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A simultaneous analysis of high-resolution directional Compton profiles and two-dimensional angular cor-
relation of positron annihilation experimental data has been performed by studying both a directional anisot-
ropy of measured spectra and reconstructed densities. The results were compared with theoretical fully rela-
tivistic augmented plane-wave calculations with and without including correlation effects. Estimated symmetry
selection rules have allowed us to establish some values of Fermi momenta. Both experiments show exactly the
same shape of the anisotropy of the momentum densities, in agreement with the band structure results. In the
positron annihilation data electron-positron correlations are not seen while in both experiments electron-
electron correlations are observed.
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I. INTRODUCTION

The electronic structure of yttrium@4d transition metal
with the hexagonal close-packed,~hcp! structure# is similar
to that of trivalent heavier rare earths in their paramagn
phases. According to all theoretical calculations,1–6 except
Ref. 2, the first two valence bands are fully occupied a
there are two Fermi surfaces~FS’s! in the third and fourth
bands.

The electronic structure of Y has been studied by mea
ing one-dimensional angular correlation of annihilation
diation ~1D ACAR! spectra representing plane projections
the electron-positron (e-p) momentum densityr(p),7–9 2D
ACAR spectra @line projections of r(p)],10,11 and the
de Haas–van Alphen~dHvA! effect.12 All these experimenta
results agree well with calculations by Loucks.1 The interpre-
tation of 2D ACAR data in terms ofr(k) @reconstructed
densities folded into the first Brillouin zone~BZ! ~Ref. 13!#,
gives the average FS’s of Y~Ref. 10! with precise informa-
tion about the shape and size of itswebbingfeature. On the
other hand, the interpretation of the same data in term
r(p) gives two FS’s in separate bands.11

In this work we present the electron momentum dens
r(p) reconstructed from 12 high-resolution direction
Compton profiles~CP’s!, compared with electron-positro
(e-p) momentum density reconstructed from the 2D ACA
spectra10,11 and corresponding theoretical results. We sh
how the knowledge ofr(p) in the wholep space allows us
0163-1829/2002/66~15!/155110~10!/$20.00 66 1551
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to extract dimensions of the FS’s in different bands via
called symmetry selection rules.14

The experimental CP’s were measured using 60 k
x rays and an overall resolution~i.e., geometrical and ener
getic! of 0.16 atomic units of momentum~a.u.! at the Euro-
pean Synchrotron Radiation Facility~ESRF!, France. Posi-
tron annihilation spectra were measured with similar ove
resolution~of approximately 0.15 a.u.! using the 2D ACAR
spectrometer at the University of Texas at Arlington.10

Reconstruction techniques, applied to both plane and
projections of 3D density and described shortly in the n
section, are based on the solution of the Radon transform
terms of orthogonal polynomials.15,16 The theoreticalr(p)
was obtained from fully relativistic augmented plane-wa
~APW! band structure calculations both for electron ande-p
pair wave functions within independent particle models a
after including correlation effects.

II. APPLIED TECHNIQUES

A. Experiments

In a Compton scattering experiment one measures p
projections of the electron density in the extended zonep
space!:

J~pz!5E
2`

` E
2`

`

dpxdpyr~p!. ~1!
©2002 The American Physical Society10-1
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The experiment for Y was carried out for 12 sample o
entations withpz along directions described in the spheric
system by angles (Q,w): 1[(9.5,15), 2[(21.8,15), 3
[(34.2,15), 4[(46.6,0), 5[(46.6,30), 6[(59,0), 7
[(59,30), 8[(71.4,0), 9[(71.4,30), 10[(83.8,0), 11
[(83.8,15), and 12[(83.8,30) ~special symmetry
directions17! where angles are given in degrees; see Fig
Owing to such a choice of directionspz as many lattice har-
monics as the number of measured spectra can be fi
~without undue loss of precision! to the spectra.17

The original single crystals for the experiment were p
vided by the University of Birmingham~U.K.!. Samples
used in the experiment were cut from the original crys
pieces according to the desired directions using the fo
circle fully automatic x-ray diffractometer~orientation with
accuracy60.05°). The oriented sample with a goniome
head was mounted on a wire saw and then was cut w
accuracy60.5°. In order to avoid uncertainties in the a
sorption and multiple-scattering corrections all samples
an identical shape of a bar with a height of about 5 mm a
a cross section of a square with a side of 1 mm.

The Compton scattering experiments were performed
the beamline ID15B of the European Synchrotron Radiat
Facility ~ESRF, Grenoble, France!.18 Incident photons from
an asymmetric multipole wiggler source were monochrom
tized (E1555.8 keV) with a bent Si crystal using the~311!
reflection. The photon beam was confined to dimension
4 mm ~height!30.3 mm ~width! at the sample position. Al-
most the full size of the sample could be then utilized, a
the same geometry guarantees that any error in the abs
tion or multiple-scattering correction cancels out when
differences in the Compton profiles are considered. The s
trum of the scattered photons was recorded with a scan
crystal spectrometer, the analyzer crystal and reflection b
Ge~440! in a scattering angle of 173°. The analyzed photo
were detected by a NaI scintillation detector. The dista
between the experimental points was equal to about 0.03
of momentum, while the resolution of the equipment w
about 0.16 a.u. A total of;150 000 counts was collected
the Compton peak of each profile~core1valence!, yielding
statistical accuracy of 2.6% atpz50 of the valence profile.

FIG. 1. Special directions~marked by numbered dots! in the
nonequivalent part of the hcp BZ—12 orientations ofpz along
which CP’s were measured.
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The spectra were corrected for absorption in the sample
in the air path and the efficiency of both the analyzer crys
and the detector. A linear background was subtracted fr
the spectra using the fact that the Compton profile has
reach pure core contribution (2s-4p) at high absolute mo-
menta; note that the 1s binding energy is larger than ou
energy transfer. The intensity of the incident photon be
was monitored using a Si PIN diode, and the Compton sp
tra were normalized to the monitor current. All Compto
profiles were normalized to three valence electro
(4d15s2).

Two-dimensional ACAR spectra which represent line p
jections of thee-p density in the extended zone (p space!,

J~py ,pz!5E
2`

`

dpxr~p!, ~2!

were measured for five directionspx , which changed by 7.5°
intervals from the directionGM to GK.10 Each spectrum was
determined for 2583258 points (py ,pz) in the intervalupi u
<2.5 a.u. with a total number of counts for each projecti
;93107. Following the usual processing of the measur
spectra, i.e., correcting for the momentum sampling funct
arising from a finite size of detectors~raw data! ~Ref. 19!—a
‘‘maximum entropy algorithm’’ was applied to each ra
spectrum~deconvoluted spectra!.20 The strength of the pro-
cedure is that it does not introduce artifacts into the data.
have similar experience with another deconvoluti
algorithm.21

B. Reconstruction techniques

For the reconstruction of 3D electron momentum den
ties from CP’s, the Jacobi polynomials reconstructi
technique15 was applied. Measured spectra were expan
into the hcp lattice harmonicsFln(Q,w):

J~pz![JQ,w~p!5(
ln

gln~p!Fln~Q,w!, ~3!

where

Fln5A~2l 11!

4p
Pl~cosQ!

or

A~2l 11!~ l 2umu!!
2p~ l 1umu!!

Pl
umu~cosQ!cos~mw!

for l 52i and l 5612i ~left and right expressions forFln ,
respectively! with m5616i and m< l ( i 50,1,2,3, . . . ).
Pl

umu are associated Legendre polynomials, and the inden
distinguishes harmonics of the same orderl. Here (Q,w)
represent the azimuthal and polar angles of the instrume
pz axis with respect to the coordinate system of the recip
cal lattice.

The radial functionsgln(p) ~in the unit system 0<p
<1) are expanded into the Jacobi polynomialsPn

(1,1) ,
0-2
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gln~p!5 (
k50

`

alnk~12p2!Pl 12k
(1,1) ~p!, ~4!

and the coefficientsalnk are evaluated by using the orthog
nality relation forPn

(1,1) :

alnk5
~ l 12k12!~2l 14k13!

4~ l 12k11!
E

0

1

gln~p!Pl 12k
(1,1) ~p!dp.

~5!

Next, radial parts of the density are obtained,

r ln~p!5
1

p (
k50

`

alnk~112k1 l !pl Pk
(0,l 11/2)~2p221!,

~6!

where values of the Jacobi polynomials are calculated fr
their recurrence relation:

P0
(a,b)~x!51, P1

(a,b)~x!5@~a1b12!x1a2b#/2,

2~n11!~n1a1b11!~2n1a1b!Pn11
(a,b)~x!

5~2n1a1b11!@a22b21~2n1a1b!

3~2n1a1b12!x#Pn
(a,b)~x!

22~n1a!~n1b!~2n1a1b12!Pn21
(a,b)~x!.

Finally, r(p) is derived from its expansion into the lattic
harmonics:

r~p!5(
ln

r ln~p!Fln~Q,w!. ~7!

For the reconstruction of 3D electron-positron moment
densities from 2D ACAR spectra Cormack’s technique16 was
applied. Here reconstruction of the 3D density is reduced
sets of reconstructions of 2D densities, performed indep
dently on parallel planespz5const, perpendicular to the six
fold rotation axis. In such a case lattice harmonics reduc
a cosine series and on each of planespz5const we have
independent 2D quantities:

r~p![r~p,Q!5 (
m50

`

rm~p!cos~mQ!, ~8!

J~py ,pz5const![J~p,w!5 (
m50

`

Jm~p!cos~mw!, ~9!

with m5616i .
In 1964 Cormack showed that ifJm(p) is expanded into a

series of Chebyshev polynomials of the second k
@Ul(p)#,

Jm~p!52(
k

`

am
k A12p2Um12k~p!, ~10!

then Eq.~2! can be solved analytically and
15511
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rm~p!5(
k

`

~m12k11!am
k Rm

k ~p!, ~11!

whereRm
k (p) are Zernike polynomials and

am
k 5

1

pE21

1

Jm~p!Um12k~p!dp. ~12!

The last equation is given in the unit system 0<p<1.
Both reconstruction techniques are based on the same

lution of the Radon transform in theN-dimensional space
R N given in terms of the orthogonal Gegenbauer polynom
als; for more details see the Appendix.

C. Theoretical momentum densities

Electron-positron momentum densities in thep space are
given by the following relation:

r~p!.(
j

nk jU E
2`

`

e2 ip•rck j
e-p~r ,r !drU2

, ~13!

wherece-p means the pair wave function.nk j is the occupa-
tion number (0,1) of an electron in the initial statek j . We
used the following models forck j

e-p(r ,r ):
~i! ck j

e2p(r ,r )5ck j (r )—we consider only electron dens
ties; i.e., the influence of the positron is completely n
glected.

~ii ! ck j
e2p(r ,r )5ck j (r )c1(r )—the independent particle

model ~IPM!, where for the evaluation of the electron an
thermalized positron wave functions, the fully relativist
APW method has been applied~for details, see Ref. 22!.

~iii ! The Coulombic interaction between the annihilati
particles is described by variouse-p interaction theories.23

Among these theoretical approaches, state-independent
density approximations~LDA ! and the Bloch-modified lad-
der ~BML ! theory give the best description of 2D ACAR
experiments in Y.23 We also obtained that in this metal~con-
trary to simple metals or transition metals as Cu!, these the-
oretical results are very similar to IPM results, if we stu
the momentum dependence of the electron-positron mom
tum density, not its absolute value. For this reason, we s
henceforth present only IPM results.

~iv! The influence ofe-e correlations~for Compton pro-
files! was taken into account following the work of Cardwe
and Cooper24 based on the proposal of Lam and Platzman25

where the Lam-Platzman corrections have been calcul
from the self-consistent APW electron charge density.

Theoretical densities were calculated alongGM and GK
directions on planesPi perpendicular to the hexagonalc axis
and distant 1/2uGAu @the plane Pi is situated (i 21)
30.145 05 a.u. above theGMK plane#. The resulting Fermi
surface is very similar to theoretical results by Loucks~see
Fig. 2!.

III. RESULTS AND DISCUSSION

We would like to point out that in the case of our da
there are no errors in reconstructed densities connected
a truncation of infinite series@Eqs.~3! and~9!# because of a
0-3
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finite number of measured spectra. Namely, for 2D spe
J(py ,pz) we performed a reconstruction on each planePi
independently, having five projectionsJ(py ,pz5const) for
different orientations ofpy . For deconvoluted 2D ACAR
data, densities reconstructed from five projections@harmon-
ics with cos(24w)] are the same~in detail! as derived from
four projections@harmonics with cos(18w)]. Even three pro-
jections @harmonics with cos(12w)], which are quite suffi-
cient for raw data, describe densities well. The measurem
of five 2D ACAR spectra is equivalent to measuring at le
35 ~up to 45! CP’s and for three 2D ACAR data the corr
sponding number of CP’s equals 12~up to 18!. Tests, per-
formed for 1D profiles, created from deconvoluted 2
ACAR spectra, showed that a measurement of 12 CP’s
special orientations ofpz could allow to reproduce densitie
@within the experimental full width at half maximum
~FWHM!# properly; see Fig. 3.

For the sake of the variety of theoretical and experimen
results in the further part of the paper we will use the f
lowing symbols~also for electron ore-p momentum densi-
ties, reconstructed from the corresponding spectra!: EMD,
theoretical electron momentum densities withoute-e corre-

FIG. 2. Theoretical Fermi surface in Y, in the repeated zo
scheme, derived from Loucks~Ref. 1!. Electrons in the fourth and
holes in the third zones are marked by white and dark grey col
respectively. Values ofpF for which theoreticalr(p) have jumps
are marked by black dots and corresponding values ofpF obtained
from reconstructede-p densities by open circles~Ref. 11!. The
distanceuGKu50.6077 a.u. anduGM u50.5263 a.u.

FIG. 3. e-p momentum densities in Y reconstructed from
J(pz) profiles~for pz marked in Fig. 1! created from deconvoluted
2D ACAR spectra, compared with ‘‘model’’~densities reconstructe
from five 2D ACAR profiles!. Results displayed alongGK andGM
directions are marked by solid and dashed lines for the ‘‘mod
and by solid and open symbols for reconstructed densities.
15511
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lations corrections; LP, theoretical electron momentum d
sities with the Lam-Platzman correction;24 IPM, theoretical
e-p momentum densities withoute-e and e-p correlation
corrections; CP and CPc, raw experimental and convolu
theoretical Compton profiles; and raw and dec, raw and
convoluted 2D ACAR spectra.

What concerns the Compton profiles, thee-e correlation
causes a part of the electron momentum density to m
from low to high momenta26–31 when compared to IPM re
sults. For the alloy Cu0.9Al0.1 ~Ref. 26! and also for other
materials~see, e.g., Refs. 27 and 28!, the differences between
experimental and theoretical directional CPs,JCP(pz)
2JCPc(pz), were found to be almost the same in each dir
tion, with a shape similar to the isotropic Lam-Platzman c
rection. This momentum transfer is also characteristic fo
homogeneous electron gas wheree-e correlations are theo
retically described according to Daniel and Vosko and ot
authors.32–36Contrary to Cu0.9Al0.1, the correlation effects in
Y are seen to be strongly anisotropic. This is visible in Fig.
where the anisotropy of experimental CP’s@Fig. 4~c!# is
roughly a factor of 2 smaller than the anisotropy in conv
luted theoretical CP’s@see Fig. 4~b!#.

Such a trend~smaller anisotropy in momentum space! is
often observed if electronic systems of significant spatial
isotropy are studied by Compton scattering experiments~see,
for example, Ref. 30!. If we now consider the directiona
anisotropy of profiles obtained from 1D ACAR experimen

e

s,

’’

FIG. 4. Directional anisotropy of 1D profiles in Y:J1(pz)
2J2(pz) for directions~marked in Fig. 1!: ~5,4!, open circles;~7,6!,
solid lines; ~9,8!, black squares;~12,10!, open triangles;~11,1!,
thick dashed lines. Parts~a!, ~b!, and ~c! display differences be-
tween; 1D profiles calculated from raw 2D ACAR spectra and t
oretical convoluted and experimental CP’s, respectively. T
dashed lines mark the total experimental error for CP’s. All in %
the average value ofJ(pz50).
0-4
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ELECTRON MOMENTUM DENSITY IN YTTRIUM PHYSICAL REVIEW B 66, 155110 ~2002!
@Fig. 4~a!#, we observe a striking qualitativeand quantitative
similarity of these results with the corresponding experim
tal CP’s of Fig. 4~c!. Even if we take into account that th
differences betweenJ12J2 of the 1D ACAR spectra are
renormalized with respect to ag0(0) which also contains the
core contribution of thee-p annihilation rate, this behavio
will not be strongly changed, due to the fact that this co
contribution is essentially reduced by the positron. We the
fore have to conclude that, in yttrium, both the electron m
mentum density and thee-p momentum density are strongl
influenced by fermion-fermion correlations. This finding
surprising because almost all theoretical papers devote
this question are based on the result of Carbotte
Kahana:38 An annihilatinge-p pair is, seen from outside,
neutral quantity with a strongly reduced coupling to its e
vironment. Consequently, typical correlation effects
smearing at the Fermi momentum and high-momentum t
of the momentum distribution should be significantly smal
in e-p systems than in pure electron systems. This impor
point of our investigation will be further discussed in som
detail in Sec. IV of this paper.

To examine the influence ofe-e correlation effects on the
electron momentum distribution in Y, in Fig. 5, we compa
the isotropic average of experimental CP’s and momen
densities@represented by the functionsg0(p) andr0(p); see
Eqs. ~A3! and ~A5!, respectively# with corresponding theo
retical results.

In Fig. 5~a! we display theoretically obtained values
g0

EMD andg0
LP ~convoluted with the experimental resolutio

function! andg0
CP , normalized to the same area. The diffe

FIG. 5. Isotropic average of Compton profiles: convolutedg0
EMD

~solid line!, convolutedg0
LP andg0

CP ~open and solid circles, respec
tively!, normalized to the same area—panel~a!. Corresponding den-
sitiesr0 are displayed in panel~c!. Panel~b! shows the differences
g0

LP2g0
EMD ~solid line!, g0

CP2g0
EMD ~stars!, and g0

CP2g0
LP

~squares! on the background of the total experimental error, mark
by dashed lines.
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ences between these curves are displayed in the pane~b!,
together with the experimental statistical uncertainty. T
r0(p) reconstructed from the correspondingg0(p) are
shown in Fig. 5~c!. It can be seen from Fig. 5~b! that the
Lam-Platzman correction is not adequate to describe the
ference between the experimental and theoretical avera
Nevertheless, it shows a typical feature ofe-e correlation
effects in CP’s, namely, a significant reduction of the m
mentum density at low momenta.

In Fig. 6 we present momentum densities reconstruc
from CP’s and 2D ACAR data in comparison to EMD an
IPM results where these theoretical values are shown with
correlation effects. In the case of the ACAR data, it was
possible to subtract the core contribution from the expe
mental spectra. Therefore, to compare densities measure
these two experiments, all momentum densities shown
Fig. 6 include this contribution.

As we can see from Figs. 6~c! and 6~d!, the momentum
dependence ofrEMD and r IPM is similar, but thee-p mo-
mentum density contains an essentially smaller core con
bution. This is caused by the repulsive interaction of t
positron with the positive ions; due to this effect, the anni
lation probability of the positron with highly localized cor
electrons is much smaller than the probability to annihil
with delocalized valence electrons. In Figs. 6~a! and 6~b!, we
also demonstrate how sensitively the densitiesrCP(p) de-
pend on the number of the Jacobi polynomials used in

d
FIG. 6. Momentum densities in Y, containing the core contrib

tion, alongGK ~left side! and GM ~right side! and parallel direc-
tions, for momenta up to 1.37 a.u., on six planesPi ~up to 0.73
a.u.!: ~a! r36

CP(p), ~b! r60
CP(p), ~c! rEMD(p), ~d! r IPM(p), ~e!

rdec(p), and~f! r raw(p). Densities range from 0 to 1 and the ste
size between two of 14 contour lines equals 0.077.
0-5
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reconstruction:r36
CP andr60

CP correspond to the use of poly
nomials up to the order 36 and 60, respectively.37

More detailed comparisons between theoretical and
perimental results are given in Figs. 7–10. Because of
small contribution of the core electrons to the positron an

FIG. 7. Momentum densities in Y alongGK andGM and par-
allel directions forrEMD(p) ~solid lines!, r IPM(p) ~dashed lines!,
rCP(p) ~stars!, andr raw(p) ~black dots!.

FIG. 8. Differences, in % ofr0(0), between momentum dens
ties alongGK andGM for densities shown in Fig. 7 and forrdec(p)
~open circles!.
15511
x-
e
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hilation data, in all these figures, we show both the EMD a
the densities reconstructed from CP’s without their core c
tributions. Due to the experimental noise, results for den
ties reconstructed from CP’s,rCP(p), are shown only for
polynomials up to the order 36.37 For this reason, certain
details ofr(p), ‘‘seen’’ in the positron experiment~e.g., the
holes around theG point in the planesP5 andP6 as can be

FIG. 9. Differences between theoretical and reconstructed d
sities in Y forrEMD(p)2rCP(p) ~a!, r IPM(p)2r raw(p) ~b! and for
the momentum range as in Fig. 6. The step size between two o
contour lines in each separate part equals, in % ofr0(0), 3.7 ~a!,
3.4 ~b!, and the range of values iŝ236.5,18.8&, ^227.2,23.9&,
respectively.

FIG. 10. Anisotropic part of electron momentum densitiesra(p)
in Y alongGK andGM and parallel directions on ten planesPi for
pure theoretical EMD densities~a! and densities reconstructed from
convoluted theoretical~b! and experimental~c! CP’s for momenta
up to 1.37 a.u. The step size between two of 16 contour line
each separate part equals, in % ofr0(0), 3.9 ~a!, 3.5 ~b!, and 1.7
~c!, and the range of densities is^234.7,24.2&, ^229.9,22&, and
^211.8,13.4&, respectively.
0-6
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ELECTRON MOMENTUM DENSITY IN YTTRIUM PHYSICAL REVIEW B 66, 155110 ~2002!
observed in Figs. 3 and 7!, are too smeared to appear in o
Compton results.

To reproducer(p) properly it was necessary to get
proper shape ofJ1(pz)2J2(pz) also for profiles~5,4! @see
Fig. 4~c!#. Unfortunately the current experimental statistic
accuracy is not adequate to produce these fine details. It m
be noted, however, that in experimental Compton profiles
electrons equally contribute if the binding energy is sma
than the energy transfer. In the case of yttrium the numbe
valence electrons isZval53 and the number of core elec
trons contributing in this experiment isZcore534 ~recall that
the 1s binding energy is larger than our energy transfe!.
Thus, in the total Compton profile, only 3/34 of the sign
originates from the valence electrons. With a lowerZ, the
corresponding ratio is higher: For instance, for Be, the nu
ber of valence and core electrons is equal, which means
nificantly better relative statistical accuracy. Due to this f
and taking into account that reconstructed densities
smeared due to the finite experimental resolution, the ag
ment between theory and experiment is satisfactory. Mo
over, the results displayed in Fig. 8 clearly point out that
deconvoluting procedure works well.

Figure 9 shows differences between corresponding th
retical and experimental densitiesrEMD(p)2rCP(p) and
r IPM(p)2r raw(p), where, for the theoretical calculation
correlation effects have been completely neglected. Th
differences displayed are almost identical, except th
around theG8 point ~planesP5 andP6) where reconstructed
densities strongly depend on the resolution. Supposing
they show smearing effects, in Fig. 10 we present the an
tropic parts of the densities,ra(p)5r(p)2r0(p), for the
pure theoretical EMD and for those reconstructed from b
experimental and convoluted theoretical CP’s. Now it is cl
@see Fig. 10~a!# that the differences presented in Fig. 9 sho
smearing effects.

It is also seen that in spite of a large smearing ofrCP(p),
the overall behavior of the anisotropy is reproduced by
experiment~see also Fig. 8!. This is the general trend ob
served in previous Compton scattering experiments:27–31The
magnitude of the anisotropy is lowered by thee-e correla-
tions. Due to this fact, we are sure that also in Y we obse
strong e-e correlation effects. Because results presented
Fig. 9 are almost identical for positron annihilation a
Compton scattering experiment, it seems that the correla
effect in these two experiments is similar@compare also re-
sults in Figs. 4~a! and 4~c!#, even though in the Compto
scattering data we could have onlye-e correlations and no
both e-e ande-p correlations as in the positron annihilatio
data.38 However, our previous considerations showed tha
the case of Y thee-p correlations do not change the mome
tum dependence ofr(p) in comparison with IPM; i.e., they
can be neglected when absolute values of densities cann
estimated.39 Of course, this argument is not valid in the ca
of lifetime experiments where absolute values of the to
probability of the positron annihilation are measured.40

So the final conclusion of all considerations is the follo
ing: in the Compton scattering experiment we observee-e
correlation effects which~i! decrease electron momentu
densities at low momenta and~ii ! introduce an additiona
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smearing aroundpF5kF1G, whereG denotes a reciproca
lattice vector. The latter~smearing! effect, similar to the ef-
fect caused by a finite experimental resolution function,
observed also in 2D ACAR data. Here we would like to po
out that a similar behavior of thee-p densities was observe
by Manuelet al.42 for Li, Al, and g-Sn.

For the analysis of the FS~representing occupancy ink
space! we applied the Lock-Crisp-West~LCW! ~Ref. 13!
procedure by folding the equivalent points in the extend
momentum spacep back into the first BZ~reducedk space!,

r~k!5(
G

r~p5k1G!5(
j

nk j5n~k!, ~14!

where the summation is over the reciprocal lattice vectorsG
and, for electronic densities,n(k) denotes the number o
occupied bands at the pointk. After conversion fromp- to
k-space lattice effects are emphasized, contributions of f
occupied bands should be constant and we can observe
contours of FS’s.

In the case of experimentalrCP(k) the LCW folding has
been carried out over a cube in momentum space of sid
a.u. which involves 55 reciprocal vectorsG. The summation
was performed in steps using successive groups of vectorG,
grouped according to their length. The procedure was c
vergent with increasing number ofG up to 37, whereuGu
<1.74 a.u.~next G produce only undesirable fluctuation
due to experimental errors!.

To get LCW-folded densitiesr raw(k) andrdec(k) ~shown
in Fig. 11! we used a much higher number ofG to obtain the
FS of yttrium. Due to the fact that two FS’s in yttrium ar
close to each other and because of smearing of the ex
mentalr(p), in Figs. 11~b!–11~d!, we drew only the average
FS’s of the third and fourth bands.

LCW densities obtained from Compton and 2D ACA
experiments are essentially different. This is mainly due
the lower statistical accuracy of the Compton data and
second integration in momentum space. As we have alre
stated in our paper on Cu0.9Al0.1,26 it is clear that here one

FIG. 11. Densitiesr(k) in Y, on chosen symmetry planes fo
Loucks’ theory~a!, where values ofnk50, 1, and 2 are marked by
black, grey, and white colors, respectively.rdec(k) ~b!, r raw(k) ~c!,
andrCP(k) ~d!, marked by two colors, show the average FS’s.
0-7
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would need a better statistics and resolution~at least 0.1 a.u.!
in order to reach sufficient accuracy.

Finally, we demonstrate how the knowledge ofr(p) in
the whole momentum spacep gives us a possibility of ob-
taining some details of the FS via so-called symmetry se
tion rules.11 Namely, due to the factore2 ip•r in the expres-
sion for r(p5k1G) @Eq. ~13!#, for a chosenk, it depends
on G which bands contribute to the momentum density16

E.g., in Fig. 12, let us considerr(p) along the directionGM
on the firstGMK plane (P1) and on the equivalentG8M 8K8
(P5). Despite the fact that on these two planes the ene
E(k) and thus also the occupation numbersnk j are exactly
the same, ther i(p) are quite different.

In the extended zone schemer(p) contains contributions
from all states, i.e., also from the first two fully occupie
valence bands which have the main contribution tor(p)
within the two first Brillouin zones. The third valence ban
@it does not contribute tor(k1G) for G50] causes a hole
pocket around theG point: this feature starts to be visibl
around theG8M 8K8 plane. Meanwhile, the fourth band has
dominant contribution on theGMK plane outside the firs
BZ. Due to such properties ofr(p), we were able to deter
mine Fermi momentakF ~marked by open circles in Fig. 2!
from the 2D ACAR experiment~using the reconstructed den
sities for both raw and deconvoluted spectra11! but only for
these valueskF , for which densitiesr(p)5( ir i(p) have a
significant jump. It is seen that our results~within the experi-
mental resolution! are in good agreement with theoretic
calculations, marked by black dots.

From the Compton scattering data we were able to es
lish the Fermi momentum only on the first basalGMK plane
alongGM where there is a large jump of the density. Dra
ing the second derivative ofrCP(p) ~Fig. 13! we obtained
pF50.66 a.u., which is lower than the theoretical value
pF50.669.

The same procedure applied to bothr raw and rdec al-
lowed to getpF50.68 a.u. which is higher by 0.01 a.u. tha
the theoreticalpF and exactly the same as obtained in R
11. HerekF52uGM u2pF .

FIG. 12. Theoretical momentum densities in Y,r i(p), along
GM on the first basal planeP1 and on the parallel planeP5 ~de-
fined in Fig. 2! with corresponding energy bands. Contributio
from different valence bandsi are marked by dashed (i 51) and
dotted (i 52) lines and by open (i 53) and solid (i 54) circles.
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IV. SUMMARY

The electron momentum density in Y, reconstructed fro
experimental high-resolution CP’s, has been compared w
e-p momentum densities reconstructed from 2D ACA
spectra and obtained via theoretical APW calculations. B
experiments show exactly the same shape of the anisot
of the momentum densitiesr(p), in agreement with the
theory. A simultaneous analysis of both reconstructed de
ties and 1D profiles for these two experiments allows us
state thate-e correlation effects in Y are seen not only in th
Compton scattering experiment but also in the ACAR da

As we know from extensive theoretical investigations
the homogeneous electron gas,32–36 suche-e correlation ef-
fects influence the EMD by an increased smearing of the
and by the appearence of a momentum tail above the Fe
momentumkF . Both effects have been frequently observ
in CP experiments.

In the case of 2D ACAR measurements, we have bothe-e
ande-p correlations, and we learn from a fundamental pa
by Carbotte and Kahana38 that—at least for positrons in
jellium—the dynamical partsof the e-p correlation effec-
tively cancel thee-e correlation. Consequently,~almost! no
tail beyondkF should be observed in thee-p momentum
density, and the remaining influence of fermion-fermion c
relations comes from thestatic part of thee-p interaction,
leading to a significant and strongly momentum-depend
increase of thee-p pair momentum density belowkF , an
effect which we call the electron-positron rate~or Kahana-
like! enhancement. However, Carbotte and Kahana’s arg
mentation is only a qualitative one, and it is based on inv
tigations of jellium. Beyond that, there exists anoth
important theory by Arponen and Pajanne41 about the behav-
ior of a positron in an interacting electron gas which is re
resented by a system of Sawada bosons. The advantag
this procedure is that already the noninteracting bosons
scribe the electron-electron interaction on the level of
well-known random phase approximation~RPA!, and each
boson-boson interaction included into the theory goes
yond the RPA. Applying this approach on jellium, Arpone
and Pajanne observed a significant tail of the electr
positron momentum density beyondkF , in strong contradic-

FIG. 13. Second derivative of densities in Y alongGM on the
P1 plane forrdec(p) andr raw(p) ~solid and open circles, respec
tively! and r60

CP(p) and r36
CP(p) ~solid and open triangles, respec

tively!. TheoreticalpF50.669 a.u. is marked by the thin line.
0-8
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tion to the result of Ref. 38. Therefore, in ACAR spectra
tail above the Fermi momentum cannot be excluded, es
cially not for real metals where the crystal potential cause
more or less strongnonjelliumbehavior of the electron gas

According to our knowledge, the existence of such tails
positron annihilation data has been observed for the first t
by Manuel et al.42 for g-Sn and even for suchjelliumlike
metals as Li and Al. Next, Ohataet al.43 compared a high-
resolution Compton profile of Al with a 1D ACAR spectrum
along @111# direction. Their analysis leads to the followin
conclusions: the existence of aKahanalikeenhancement nea
the FS and a weaker tail forp.pF in the case of the 1D
ACAR data compared to the CP’s, as a result of the par
cancellation ofe-e ande-p correlations.

We would like to point out that the BML theory, applie
to Al,44 gives the following results. Whereas the enhan
ment factor for momentap<pF is similar to theKahanalike
enhancement, forp.pF thee-p interaction mainly decrease
the contribution of umklapp components. Moreover, it
duces~in comparison with the IPM! the core contribution as
well as the enhancement factor for core electrons decre
for higher momenta. So a weaker tail forp.pF , observed in
Al,43 could be connected with thesee-p correlation effects
~not with weaker e-e correlations following from the
theory38!.

Therefore, in the case of a transition metal like Y, stro
lattice effects have to be expected, and two of them can
clearly observed in the results of the present investigation~i!
We do not see anyKahanalikeenhancement with its typi
cally strong momentum dependence~see also Ref. 23!, and
~ii ! there is only~if any! a very weak canceling betweene-e
ande-p correlation effects, and momentum components
yond kF due toe-e interaction become clear visible.

Finally, knowledge of the symmetry selection rules h
allowed us to establish values of some Fermi momenta.
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APPENDIX

The Radon transform45 of the N-dimensional function
r(p) represents its integrals over (N21)-dimensional hyper-
planes:

g~r ,z!5E
2`

`

r~p!d~r 2z•p!dp. ~A1!

Herer 5z•p defines this hyperplane wherez is a unit vector
in R N along r and r is a perpendicular distance of the h
perplane from the origin of the coordinate system. Here v
tor p is described byp5upu andv ~e.g. Ref. 46!.
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Both functionsg and r can be expanded into spheric
harmonics of degreel, Sl , defined inR N:

g~r ,z!5(
l

gl~r !Sl~z!, ~A2!

r~p,v!5(
l

r l~p!Sl~v!. ~A3!

Deans46 showed that the radial functionsg and r are the
Gegenbauer transform pair, where

r l~p!5c
1

pEp

`

gl
(2m11)~r !Cl

m~q!@q221#m2 1/2dr,

~A4!

with

c5
~21!2m11

2pm11

G~ l 11!G~m!

G~ l 12m!
.

Hereg(n) denotes thenth derivative ofg; Cl
m are Gegenbaue

polynomials,q5r /p, andm5N/221.
This equation can be solved analytically as done

Louis.47 Choosingl5N/2 we obtain

gl~r !5 (
k50

`

alk~12r 2!N/221/2Cl 12k
N/2 ~r !, ~A5!

r l~p!5 (
k50

`

alkbpl Pk
(0,l 1N/221)~2p221!. ~A6!

HerePk
(a,b) are Jacobi polynomials and the coefficientsb are

defined as

b5212Np12 N/2
G~ l 12k1N!

G~ l 12k11!G~N/2!
.

For N52 and knowing that

Cn
1~x!5Un~x!, xnPm

(0,n)~2x221!5Rn
m~x!,

one gets reconstruction algorithm for line integrals. ForN
53 and knowing that

Cn
3/2~x!5

G~n13!G~2!

G~n12!G~3!
Pn

(1,1)~x!5
n12

2
Pn

(1,1)~x!,

one obtains reconstruction algorithm for plane integrals, b
described in the Sec. II B.

Another analytical solution~also in R N but in terms of
orthogonal Hermite and Laguerre polynomials! was derived
by Cormack.48 Of course, there is also a lot of other reco
struction techniques based on, e.g., Fourier transfo
methods—for more details see, e.g., Refs. 15, 16, and 4
0-9
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