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Spin relaxation in quantum dots
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Results are given for spin relaxation in quantum dots due to acoustic phonon-assisted flips of single spins at
low temperatures. The dominant spin relaxation processes for varying dot size, temperature, and magnetic field
are identified. These processes are mediated by the spin-orbit interaction and are described within a generalized
effective mass treatment. Particular attention is given to phonon coupling due to interface motion, which
dominates the relaxation for dots with diameters&15 nm, and also to a direct spin-phonon process that arises
from valence-conduction band coupling and dominates the rates for increasing temperature. Low-temperature
relaxation rates are found to be small and to depend strongly on size, on temperature, and on magnetic field.
Results are illustrated with evaluations for GaAs/AlxGa12xAs systems, and a minimum in the relaxation rate
is found for dot diameters;20 nm.
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Spins in quantum dots~QD’s! are of considerable curren
interest in connection with the search for solid state imp
mentations for ‘‘qu-bits’’ in quantum information
technologies.1 A key challenge is obtaining long spin cohe
ence times so that quantum information can be stored
manipulated without losses. A few experimental results h
been reported2 that suggest long coherence times in QD’s.
date, however, it has been difficult to obtain quantitative
perimental results and to interpret them. Thus it is import
to have theoretical guidance for the coherence times
their dependences on system and on parameters.

In bulk semiconductors spin relaxation is quite fast, ty
cally on the order of 10211 s ~Ref. 3!. Bulk relaxation arises
from spin-orbit coupling mediated by phonon or impuri
scattering.3 Relaxation in QD’s is different because the ele
tronic states are quantized, which makes it more difficult
satisfy energy conservation in spin-flip events. Phonons t
cally are needed4 for energy conservation in QD’s, and thu
the coherence rates are considerably smaller.

Here we give a full treatment of the relaxation of sing
spins in QD’s due to acoustic phonons for dots up
;70 nm, of interest in a wide range of optical experimen
Results for the overall magnitude and for dependence
magnetic field, temperature, and size are given. One-pho
processes give the zero temperature contributions, and
phonon processes give contributions that increase with t
perature. Several of these contributions have been obta
earlier and evaluated for large, flat QD’s.8,9 We show that a
novel spin-phonon coupling due to interface motion dom
nates the relaxation for smaller dots and that a new s
phonon interaction, which arises from coupling between
lence and conduction bands, dominates for increas
temperature.

For magnetic fields up to;7 T, the Zeeman spin split
tings in the QD’s of interest are typically;0.01
20.1 meV, which are much smaller than the separations
tween confined electronic states. Thus the spin relaxa
rates between the two Zeeman levels are greater than t
between confined states, and we consider only the form
For illustration we give results for GaAs QD’s with sever
shapes in Al0.3Ga0.7As. Other materials and geometries diff
mainly in quantitative details.
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Spin-orbit interaction in semiconductors is essential
spin relaxation processes because phonons alone do no
spins. The effective mass Hamiltonian for a carrier in a m
netic field in a bulk III-V semiconductor with Td symmetry,
such as GaAs, is obtained from the standard Ka
Hamiltonian3

H5
1

2
PF 1

m~r !
PG1V~r !1mg~r !szB1$gc~r !,s•V%,

~1!

where P5p1eA/c, V5@Px(Py
22Pz

2),Py(Pz
22Px

2),Pz(Px
2

2Py
2)#, with A the vector potential, and$A,B%5(AB

1BA)/2. Thefirst term is the kinetic energy, the second t
confining potential, the third the Zeeman interaction. The l
term is the Dresselhaus spin-orbit interaction, which ari
from the absence of the inversion symmetry.gc

52\3D/A2mEgEgmcv , whereD, m, Eg , andmcv are the
energy of the spin-orbit split-off valence band, the electr
mass, the band gap energy, and the Kane parameter fo
coupling to higher conduction bands.3 For QD’s of one ma-
terial imbedded in another the parameters have spatial
pendence.

Spin relaxation at low T: For T less than a few degree
Kelvin spin relaxation rates are given by one-phonon em
sion processes accompanied by spin flips arising from s
orbit coupling for the dot sizes and fields of interest here10

The one-phonon spin flip rates are given by the Fe
Golden Rule.

Acoustic phonons dominate these processes at low t
peratures. The two materials in QD systems of interest ty
cally have similar acoustic properties, and thus we will u
bulk phonons to a good approximation. Long waveleng
phonons are involved for small Zeeman energies, and t
rates for piezoelectric coupling are greater than those fr
deformation potential.11 The most important contribution
from the bulklike region of the QD comes from the piez
electric interaction between electrons and acoustic phon
The coupling between acoustic piezophonons and ca
charges is
©2002 The American Physical Society18-1
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UQ
piezo5h14j ij juQ,lrQ , ~2!

whereh1451.23109 Ev/m is the piezotensor,j i , j5Qi , j /Q,
uQ,l is the l-th component of the phonon operator, andrQ is
the electron density.

In addition, there is a novel coupling between spins a
phonons arising from interface motion. It is analogous to t
between carrier charges and phonons, sometimes c
‘‘ripple coupling.’’12,13It arises when interface motion due
acoustic phonons changes a parameter of the system,
L i51/m,V,g, andge in Eq. ~1!, in a region. The coupling
between charge carriers and phonons is

UQ,L i
5¹L i~r !•uQ, ~3!

where uQ is the phonon operator,¹L i(r )5DL i #SdAd(r
2R)n̂ andDL i5L i12L i2 for parameters in materials 1 an
2. The outward interface of the surfaceShas a normal vecto
n̂ at pointR.

The matrix elements for spin-flip transitions between
Zeeman levels of the lowest QD electronic state,c0↑ and
c0↓ , due to the coupling to bulk piezophonons and a
those due to the interface motion through variation in
parameters 1/m, V,g, andge are

MQ,piezo5E d3^c0,↓uUQ
piezouc0,↑&, ~4!

MQ,L i
5E d3^c0,↓uHQ,L i

uc0,↑&, ~5!

where HQ,V5UQ,V , HQ,g5mBUQ,g , HQ,m5 1
2 P(UQ,mP),

and HQ,gc
5UQ,gc

s•V. The spin-orbit coupling in the las
term in Eq.~1! provides the needed mixing of the spins in t
wave functions. Such an admixture is not required forMQ,gc

,
and it provides a direct spin-phonon coupling. From pert
bation theory

uc0,↑(↓)~r !&5uu0,↑(↓)~r !&1a3uu1,↓(↑)~r !&, ~6!

whereu0,1 are the unperturbed wave functions for the grou
and first excited electronic states with energiesE0,1, a
5^u1,↓(↑)(r )uHsouu0,↑(↓)(r )&/(E12E06mgB), and Hso is
the Dresselhaus spin-orbit term. Higher lying QD states g
smaller contributions and are not included.

The boundary conditions on the QD electronic functio
are taken to require that the wave function and its fl
1/m(r )]c/]n be continuous across the interface.14 For sim-
plicity we choose separable wave functions. We consi
dots in the shape of parallelepiped and cylinder. For a pa
lelepiped, the ground state in thex direction isu0;cos(k0x)
for x<a andu0;cos(k0a)e2k0(uxu2a) for x>a, and similarly
for the other directions. Herek05A2m1E0 /\2 and k0

5A2m2(DEc2E0)/\2, whereDEc is the band offset. Two
types of parallelepipeds are considered, one where the la
extent is 2a and the height isa/2, and the second where th
height is a constant 5 nm. For the cylinderu0;J0(k0r) for
r,R and u0;J0(k0R)e2k0(r2R) for r.R, and in
z-direction the function is the same as for parallelepiped.
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Then from Eqs.~4! and~6!, theT50 relaxation rates due
to piezophonons for the cylindrical (cyl) and parallelepiped
~para! QD’s are

Gpiezo
cyl 5

2p

\rs2 S gch14

mgB

DE2

1

R2D 2S mgB

\s D 3

KD , ~7!

Gpiezo
para 5

2p

\rs2 Fgch14

mgB

DE2 S 1

a2
2

1

c2D G 2S mgB

\s D 3

JD ~8!

where DE5E02E1, and KD50.913103 and JD50.65
3102.

Using Eq.~5! in Eq. ~6!, we obtain for the parallelepiped
the rates involving the ripple coupling due to changes in
parameters:

GV5
2p

\rs2 Fgc

mgB

DE2

DV

a S 1

a2
2

1

c2D G 2S mgB

\s D 3

J1, ~9!

Gg5
2p

\rs2 Fgc

mDgB

DE

1

a S 1

a2
2

1

c2D G 2S mgB

\s D 3

J2, ~10!

Gm5
2p

\rs2 Fgc

mgB

DE2

\2Dm

2m1
2a2

1

a S 1

a2
2

1

c2D G 2S mgB

\s D 3

J3,

~11!

Ggc
5

2p

\rs2 FDgc

1

a2 S 1

a2
2

1

c2D G 2
mgB

\s
J4, ~12!

whereJ151.323104, J255.763105, J356.8683105, and
J451.433104. For nonzero T, the rates in Eqs.~7!–~12! are
multiplied by (11N) for phonon emission and absorptio
whereN51/(emgB/kBT21), which gives additional contribu
tions linear in T at small T. Results for cylindrical dots ha
similar dependences on size and magnetic field and are
given explicitly here.

For a spherical QD the mixing of spin states into the fi
and second excited electronic functions in Eq.~8! is zero
from the symmetry. Then the leading contribution com
from the third excited electronic state, and the relaxation r
is approximately 50 times smaller than those for less sy
metrical shapes given here.

Results for the spin relaxation rates atB51 T are given
in Fig. 1 for cylindrical and flat parallelepiped dots of GaA
in Al0.3Ga0.7As ~Ref. 15!. The size dependences are obtain
from DE;a22 for all geometries. Then the rates from th
piezophonons areGpiezo;a4. The rates from the ripple
mechanism,Gg,m;a22, and Ggc

;a28, increase dramati-

cally for decreasing size, andGV is independent of size ex
plicitly. The rates for parallelepiped dots of lateral sizea and
heighta/2 are the similar to those for cylinders in Fig. 1~a!.
The ripple coupling at the surface becomes more impor
as size decreases. The total scattering rate has a minimum
dot diameters in the range of 10–30 nm depending on ge
etry. TheB dependences are strong, with thatGpiezo;B5 and
8-2
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GV,g,m;B5 and Ggc
;B. Processes similar to those in Eq

~7! and~8! control the rates for larger sizes and were stud
earlier8 for large, flat QD’s.

Spin relaxation for increasing T: For temperatures large
than a few degrees Kelvin,10 two-phonon processes begin
make the dominant contributions to spin relaxation in QD
They sum over higher effective densities of phonons than
the one-phonon processes. A phonon is scattered fromQ to
Q8 accompanied by a spin flip. Transition rates are cal
lated from the Fermi Golden Rule.

We have examined all two-phonon contributions, and
find that the dominant contribution comes from a sp
phonon interaction in which phonons modulate the car
spin-orbit interaction. This interaction can be thought of
spin-orbit coupling arising from the potential caused by ph
non scattering and is present in systems both with and w
out inversion symmetry. The form of the interaction is o
tained from perturbation theory by including the mixing
the upper valence and the lowest conduction bands,3

H5as•~p3¹UQ! ~13!

where a5\2h(121/2h)/3mEg(121/3h), and
h5D/(D1Eg) with Eg the gap energy andD the spin-orbit
split-off band gap.UQ is a potential that scatters the electro
For the QD’s studied hereUQ comes either~i! from the
piezoelectric interaction in Eq.~2! or ~ii ! from the ripple
coupling in Eq.~3!. In the case of ripple coupling, the dif
ference in mass gives the largest contribution to Eq.~13!,
H52 ia\2¹•uQ/2m1

2s•@p3Q#¹•¹. Formally, the interac-
tion in Eq. ~13! is similar to the ‘‘Elliott-Yafet mechanism’’

FIG. 1. Scattering rates due to one-phonon processes aB
51 T andT50 K as functions of size for~a! cylinder with diam-
eterd, ~b! parallelepiped with heightc55 nm. The termGV gives a
contribution independent of size, and it is included inG tot.
16131
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in bulk semiconductors3 or ‘‘skew scattering’’ in bulk
metals.16 In QD’s, however, the electrons are in confine
states, and the scattering involves inelastic phonon sca
ing.

Equation~13! gives nonzero contributions only to trans
tions between different electronic states. The form for
amplitude of these processes is shown in Fig. 2 whereV1
gives a spin flip process andV2 a process without a spin flip
We find that the two largest contributions come from~i! a
process in whichV1 is from Eq.~13! using the piezophonon
coupling for¹UQ andV2 is from the piezophonon coupling
in Eq. ~2! ~piezo! and~ii ! a process in whichV1 is from Eq.
~13! using ripple coupling for¹UQ and V2 is from ripple
coupling from Eq.~3! (m). For the parallelepiped the sca
tering rates are

Gpiezo
22ph5

2p

r2s3 F a

DE
a2h14

2 G2S kBT

\s D 11

I , ~14!

Gm
22ph5

2p

r2s3 H a

DE

1

a2 F\2Dm

2m1
2 S 2

a2
1

1

c2D G 2J 2S kBT

\s D 7

Ĩ ,

~15!

whereI 51.7 andĨ 50.543107. Similar results are obtained
for the other dot shapes.

These two contributions to the rates are shown in Fig
for T54 K. They increase rapidly with temperature, goin
asGpiezo;T11 andGm;T7. Processes from ripple couplin

FIG. 2. Representation of the amplitude for two-phonon sp
flip processes.

FIG. 3. Two-phonon scattering rates for a parallelepiped w
lateral sized and heightc5d/4 at T54 K andB51 T.
8-3
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dominate at small size, and those from piezophonons do
nate at large size. The total size dependence at anyT is given
by the sum of the one-phonon processes and the two-pho
processes. From Figs. 1 and 3, we see that for the para
epiped for temperatures increasing from zero up to a
degrees, the minimum moves from;20 nm diameter to
smaller sizes. The two-phonon contributions do not dep
on B and thus will be present even forB50.

A two-phonon process was suggested earlier by Khae
and Nazarov8 in which the spin flip transitionV1 in Fig. 2
was given by the piezoelectric coupling in Eq.~2! mediated
by the band mixing from the Dresselhaus term, and the tr
sition V2 was given by the piezoelectric coupling in Eq.~3!.
This contribution is given byGKN in Fig. 3, and for most
temperatures it is orders of magnitude smaller than th
discussed here.

Here we have given a complete treatment of spin rel
ation due to spin-flip scattering in quantum dots. We ha
introduced a novel process due to interface motion that
termines the rates for small dots and we have given a
coupling mechanism that determines the rates for increa
temperatures. Our intent has been to establish the pho
assisted mechanisms for low-temperature spin relaxatio
quantum dots and their dependences size, magnetic field
temperature.

These rates are relatively low at smallT, which is encour-
aging in the search for qu-bits using quantum dots. The ra
le

y o
ec
n
th
lo
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e
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however, increase strongly withB andT. They also depend
on material. For example, the one-phonon ratesGpiezo,V
;m3, Gg,m;m, Ggc

;m21 wherem is the carrier mass. The

two-phonon rateGpiezo
22ph does not depend on mass explicitl

and Gm
22ph goes asm24. Thus for many II-VI QD’s, with

their heavier conduction masses, the mass dependent
will be orders of magnitude larger than those to GaAs. F
the same reason, the rates for holes also would be higher
find that the relaxation rates depend only weakly on
shape.

The rates are strong functions of size, and they exh
minima for diameters;20 nm for the GaAs/AlxGa12xAs
systems atB51 T and lowT. Similar results are obtained
for quantum dots from related III-V materials. We sugge
that III-V self-organized QD’s17 grown by MBE, which typi-
cally have diameters of;15–25 nm, are near the size fo
minimum relaxation. On the other hand, QD’s formed fro
monolayer fluctuations in MBE growth of quantum wells18

have varying lateral sizes on the order of 40 nm and sha
similar to that in Fig. 1~c!. We suggest that their spin relax
ation times should be shorter than those for self-organi
dots.

This work was supported in part by the US Office
Naval Research and by the DARPA QuIST program. One
us ~LMW ! acknowledges an NRC/NRL Research Associa
ship.
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