;0.01; then v0
;100 GHz. The natural scale forvfl is 1 kHz.27 From ~9!
and ~14! follows that t21;10 MHz and according to Eq
~13! the current in the leads should not exceed 1 nA.

The BI test described above does not imply that the p
ticles in the leads 1,2 are separated by a spacelike interva
our approach we try to optimize the parameters of the dev
to reduce interactions between the particle beams which
destroy the entanglement, e.g., backscattering from one
to another, but ignore more subtle relativistic effects.

Finally, we probe the robustness of our BI test by allo
ing the filters F1,2

e to have finite line widthsG1,2. If, for
instanceG1,2;2E0, the noise correlations will acquire
~small! S(p) contribution~here, the superscriptp denotes par-
allel magnetizations!34

Sab5Sab
(a)sin2S uab

2 D1Sab
(p)cos2S uab

2 D , ~15!

and with the same choice of angles as considered above
BI ~10a! reduces to

USab
(a)2Sab

(p)

Sab
(a)1Sab

(p)U< 1

A2
; ~16!

the BIs~16! still can be violated, though not maximally. Al
ternatively, Eq.~16! can be used to estimate the quality of t
filters F1,2

e . Here, we have discussed the violation of BIs
an idealized situation ignoring paramagnetic impurities, sp
orbit interaction, etc. Imperfect F1,2

d filters should be consid-
ered in a similar way as in the quantum-optics literature;9 it
can be shown in a similar way as in Ref. 21 that 90% s
polarization of the filters is enough for the BI-violation te
under consideration; appropriate spin filters can be reali
with current technology in spin electronics.35 Note that there
are other inequalities which test entanglement for two-36 and
many-15 particle systems; tests of such inequalities can
implemented in a similar manner as discussed above. M
over, while electron-electron interactions were neglec
here, it has been suggested37,38 that they do not destroy en
tanglement.

The BI violation discussed above applied to a superc
ducting source of entangled particles. In other cases, e
0-3
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when quantum dots play the role of entangler,13,20a violation
of BIs can be demonstrated in a similar way.

Finally, consider the same device but with a normal me
source rather than a superconducting one and without1,2

e

filters. Using the scattering approach32,24 in the tunneling
limit between the leads and the source we find thatL6

;tg1g2(v0)2 andSab;g1g2v0, whereg1(2)!1 is the con-
ductance between the lead1(2) and theparticle source and
v05V/\. The L6 terms in Eq. ~10b! then cannot be
dropped as otherwise we arrive at a contradiction with
condition ~9!. In this caseF.L2 /L1 and the BI~10a! as-
sumes the form

uL2 /L1u<1, ~17!

which cannotbe violated, a strong indication that a norm
source itself cannot produce entangled particles. Howeve
the electrons strongly interact with each other on their w
from the normal source into the leads then, according to R
20, a finite entanglement can be produced by the inte
tions; in this case the violation of BIs can be demonstrated
well.
s

o-
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In conclusion, we propose a general form of BI tests
solid-state systems formulated in terms of current-curr
cross correlators~noise!, the natural observables in the st
tionary transport regime of a solid state device. For a sup
conducting source injecting correlated pairs into a norm
metal fork completed with appropriate filters,18,19 the
analysis of such BIs shows that this device is a source
entangled electrons when the fork is weakly coupled to
superconductor. BI-checks can thus be applied to test e
tronic devices with applications in quantum communicati
and quantum computation where entangled states are bas
their functionality.
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