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Effect of magnetic field quantization on the shallow acceptor spectrum in strained
GeÕGeSi heterostructures
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We presents a calculation of acceptor energy states in Ge/GeSi heterostructures in the presence of a magnetic
field performed within an effective mass approach. Both spatial quantization and the effect of the strain due to
the mismatch between the Ge and GeSi layers have been accounted for. Together with energy states and
wavefunctions we have calculated the matrix elements associated with the electromagnetic interaction in the
dipole approximation. The results so obtained have provided the basis for a microscopic interpretation of
photoresponse spectra as a function of the magnetic field up to 50 kOe, which were measured at 4.2 K. The
theory is found to agree satisfactorily with experiments and has enabled us to obtain a close correlation
between the photoresponse spectra and the spatial profile of the acceptor concentration inside the heterostruc-
ture.
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I. INTRODUCTION

Strained heterostructures~HS’s! based on Ge and Si are o
considerable interest because of the wide range of phys
properties which can be modeled through band structure
gineering and then applied to advanced electronic devi
Here we focus our attention to the energy states of sha
impurity centers which control the photoconduction prop
ties of the structure and can be conveniently used to dev
photodetectors in the far and mid infrared range. From
hand, when compared with the ideal hydrogen like mode
the bulk, it is known that size quantization in a multip
quantum-well~QW! heterostructure leads to a binding e
ergy which ~i! increases@for about a factor of 4~Ref. 1!#
when the impurity center is located at the center of the Q
and~ii ! decreases systematically when the impurity cente
moved from the center of the QW to the center of the barr
On the other hand, the valence band of Ge and Si is kno
to be degenerate at theG8

1 point and to consist of light and
heavy holes subbands. Biaxial stress of Ge layers~quantum
well layers!, due to the difference between the Ge and
GeSi alloy lattice constants, causes the splitting of the
lence band and, as a consequence, a considerable decre
the value of the effective mass at the top of the valence ba
As a result, the acceptor binding energy is expected to
crease significantly. Accordingly, the opportunity is provid
to engineer the energy spectra of shallow acceptors by v
ing compositional and structure parameters such as
widths of the Ge and alloy layers, the Si concentration in
alloy, etc. We further note that an external magnetic fi
aligned with the HS axis induces the quantization of car
motion in the QW plane, splits the acceptor states, and
poses simple selection rules for the dipole optical transiti
in the high field limit similar to the case of donors in bu
semiconductors.2
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The theoretical description of shallow impurities in sem
conductor structures is a major area of interest since m
years.3–8 Despite of that, an exact analytical solution of th
Schrödinger equation for the donor~acceptor! state in the
presence of a magnetic field, to our knowledge, is not av
able in the literature, and more or less approximate meth
were generally used. To this purpose, many different
proaches have been employed in both bulk and QW syste
Among them, the most common approaches make us
perturbation, variational, or adiabatic methods. A comp
hensive review for bulk systems was made in Refs. 9,
10. More recent investigations for the case of multi-QW s
tems can be found in Ref. 11 for donors and Ref. 12
acceptors. However, the majority of the theoretical meth
used so far meet with difficulties in providing reliable resu
on energies and wave functions of highly excited impur
states, such as metastable or so-called autoionization sta13

Therefore, there is still an open interest in providing a rig
ous theoretical framework able to include highly excit
states.

The aim of the present work is to address this issue
developing a model for shallow acceptor impurities
multi-QW HS, and apply it to Ge/Ge12xSix(111) HS where
existing photoconductive experiments14 can be microscopi-
cally interpreted. The method is based on the diagonaliza
of the total Hamiltonian of an acceptor impurity using as
basis set the eigenfunctions in the absence of the impu
potential. A similar technique has been used earlier to fi
the acceptor states in a Ge/GeSi~111! HS quantum well, but
without including the presence of a magnetic field.15 The
calculations carried out in this work allow us to provide
rigorous description of energy states, wavefunctions, ma
element for optical transition, etc., as functions of magne
field, location of the impurity center inside the HS eleme
tary cell, intrinsic strain, and quantum confinement. The
sults will shed new light in the interpretation of the ma
©2002 The American Physical Society36-1
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features observed in the photoconductivity spectra of
doped, with residual acceptors, Ge/GeSi multiple Q
heterostructures.14 The validation of the theoretical approac
may prove useful in terms of developing further modeling
impurity photodetectors for the far and mid-IR ranges.

The content of the paper is summarized as follows. S
tion II presents the theoretical approach. Results are repo
in Sec. III for the energy levels and the photoconductan
Major conclusions are drawn in Sec. IV.

II. THEORETICAL APPROACH

The physical system of interest is a multi-QW HS cons
ing of a large number~162 in the considered HS! of Ge/GeSi
periods in the presence of a magnetic field applied in
direction of the structure growth. The elementary cell co
sists of a quantum well~Ge! followed by a quantum barrie
~QB! ~GeSi!. The width of the barrier is sufficiently large t
justify the decoupling of one elementary structure from
others. The whole width of the HS exceeds the critical va
providing stress relaxation between the Ge substrate and
HS and, as a consequence, the elastic biaxial deformatio
both the GeSi and Ge layers. The acceptor impurities
distributed randomly in the structure according to the u
doped ~with residual acceptor! configuration.14 We remark
that the x-ray investigations of these structures have sho
that there is a single lattice constant of the superlattice
ferent from that of the substrate.16 Our main objective is to
calculate the energy levels and the wave functions of an
ceptor impurity located in a given position inside the elem
tary cell in the presence of a magnetic field and of an inter
strain. Then, we aim at interpreting experimental results
photoconductivity spectra in the presence of a magnetic fi
To this purpose we consider the electron motion in the C
lomb potential of the acceptor center in a strained QW HS
a magnetic field applied in the direction of structure grow
(OZ axis i@111#). Furthermore, charge effect at the hete
interface is negligible because the difference of dielec
constants at the heterointerface is small~less than 3%! due to
the small Si content in the barrier~12%!. The 434 Hamil-
tonian describing the motion of the electroniĤi5iĤLi
1iĤdi1iĤQWi1Ûq is taken as the sum of the followin
four terms: ~i! the Luttinger Hamiltonian in a magneti
field,17 ~ii ! the potential describing deformation effects,18 ~iii !
the potential of a rectangular quantum well,~iv! the Cou-
lomb potential. Without the latter term this Hamiltonian,
written for the envelope wave functions, has the form

iĤ0i5
\eH

m0c 5
F1 H I 0

H1 G1 0 I

I 1 0 G2 2H

0 I 1 2H1 F2

6 ~1!

with the Hamiltonian elements given by
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F65@g1~z!1g3~z!#S â1â21
1

2D1
1

2
ẑ@g1~z!22g3~z!#ẑ

6
3

2
k1

m0c

\eH S d~z!

A3
~«xx2«zz!1V~z!D ,

G65@g1~z!2g3~z!#S â1â21
1

2D1
1

2
ẑ@g1~z!12g3~z!#ẑ

6
1

2
k2

m0c

\eH S d~z!

A3
~«xx2«zz!1V~z!D ,

I 5A1

3F @g2~z!12g3~z!#â2 222@g2~z!2g3~z!#
1

2
$ẑâ1%G ,

H52A2

3F @2g2~z!1g3~z!#
1

2
$ẑâ2%2@g2~z!

2g3~z!#â1 2G .
Here ẑ5 k̂zl, with k̂z the z component of the momentum
operator,l5Ac\/(eH) is the magnetic length,e the modu-
lus of the electron charge,H the magnetic field,c the light
velocity, m0 the free electron mass, andV(z) the quantum
well potential. Due to the layered structure the material s
cific parameters such as the Luttinger band parametersg1 ,
g2 , g3 , k,19 deformation potential coupling constantd(z),
as well as the components of the deformation tensor«zz(z),
«xx(z) (OXi@11̄0#) depend onz:

â65
l

A2
F2 i

]

]x
1

e

\c
AxG6 i

l

A2
F2 i

]

]y
1

e

\c
AyG . ~2!

Here â1 is the creation andâ2 the annihilation operators
whose form is determined by the gauge of the vector pot
tial AW . The expression$âb̂%51/2(âb̂1b̂â) designates the
anticommutator of operators in the brackets, and is here
troduced to keep the Hamiltonian Hermitian at t
boundary.1 The fact that the Hamiltonian is Hermitian allow
us to obtain the boundary conditions by integrating t
Hamiltonian in the proximity of a heterointerface.

By detailing the model, we note that band and other
rameters in the alloy are calculated using a linear interpo
tion from Ge to Si parameter values. Since the Si conten
the structure under consideration does not exceed 12%,
an interpolation would not bring any significant differen
with respect to more rigorous approaches.20 Accordingly,
taking x as the Si content in the alloy, it isg15213.38(1
2x)24.22x, g2524.24(12x)20.39x, g3525.69(12x)
21.44x, andk523.24, where bulk values are taken fro
Ref. 21. The deformation terms in the Ge layer of the Q
and in the GeSi layer of the QB are accounted as follow

«xx5a/a021, «zz5
22~c1112c1222c44!

c1112c1214c44
«xx , ~3!
6-2
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wherea055.65 Å is the lattice constant of the unstrained G
in the case of QW layer anda0 (Å) 55.6520.24x(12x)
20.22x2 is the lattice constant of the unstrained QB ma
rial. The argumenta is the in-plain lattice constant of the fu
structure determined from x-ray diffraction mesurments. T
modulus of elasticity are calculated asc11512.8529(12x)
116.74x, c1254.826(12x)16.523x, c4456.68(12x)
17.957x. The expression for the deformation potential co
pling constant is taken asd (meV)525320x25500(1
2x). Band offset is accounted for by following Ref. 2
Accordingly, we have calculated the energy of the valen
band in the QW and in the alloy asEv(x) (meV)
5@220a (Å) 1236.2#(12x)/0.221D/3, there D (meV)
53002260x is the energy of the spin-orbit splitting. The
the valence band offset is calculated fromEv(x)2Ev(0).

The eigenfunctions of the Hamiltonian in Eq.~1! are com-
puted in the vector potential gauge specified byAW 51/2@HW

3rW# and using the axial approximation in which the non
agonal terms proportional to (g22g3) ~which is related to
the anisotropy in the plane of the QW layer! are neglected.17

This approximation is fully justified within a first order pe
turbation theory. In this case, the projection of the elect
angular momentum on theOZ axis, Jz , is an integral of
motion and the wave functions of the basis states have
form

CW i ,n
M ~r,u,z!55

f 4
i ,n~z!un23,M23~r,u!

f 3
i ,n~z!un22,M22~r,u!

f 2
i ,n~z!un21,M21~r,u!

f 1
i ,n~z!un,M~r,u!

6 . ~4!

Each of the basic states is characterized by a quantum n
ber n (n5r 1@ uM u1M #/2, r 50,1, . . . ,̀ , with M5Jz /\
13/2) labeling the Landau level, by a wave function par
with respect to the planeXOY, and by the indexi which
labels the levels of size quantization;u is the angle in the
XOY plane; f j

i (z) are functions to be defined onz; un,M is
the normalized Landau wave function23

un,M~r,u!5
1

l
A r !

~r 1uM u!!
exp~ iM u!

A2p
xuM u/2

3exp~2x/2!Lr
uM u~x!,x5

r2

2l2
, ~5!

wherer is the radius in cylindrical coordinates andLr
uM u(x)

are the Laguerre polynomials.24 In the vector-potential gaug
used here, the creation and annihilation operators are re
sented as

â652
i

A2
exp~6 iu!Fl ]

]r
6 i S l

r

]

]u
1 i

r

l D G ,
â1uun,M&5 iAn113sgn~M !uun11,M11&,

â2uun,M&52 iAn3sgn~M21!uun21,M21&. ~6!
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Here sgn(M ) is equal to 1 ifM>0 or to -1 if M,0. The
Landau states are infinitely degenerate with respect toM,
such that M52`, . . . ,21,0, . . . ,n. The equations ob-
tained by substituting Eq.~4! into Eq. ~1! are solved using
the transfer-matrix technique,25 and assuming an exponenti
decay off j

i $ j 51, . . . ,4% in the barriers.
Since n cannot be negative, appropriate components

the function CW i ,n
M should be set equal to 0. Thus, only

component containingf 1
i (z) for n50 is different from zero,

and it is necessary to solve only one differential equation
find the wave function. Forn51 andn52 the problem of
finding the basis functions is reduced to solve two and th
differential equations, respectively. Forn.2 the same prob-
lem is reduced to solve four differential equations.

Here we are interested in the impurity states whose w
functions are localized in the QW regardless of the posit
of the impurity inside the HS. For such states we may
glect the wave functions of the continuous spectrum ab
the barrier, which constitute a part of the complete set
basis functions, and write the acceptor wave function as

wW M~r,u,z!5(
i 51

i max

(
n5[ uM u1M ]/2

nmax

ci ,n
M CW i ,n

M ~r,u,z!. ~7!

The expansion coefficientsci ,n
M are rapidly decreasing at in

creasingi and n. Therefore, we may truncate the series
somenmax and i max. These maximum numbers are chos
from the condition that the energy of the last state which
taken into account in the expansion should be much hig
than that of the acceptor ionization~i.e.,nmax@@l/aB#2, with
aB the Bohr radius of the impurity, andi max@@dGe/aB#2,
wheredGe is the QW width!. In the matrix representation th
solution of the Schroedinger equation is reduced to the
agonalization of a Hermitian matrixiDi with elements

Di1,i2,n1,n2
M

5dn1,n2
i1,i2 Ei1,n1

M 2e2/e r

3(
l 51

4 E
0

2pE
2`

` E
0

`un12 l ,M2 l f l
i1,n1un22 l ,M2 l~ f l

i2,n2!*

Ar21~z2zi !
2

3 rdrdzdu, ~8!

wheree r is the relative refraction coefficient of Ge,Ei1,n1
M are

the energies of the basis states,zi is the coordinate defining
the location of an impurity atom as measured from the cen
of the QW. The numbernmax grows at reducing the magneti
field, and the dimension of the matrixiDi is increased si-
multaneously. The increased complexity of calculatio
makes the present method not appealing to be used in a w
magnetic field (H,10 kOe in our case!.

The interaction of the electromagnetic radiation with
electron can be described by introducing an electric fieldE

from a scalar potential asw52EW •rW. Let us consider a cir-
cular polarized wave in which the electric field vector rota
in the same direction as that of the electron in a magn
field. In this case the scalar potential takes the form
6-3
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w52E~x1 iy !exp~2 ivt !2E~x2 iy !exp~ ivt ! ~9!

with v the circular frequency. The first sum on the righ
hand side of Eq.~9! describes the process of photon abso
tion, and the second one that of photon emission. Acco
ingly, the process of absorption is determined by a ma
element of the operatorx̂15 x̂1 i ŷ and the process of emis
sion by that of the operatorx̂25 x̂2 i ŷ ~the meanings of
these operators are interchanged in the case of the opp
polarization!. The matrix elements of optical transitions b
tween different acceptor statesuwW s

Ms(r,u,z)& and

uwW t
Mt(r,u,z)& are calculated using Eqs.~4!–~7!. Accordingly,

we have obtained

^wW s
Msux̂6uwW t

Mt&5 (
i t51

i max

(
i s51

i max

(
nt5[ uMtu
1Mt]/2

nmax

(
ns5[ uMsu
1Ms]/2

nmax

ci s ,ns

Ms ~ci t ,nt

Mt !*

3E
0

2pE
2`

` E
0

`

CW i s ,ns

Ms x̂6~CW i t ,nt

Mt !* rdrdzdu, ~10!

where

E
0

2pE
2`

` E
0

`

CW i s ,ns

Ms x̂6~CW i t ,nt

Mt !* rdrdzdu

5(
l 51

4 E
2`

`

f l
i s ,ns~z!@ f l

i t ,nt~z!#* dz

3E
0

2pE
0

`

uns2 l ,Ms2 l~r,u!x̂6unt2 l ,Mt2 l~r,u!rdrdu

5(
l 51

4 E
2`

`

f l
i s ,ns~z!

3@ f l
i t ,nt~z!#* dẑ uns2 l ,Ms2 l~r,u!ux̂6uunt2 l ,Mt2 l~r,u!&.

~11!

Now, we look for the relation between the matrix elements
the operatorsx̂1 ( x̂2) and â1 (â2) in the set of functions
$un,Mun50,1, . . . ,̀ ;M52`, . . . ,n21,n%. These matrix
elements are obtained directly by using Eqs.~5! and~6!. For
the nondiagonal matrix elements it is

^un11,M11ux̂1uun,M&52 ilA2^un11,M11uâ1uun,M&,

^un,Mux̂2uun11,M11&5 ilA2^un,Muâ2uun11,M11&. ~12!

For the matrix elements diagonal with respect ton it is2

^un,M11ux̂1uun,M&5^un,Mux̂2uun,M11&

52sgn~M !A2lAn2M . ~13!

All other matrix elements are equal to zero. Equations~12!
and ~13! reflect the fact that, owing to conservation of th
angular momentum projection, optical dipole transitions
the Faraday configuration are allowed only whenM (Jz)
15533
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changes by unity (DM561). Thus, the resulting expres
sions for the matrix elements of optical dipole transitions
given by

^wW s
M11ux1uwW t

M&

5 (
i t51

i max

(
i s51

i max

(
nt5[ uM u
1M ]/2

nmax

(
ns5[ uM11u
1M11]/2

nmax

ci s ,ns

M11~ci t ,nt

M !*

3sgn~M !lA2

3(
l 51

4 Fdns ,nt11Ant2 l E
2`

`

f l
i s ,ns~ f l

i t ,nt!* dz

2dns ,nt
Ant2M E

2`

`

f l
i s ,ns~ f l

i t ,nt!* dzG ~14a!

and

^wW s
M21ux̂1uwW t

M&

5 (
i t51

i max

(
i s51

i max

(
nt5[ uM u
1M ]/2

nmax

(
ns5[ uM21u
1M21]/2

nmax

ci s ,ns

M21~ci t ,nt

M !*

3sgn~M21!lA2

3(
l 51

4 Fdns ,nt21Ans2 l E
2`

`

f l
i s ,ns~ f l

i t ,nt!* dz

2dns ,nt
Ant2~M21! E

2`

`

f l
i s ,ns~ f l

i t ,nt!* dzG . ~14b!

In the above Eqs.~14a! and ~14b! the expressions under th
square roots must be positive, in the opposite case they
replaced by zero.

We note that the use of the matrix element of the veloc

operatorVŴ ~gauge for the light wavew50, AW 5 icE/v)26

provides the same results as for the case when use is ma

the matrix element of the position operatorrŴ @see Eq.~16! of
Sec. III B# for the calculation of the hole transition probab
ity due to light absorption. Indeed, by recalling the we
known relation

VW st5
drŴst

dt
5S ]Ĥ

]kW
D

st

5
i

\
@Ĥ rŴ#st5

i

\
~Es2Et!rWst

and taking into account energy conservation (\v5Et
2Es), one obtains the same result for both representatio
However, when calculating the photoresponse, the use o
position representation is more adequate, because it g
physically sound results in the low-frequency limitv→0.
Indeed, the use of the velocity operator for the photorespo
~photoabsorption! calculation has the drawback of leading
an infinite value forv→0.27 This fact is due to the incorrec
use of perturbation theory in the gaugew50, AW 5 icE/v for
v tending to zero. We stress that the use we made here o
position representation has the advantage of overcoming
6-4
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drawback by providing a photoresponse value which tend
zero in the limit of vanishing frequency whenv→0.

III. RESULTS AND DISCUSSION

In the following we present the results concerning t
acceptor states in the elementary cell of the HS and t
these results are applied to model the spectra of the pho
sponse of the whole HS. Calculations are specialized fo
structure where the photoresponse was measured in the
ence of a magnetic field.14

A. Acceptor states

Calculations are performed for the Ge/Ge0.88Si0.12(111)
multilayer HS No. 306 (dGe.dGeSi.200 Å, number of pe-
riods 162! containing quantum wells in the strained layers
Ge («xx52.131023). Residual acceptors with a concentr
tion of the order of 1014 cm23 were found in this undoped
HS.14 In the present calculationsnmax is taken equal to 30
and i max, representing the double number of size quanti
tion levels in the QW, is taken at most equal to 16.

Figure 1 shows the fan charts of the calculated ba
states, which are essentially Landau states, at different e
gies as a function of the magnetic field. At zero magne
field, all states collapse on the 8 subband of size quant
tion. The fourth subband of size quantization in Fig. 1~at
30.5 meV! corresponds to the light hole subband. In each
chart related to the size qantization subband there are

FIG. 1. Fan chart of the calculated basis state energies
function of the magnetic field. Here and in all other figures t
energy is referred to holes and thus the energy axis is dire
upward. Solid and dashed lines correspond to the states with
wave functions, respectively, of even and odd parity with respec
the XOY plane.
15533
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different groups of states with corresponding wave functio
of even ~solid lines! and odd~dashed lines! parity with re-
spect to theXOY plane. Let us classify these states asN
6 i . Here1 or 2 designates the wave function parity wit
respect to theXOY plane,i labels the size quantization sub
band,N and numbers the state in each group of states w
the same parity in each subband with respect to the en
increase (N50,1, . . . ,̀ ). The first state at the lowest energ
in Fig. 1 is the state of even parity and has a domin
envelop function componentf 4. This component corre-
sponds to the Bloch functionc23/2

3/2 5(uX↓&2 i uY↓&)/A2,18

i.e., to heavy hole (hh↓) subband with effective spin antipar
allel with the magnetic field direction. We mark this state
011. The second state at higher energy 021 ~dashed line! is
connected with the Bloch function c13/2

3/2 5(uX↑&
1 i uY↑&)/A2 and has thef 1 as a dominant component of th
envelope function. This state represents the zero Lan
level in the heavy hole subband with the spin oriented p
allel with magnetic field (hh↑). The acceptor ground state i
the above structure is twofold degenerate. The magnetic fi
splits the ground state into two states with different values
Jz .

Figure 2 reports the splitted ground states of an acce
located in the center of the QW. The continuous curve c
responds toJz52(3/2)\, and the dashed curve is related
Jz5(3/2)\. Such an acceptor location preserves the symm
try of the system and the acceptor wave function parity i
‘‘good’’ quantum number. Therefore, the lowest accep
state in Fig. 2 is related only to theN1 i basis states and th
acceptor state withJz5(3/2)\ is connected only withN2 i

basis states. The lowest Landau levels in the first subban
size quantization of the free holes are reported by the do
curves in Fig. 2. The rare dots represent theN20 and N
21 Landau levels. We note, that the two acceptor grou
states, which binding energies systematically increase w
magnetic field, exhibit an energy splitting similar to that
the two N50 Landau levels. We consider further optic
transitions only from the lowest acceptor state withJz

a

ed
he
to

FIG. 2. Two lowest 1s-like states referred asJz52(3/2)\
~solid lines! and Jz51(3/2)\ ~dashed lines! for the acceptor lo-
cated in the center of the QW versus the magnetic field. The f
higher energy states refer to the fan chart of the lowest Lan
levels of free holes in the QW. For the notations used see the
6-5
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52(3/2)\ (M50) since the higher state@with Jz

5(3/2)\] is not populated atT54.2 K, the temperature
used in Ref. 14.

In the limit of high magnetic fields, when the magne
length is comparable with the localization radius of the i
purity state, the wave function of the acceptor state is mo
determined by the magnetic field11,13,28and is similar to the
wave function belonging to one of theM degenerate state
corresponding to theNth Landau level from which this ac
ceptor state is formed.

Figure 3 reports the energies of the excited states fo
acceptor located at the center of the QW calculated withM
561, respectively, Figs. 3~a! and 3~b!, to which optical
transitions from the ground state are allowed. Since we c
sider intermediate magnetic fields, it is difficult to class
unambiguously these states in terms of low- or high-fi
limits. Indeed, the physical picture is neither high-fie
Landau-like nor low-field hydrogenlike. Since the ener
separation between basis states is less than or compara
the ionization energy, acceptor states are formed by m
basis states. Let us name the ground state a 1s state and the
lowest excited states in Figs. 3~a! and 3~b! as 2p21 and
2p11 states, respectively. This notation could be justified
the fact that the dominant component of the four compon
envelope function of these states has the same symmet
the wave functions of the above states in the case
donors.29–33 The insets in Fig. 3 report the dimensionle
matrix elements for optical transitions (^ux̂6u&/A2l) related
to transitions from the ground to the excited states labe
with different numbers. As expected, we found that the o
cal transitions 1s→2p61 are dominant, and their matrix e
ements become the most relevant ones in high magn
field, where the numberN of a Landau level becomes a goo
quantum number. Furthermore, at high fields and in the gi
Faraday configuration the dominant transitions are those
DN561 andDN50 between the states with the same p
ity.

Figure 4~a! reports the acceptor energy states 1s, 2p61
and the forth upper state as a function of the magnetic fi
for the impurity ion located in the QW center~solid line! and
in the QB center~dashed lines!. As expected, the energy o
the 2p11 state increases linearly with magnetic field until
anticrosses with the forth upper state. When moving from
center of the QW to the center of the QB, the ground st
becomes significantly more shallow, and the energy of
excited states increases systematically to a lower extent.
ure 4~b! reports the dimensionless matrix elements of
transitions 1s→2p21 , 1s→2p11 and from the 1s to the
forth upper state for an acceptor located at the center of Q
Here the first two matrix elements proved to behave in a v
similar way systematically increasing up to a magnetic fi
value of about 40 kOe. Then, the second matrix elem
starts decreasing significantly by crossing the third ma
element because of the anticrossing behavior of the co
sponding energy states related to different subbands. In
case, in the limit of high magnetic fields we find that t
1s→2p21 and 1s→2p11 transitions matrix elements have
tendency to approach unity. All other transitions from t
15533
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ground state to the states bound to the Landau levels in
first subband of the size quantization are characterized
matrix elements tending to zero. Due to a reduced local
tion of the wave function in the Coulomb potential of a
impurity located at the barrier, the properties of an impur
located in center of the QB are found to reach the asympt
values of the high magnetic field earlier than those of
impurity located in the center of the QW. For the caseH
540 kOe, the dimensionless matrix elemen
(^1sux̂6u2p61&/A2l) corresponding to the basic transition

FIG. 3. Series of calculated excited states with, respectively,~a!
M521 and ~b! M511 bound to an acceptor ion located in th
center of the QW versus the magnetic field. The insets show

amplitudes of the dimensionless matrix elements^ i ux̂6u f &/A2l as-
sociated with optical transitions from the ground state (1s) to the
labeled state at the given magnetic field intensity.
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EFFECT OF MAGNETIC FIELD QUANTIZATION ON . . . PHYSICAL REVIEW B66, 155336 ~2002!
1s→2p11 and 1s→2p21 for an acceptor centered at th
barrier also tend to unity and reach practically the value
0.8 ~to be compared with the value of 0.5 for the center
the quantum well!. In this system there is also the possibili
for transitions to higher excited states belonging to the s
ond and third subbands.

However, in the present case the corresponding ma
elements are found to be negligibly small. Our interest to
location of acceptors at the high symmetric points, such
the center of the QW and that of the QB, is now extended
all the intermediate points, as shown in Fig. 5. Here
energy levels of the 1s ground state and the first two excite
p states are reported as a function of the acceptor pos
inside the elementary cell of the HS forH550 kOe. Fur-
thermore, for reason of completeness Fig. 5 also shows
positions of the lowest Landau levels of free holes in
QW. As expected, the ground state energy is found to
come two times closer to the bottom of the valence ba
~i.e., to the lowest Landau level! when the acceptor move
from the center of the QW to that of the QB while the e
cited states positions do not change so significantly. Fr
Fig. 5 we notice, that the ionization energy@here denoted as
the difference between the ground impurity state and the
tom of the lowest free~2D! hole subband in the QW in th
absence of an impurity# tends to zero when the impurity io

FIG. 4. ~a! Acceptor energies states versus the magnetic fiel
the Ge/GeSi HS No. 306 of Ref. 14. Calculations refer to an acc
tor located in the center of the QW~solid lines! and in the center of
the QB ~dashed lines!. ~b! Amplitudes of the matrix elements fo
optical transitions from the ground state to the 2p21 ~dashed line!
and to the 2p11 and the higher state~solid lines!, respectively,
versus the magnetic field for an acceptor located in the center o
QW.
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is placed in the barrier far from the heterointerface. In oth
words, if the QW is deeper than the impurity binding ener
in the bulk material then the ground state of both the imp
rity located at the well and the impurity located at the barr
is always formed by the hole wave functions in the Q
rather than those in the bulk even if the impurity is locat
far in the barrier~in the last case the impurity ion located
the barrier binds the hole in the QW!. This fact is well
known and has been discussed in the literature.1 Further-
more, the effect of the quantum confinement on the acce
binding energy in unstrained QW is dual. From one hand
confinement implies an increase of the binding energy du
the additional localization of the acceptor wave function n
the impurity ion ~just as in the case of donors!. However,
from another hand the confinement leads to the splitting
the valence band thus decreasing the hole effective mass
the acceptor binding energy. According to present calcu
tions, in an unstrained Ge QW of 200 Å width, these tw
effects just compensate each other.

Figure 6 reports the dimensionless square matrix elem
of optical transitions from the ground state to all the excit
states as a function of the transition energy forH540 kOe
~a! and forH515 kOe~b!, respectively. With the purpose o
modeling a uniform impurity distribution, the square matr
elements are calculated in 20 equidistant layers starting f
the center of the QB and ending at the center of the QW, t
sampling the whole elementary cell of Fig. 5. We note tha
first group of lines in Fig. 6~a! covers the range of energie
from about 1 to 6 meV. They refer to transitions from thes
ground state to the 2p21 excited state and their magnitud
decreases systematically in going from the center of the
~labeled as line 0 in the figure! to the center of the QW
~labeled as line 1!. This dependence reflects the fact that t
wave functions of acceptor states becomes more localize
theXOY plane when the impurity is located in the center
the QW. This fact reduces the functions overlap in the in
gral determining the transition matrix element when goi
from the center of the QB to that of the QW. Furthermo
the lines are denser near to the extremes. A second grou

in
p-

he

FIG. 5. Acceptor state energies~continuous lines! and Landau
states of free holes~dotted lines! as a function of the acceptor po
sition inside the elementary cell of a HS for a magnetic fieldH
550 kOe. The zero of the energy is taken to coincide with
bottom of the valence band for heavy holes in pure Ge.
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lines in Fig. 6~a! covers the range of energies from about 8
13 meV. They refer to transitions 1s→2p11. The left-hand
side of this band~labeled as line 2! corresponds to the tran
sition energy between states of acceptor located in the ce
of the QB and the right hand side~labeled as line 3! corre-
sponds to the acceptor in the center of the QW. In this b
there is a secondary maximum at an energy of about 10 m
which is associated with the anticrossing exhibited by
2p11 and the next higher level. The lines concentrate
transition energies for acceptors situated near the cente
both the QW and the QB. Furthermore, there are some
of lines evidencing some small contributions associated w
transitions from the 1s ground state to higher excited stat
not reported in Fig. 5. If we suppose that the accepto
located only in the center of the QW, then we would obta
only the two peaks labeled as 1 and 3. By contrast, if
acceptor is located only in the center of the QB we wo
obtain only the two peaks labeled as 0 and 2. A distribu
location of the acceptors implies the existence of four pea

FIG. 6. Oscillator strength as a function of the transition ene
from the ground state to all excited states for a magnetic fieldH
540 kOe ~a! and H515 kOe ~b!. We consider all optical transi
tions which are allowed and with energies up to 20 meV for
layers~with step 1 nm! in the HS period of Fig. 5.
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We note that a uniform distribution and an equally conce
trated distribution at the two symmetric centers gives pra
cally the same main features for the photoresponse spe
because of the increase of the line density near the four p
corresponding to the symmetric centers in case of the
form distribution. In the case of a low magnetic field,
reported in Fig. 6~b!, we note the natural tendency of th
peaks labeled as 2 and 3 to overlap with the peaks labele
0 and 1.

B. Photoresponse

In the absence of a magnetic field, charge transfer in
plane of the quantum well occurs in subbands of size qu
tization. The presence of a magnetic field gives rise to L
dau levels in each subband. With the gauge used here
Landau levels are infinitely degenerate with respect toM
(Jz), and the set of wave functions for each level can be u
to form a propagating solution. The Coulomb potential of t
impurity center breaks this degeneracy. Since the chara
istic size of the localized state increases with increasinguM u,
the states that are mostly shifted in energy are those wi
small uM u @we find that the electron occupying the accep
ground state hasM50, i.e. Jz52(3/2)\]. The states with
high values ofuM u are practically not changed by the Co
lomb potential and remaining infinitely degenerate they c
trol charge transfer in the presence of a magnetic field.
mentioned above, according to the selection rules, the op
transitions between the impurity states in the Faraday c
figuration are allowed only withDM561 for both right and
left polarized radiation. Therefore, the transitions from t
acceptor ground state directly into the continuum~formed by
states with high values ofuM u originating from the Landau
levels in the presence of an impurity! are forbidden. After
photon absorption, an electron bound up with the accep
ground state turns into the exited state. However, the p
ence of an electric field~Pool-Frenkel effect, impact ioniza
tion of excited states, etc.34! or a multiple absorption of
acoustic phonons are likely to ionize an acceptor from
excited state, what ensures a charge transfer. In this cas
surface concentration of free holes generated per unit tim

I hg5ni(
t

PtWs→t~ f s2 f t!, ~15!

whereni is the in plane impurity surface concentration of t
considered layer andPt is the ionization probability of the
excited state

ut&, f s , and f t are the occupation factors of the groun
and excited states, respectively,Ws→t is the transition prob-
ability per unit time between the ground stateus& and the
excited stateut& decribed by the Hamiltonian in Eq.~1! with
eigenstatesEs andEt , and given by Fermy golden rule

Ws→t5
2p~eE!2

\
u^sux̂6ut&u23d~Es2Et1\v!. ~16!

The photoresponseJ(v), which represents the total curren
through the HS, is proportional toI hg and is expressed as

y

l

6-8
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J~v!}E
dGe1dGeSi

(
t

Pt~ f s2 f t!^sux̂6ut&u2

3
EL

~Es2Et1\v!21~EL/2!2
dzi . ~17!

Here the integral is taken over the elementary cell of
structure~see Fig. 5! and thed function in Eq.~13! is re-
placed by a Lorentzian broadening~with EL51 meV) with
the same phenomenological line width for all the transitio
To simplify the calculations, and in the absence of an ex
knowledge of the ionization mechanism, we assumed,
Pt.1 for all the excited states. Also we assume a unifo
distribution of impurity over the HS.

The quantity on the right-hand side~RHS! of Eq. ~14! is
calculated using the matrix elements reported in Fig. 6
the obtained spectrum is normalized to its maximum value
be compared with experiments.

Figure 7 reports four typical spectra of the measured p
toconductivity at different magnetic fields taken from Ref.
~solid lines! together with present theoretical calculatio
~dashed lines!. For the convenience of comparison with th
theory, the experimental curves are normalized to their m
mum value. The impurity photoconductivity spectra in t
far-IR range were measured atT54.2 K with an applied

FIG. 7. FIR photoconductivity spectra of the undop
Ge/Ge0.88Si0.12 ~111! sample No. 306 at different values of magne
fields as reported in Ref. 14 with a residual acceptor concentra
of the order of 1014 cm23 ~solid lines!. Measurements were pe
formed in the far-IR range atT54.2 K with a BOMEM DA3.36

Fourier-transform spectrometer in the Faraday configuration (kW iHW ,

EW v'HW ). A lateral dc electric field of 2–3 V/cm~below the impact
ionization threshold! was applied to the sample. Arrows 0, 1, 2, a
3 designate the peaks in the spectra associated with the peaks
oscillators strength lines in Fig. 6. Dashed curves are the photo
ductivity spectra calculated from Eq.~14! of the text. Both the
experimental and theoretical values of each spectrum are nor
ized to the maximum value.
15533
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electric field of 2–3 V/cm at constant magnetic fields usin
BOMEM DA3.36 Fourier-transform spectrometer. The ma
netic field was applied along the HS axis, and the meas
ments were made in the Faraday configuration (kW iHW ,
EW v'HW ). The experimental spectra were found to exhi
three peaks labeled, respectively, as 1, 2, and 3 in the fig
Peak 1 shows to be practically independent of the magn
field and to merge with peak 2 at lowering the magnetic fie

Peaks 2 and 3 exhibit linear blueshifts with the increase
the magnetic field. A forth peak, labeled as 0 in the figure
predicted theoretically but at energies corresponding to
quencues below the experimental low limit. The measu
photoconductivity spectrum and the magnetic field behav
of different peaks can be interpreted on the basis of the
ergy spectrum and wave functions of the acceptor center
reported in the following. The spectra in Fig. 7 are just o
tained from the data given in Fig. 6 with a fitting broadeni
factor of 1 meV which accounts for some phenomenologi
linewidth. The sharp transition peaks in Fig. 7 is mostly
consequence of the singularity of the density of states wh
takes place at the symmetric points, such as the centers o
QW and QB. In particular, from the results of Fig. 6, th
lines 1 and 3 are associated with the energy levels of
acceptor located in the center of the QW, while the lines
and 2 are associated with the acceptors located at the c
of the QB. The general features of the experiments are
produced by theory. In any case, the position of the pe
and their broadening is still subjected to minor quantitat
improvements.

For a more detailed comparison between theory and
periments, Fig. 8 reports the energy position of differe
peaks as a function of the magnetic field. These positions
determined from the experimental photoconductivity spec

n

the
n-

al-

FIG. 8. Spectral positions of the photoconductivity peaks
observed experimentally~full symbols! and calculated theoretically
~open symbols! as a function of the magnetic field. The meaning
the different symbols is as follows:s: 1s→2p11 transition be-
tween acceptor states located in the center of the QB identifie
line 3; D: 1s→2p11 transition between acceptor states located
the center of the QB identified as line 2;L: 1s→2p21 transitions
between acceptor states located in the center of the QW identifie
line 1; and¹: 1s→2p21 transitions between acceptor states
cated in the center of the QB identified as line 0~this line is outside
the spectral range of the experimental apparatus!.
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and from the calculated ones. By focusing on the region
magnetic fields above 10 kOe, where the theory is be
suited for the microscopic interpretation, the experiments
found to be reproduced within an uncertainty of at m
20%. We note that, at the highest magnetic fields, the ca
lated line 3 obtains contributions from different excited sta
because of the anticrossing exhibited by the third and up
excited levels. Accordingly, at 45 and 50 kOe, we have
ported the two contributions in Fig. 8. The comparison b
tween the theory and experiments is considered to be s
factory. Theoretical findings support the qualitati
interpretation given above and confirm that lines 1 and
correspond to transitions 1s→2p21 , 1s→2p11 between
states of acceptors located in the center of the QW. Furt
more, the peak associated with the line 2 is found to co
spond to transitions such as 1s→2p11 between the states o
acceptor located in the center of the QB. The prediction o
line at a low energy of about 1 meV is waiting for an expe
mental confirmation. We finally remark, that at low magne
fields (H,10 kOe) the present theory still gives the corre
values for the transition energies, but these depart from
experimental results for about 50% at most. The reaso
that in small magnetic fields the dominant transitions
those from the ground-state to the continuum, and thus
photoconductivity line shifts to higher energies which a
here not accounted for by theory. We remark that the exp
mental photoconductive spectra in the absence of the m
netic field were thoroughly interpreted using a complem
tary theoretical approach in Ref. 15.

The remaining disagreement between theory and exp
ments should be attributed to different sources. Among th
the most probable can be as follows.~i! The deviation of the
QW shape from the rectangular one, which can lead t
systematical underestimation of the values of the cyclot
mass needed to compute the basis functions.~ii ! The neglect
of central cell correction35 in the model.~iii ! The assumption
ro

d
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made here of a uniform impurity distribution.~iv! The A1

centers. We have not attempted to estimate the effect
these sources, which in any case are expected to be of m
importance. By contrast, we have estimated the effects of
coupling with the spin-orbit splitted band and of the anis
ropy in the QW plane. We have found that by accounting
the spin-orbit splitted band the ground and the lowest exc
acceptor states do not change noticeably. On the other h
the effect of the anisotropy introduces corrections, wh
slightly ~about 2–3 %! improve the agreement on the pos
tion of the third spectral peak.

IV. CONCLUSION

We have developed a microscopic theory for accep
states in a quantum well of strained Ge/GeSi HS in the p
ence of both a deformation and a magnetic field. The lo
tion of the impurity atoms, when distributed between t
center of the QW and the center of the QB, is found
originate a modulation of the acceptor energy states. Su
modulation is ultimately responsible for a photoconductan
spectrum exhibiting several peaks whose position is in g
eral function of the magnetic field. The comparison betwe
theoretical calculations and experiments is found to be sa
factory thus enabling us to provide a microscopic interpre
tion of the relevant features of the experimental spectra. F
ther confirmation of present findings would require a dire
control of doping position and density through direct expe
mental facilities which at present are not yet available.
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