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Many-body perturbation theory for spin-forbidden two-photon spectroscopy
of f-element compounds and its application to E&" in CaF,
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Predictions of the two-photon transition intensities fo? Eiin CaF, generally give poor agreement with
experiment because the low-lying excited states make a straightforward application of perturbation theory
unreliable. In this work we explicitly include the effective Coulomb interaction and the crystal-field interaction
for the excited configuration in the zeroth-order Hamiltonian, and treat the spin-orbit interaction as a pertur-
bation. We obtain a good agreement with measured multiplet to multiplet two-photon absorption intensities.
The linewidths of the two-photon absorption peaks, which vary dramatically, are explained by selection rules
for nonradiative relaxation.
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[. INTRODUCTION 320:5.4:1. Judd and Pooler introduced a first-order spin-orbit

Two-photon laser spectroscopy has been an importargerturbation to the intermediate states and predicted an in-
complementary technique to linear spectroscopy of solids, aensity ratio 470:3.4:2 which is close to the measured ratio.
it has a different parity selection rule, allows access to highem addition, their calculations also accounted for the polar-
energy states, and has a greater variety of possible polarizaation dependence of the TPA measured by Downer and
tions than linear spectroscopyExtensive measurements of Bivas’ Downer and Bivas’s measurements also showed the
two-photon absorptiofTPA) intensities in rare-earth com- complete violation of orbit and total angular-momentum se-
pounds by Dagenaist al? and Downer and co-worket®  lection rules, which are explained by extending Judd-Pooler
could not be explained by the early lowest-order theory deapproach to include perturbations due to the effect of the
veloped by Axé in 1964: the angular-momentum selection crystal-field interaction on & orbitals in the intermediate
rule AJ<2 predicted by Axe’s theory was completely vio- states. Note that the “third-order” and “fourth-order” in
lated as there are intense transitions with andAJ as large  many theoretical work on two-photon transitiéfis-*%!are
as six, and line strengths and polarization anisotropies wer#irst order” and “second order” here, respectively in the
not correctly calculated. There are many theoretical developsense of time-independent perturbation. The general expres-
ments that address this puzzle, which will be described irsions of the Judd-Pooler-Downer thedpften referred to as
more detail below. These methods account for most of thdPD theory in the literatujefor orbit- and spin-forbidden
discrepancies between the predictions of Axe’s theory andransition were given by Ceulemans and Vandenbet@he.
measurements for Gd in LaF,,* but poorly predict the rela- Calculations have been carried out for *Thin a cubic
tive intensities for E&" in CaF.® These discrepancies are lattice!* Sn?* in SrF,,'**EW?" in CaF, and Srk (Ref. 6
sometimes referred to as “the weakness of the third-ordeand KMgR;,** and Cni*®® and EF "% in LuPQ,, in addi-
spin-orbit contributions.® In addition to the intensity tionto G&" in LaF;. However, application of JPD theory to
anomalies, the drastic variations of linewidths of TPA peaksEW "™ in CaF, is less successfllThe predicted intensity ra-
are also puzzling. tios for the linearly polarized transition$s,,—°P,, and

The starting point of TPA theory is usually the second-°Dy; relative to®Dgy, are larger than the measured ratios by
order term of time-dependent perturbation theory. This ternfactors of more than 100 and 10 times, respectively. This has
involves a summation over all possible intermediate states dfeen referred to as “the weakness of the third-order spin-
the product of two one-photon transition matrix elementsorbit contributions.® For transitions to thél multiplets the
weighted by an energy denominator. The states involved arealculated intensities are 5-10 times smaller than the mea-
exact eigenstates of the full static Hamiltonian for the systensured intensities. Downegt al. reasoned that a significant
when time-dependent perturbations are turned off. Usuallpart of the discrepancy results from a breakdown of closure
approximations of the full static Hamiltonian and truncationapproximation, i.e., the approximation that thé®8d con-
to the summation are necessary. Time-independent perturbiguration is degenerate. For the®Euion in CaF, and Srk,
tion theory is often adoptetiAxe’s theory is zeroth order in  the lowest energy levels of the %d configuration are only
time-independent perturbation theory in the sense that thabout 25000 cm® above the®S,, ground state of the #
splitting within N or the intermediate configurations is not configuration, and in fact are below tH® levels of 4.
considered. For the TPA tBP,,,, ®Ps, and ®P,, of GE®"  However, Downeet al. were unable to improve their calcu-
in LaF; using a single linearly polarized begmxe’s theory  lation significantly by relaxing the closure approximation.
predicted 69:29:1, in contrast to the measured ratidVNith a reasonable choice of spin-orbital interaction strength,
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the 8s,,,— %P, absorption rates for the circularly polarized analyzed qualitatively by exploring the selection rules for the
beam and thé’S;,,—®Py,, absorption rates are greatly re- nonradiative relaxation of thef4 states to 4°5d states.
duced, but the linearly polarized absorption #®, de-

creases by only a factor of 4-5. Therefore, this does not Il. EEFECTIVE TWO-PHOTON TRANSITION

solve the “the weakness of the third-order spin-orbit contri-  pERATORS SUITABLE FOR ORBIT- OR SPIN-
butions,” and even makes the relative strength between lin- FORBIDDEN TRANSITIONS

early and circularly polarized transitions téP;;, worse.

Such a situation also occurs in Eudoped KMgk, where For ions with a half-filled, or nearly half-filledf shell,

the crystal-field interactions are much weaker, showing thathere is a large gap between the ground multipl8&4 for
the puzzle is not closely related to the strength of the crystal’ and ’F_¢ for f® andf®) of maximum spin and the excited
field. states of reduced spin. The measured TPA is between energy

There are some other attempts to simulate the TPA interlevels of the ground multiplet and energy levels of the ex-
sities in rare-earth ions. Burdick and Reid applied many<ited multiplets with spin of one electron flipped. The two-
body perturbation theoryMBPT) techniques to develop a photon transitions are parity allowed because there are two
consistent approach to include various perturbatféihiese  odd-parity electric-dipole operators involved, connecting the
calculations are roughly equivalent to the Judd-Pooler calcunitial and final states to intermediate states of opposite par-
lations if both the spin-orbit interaction and Coulomb inter-ity. These opposite-parity states may incluti@ndg-electron
action are included to infinite ord&.The Burdick-Reid ap- excited statesd-electron core excitations, and continusn
proach fails to converge for Bli in CaF, because the andg states, as well as ligand states withand g-electron
Coulomb interaction is larger than the energy denominatorgharacter. However, as thef¥~*(n+1)d states have the
for the low-lying 4f®5d excited configuration. Instead of us- lowest energies, they may be expected to dominate. The tran-
ing perturbation theory, Burdickt al*® did a calculation of ~ sitions are spin forbidden, so that the mixing of states by the
the TPA of Ed*:CaF, by explicitly summing over all the Spin-orbit interaction plays an essential role. Some of the
intermediate free ion states of %d. This gave good agree- transitions are also orbit forbiddem\[ >2) and therefore
ment with measurements f&P and °D levels, but the in- the crystal-field interactions, especially the strahglectron
tensities for the TPA to°l states are forbidden by orbital crystal-field interaction, are also important. The Coulomb in-
angular-momentum selection rules under such an approximéeraction does not provide any relaxation of the spin- or
tion. orbit-forbidden selection rules, and therefore was not in-

It is now possible to explicitly calculate the energy levelscluded in the JPD theor.However, the splitting caused by
of the 4f%5d excited states, including the Coulomb interac- the Coulomb interaction will significantly affect the calcula-
tion, spin-orbit interaction and crystal-field interactfdnive  tion due to a modification of the energy denomindfae., it
are carrying out a detailed TPA calculation for’Euin CaR, ~ causes a breakdown of the closure approximatard thus
by summing over all of these stat®sHowever, with such a Mmust also be considered. For the trivalent ions, the Coulomb
complex and time-consuming calculation, the results are difinteraction may be treated as a perturbation, but for the di-
ficult to interpret and the effect of changes to the parameter$alent ions we wish to consider here, the usual perturbation
are difficult to determine. Furthermore, including more inter-expansion will diverge. The perturbation expansion of the
mediate states such asf®g would greatly increase the d-electron crystal-field interactions converges slowly be-
computational time, and so this is impractical. cause the magnitudes of those interactions are comparable to

Besides the puzzle of the TPA intensities, the variation ofthe nf-(n+1)d splitting.
the TPA linewidth and the mechanism of relaxation are also [n contrast to previous work, for the calculations consid-
puzzling for EG* in CaR,: Some absorption lines of thd ered below we include the most important parts of the Cou-
energy levels are much narrower than other lines, and thkmb interaction, i.e., the spin-flip energy forandd elec-
absorption line of®D,, is almost an order of magnitude trons, and thed-e_lectr_on crystal-field interaction into the
narrower than other neighborirtp lines. zeroth-order Hamiltonian:

In this paper we show that it is possible to explain the
TPA intensities with a relatively simple perturbation calcula-
tion, similar to the JPD theory. We do this by a careful choice
of the zero-order Hamiltonian. The strongest interactions, the
5d crystal-field interaction and the part of the Coulomb in-Here a’ and a are creation and annihilation operators,
teraction that splits states with different spins, are included inespectively, ande; is the one-particle energy for energy
the zero-order Hamiltonian. The spin-orbit interaction isleveli.
treated as a perturbation. The special properties of the half- A schematic diagram of the “one-particle” energy levels
filled 4f7 shell are also exploited to simplify the calculation. in a cubic site is shown in Fig. 1. Notice that the spin direc-
We present the method using many-body perturbation theortjons indicated are only in the sense of parallel and antipar-
and group theory, with details for the case of an ion site withallel to the total spin of the maximum-spin states, and have
Oy, symmetry. The application to Etl in CaF, predicts rela- nothing to do with the particular frame chosen. In the par-
tive multiplet to multiplet transition intensities comparable to ticular case here, the lowestf%d level is lower than the
observations, and demonstrates the dependence of the intesextet states of & due to crystal-field splitting, which is
sities onésy/£,4¢ . The TPA linewidths of E%i™:CaR, are also  reflected bye, being lower than 4, . The other interactions

Ho=2 eala. (1)
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Y eigenvectors are appropriately normalized projections of the
Ly fo U, exact eigenvectors. The effective operator is usually ex-
“ panded order by order in the perturbatighand is repre-
5d ¢ - sented by diagrams. The matrix elementTgf, between a
10D, basis function|l), in the ground-state model space and a
5 basis functionF), in the excited-state model space can be
e Y- U, calculated from those diagrams. Since the two model-space
& » bases have well-defined spins and the electric dipole moment
operator does not change the spin, the zeroth-order term of
/ T1pa is zero. In first order, onl
__4;(, (} TPA y
\\‘ Vgo=Ved ) +Ve(dd) ©)
contributes. Three first-order terms have nonzero contribu-
— tions:
FIG. 1. Schematic diagram for one-particle energy levels in a
cubic site.e¢q is the difference between the average energy of the o{F|D-€lS)o o{SID-€lQ))o of Qi[Vsd o (4)
nf orbitals and the f+1)d orbitals.U; andUy are the exchange §73, [(E|0+ Eg)/Z— Eg](E?— EOQ )
|

splittings forf andd orbitals, respectively, which are assumed to be
isotropic. 1@ is the splitting of fi+1)d orbitals in a cubic site.
The spin-orbit splitting and the crystal-field splitting forf are . ol FID-€S5)0 o{So|VsdSi)o of Si|D-€ll)g

®

neglected. S5 [(EV+EY/2-ELJ[(EP+ED/2—ES ]
not included inH,, the spin-orbit interaction¥(ff) and
Vs (dd), the crystal-field interaction¥ (ff), and the re- n ofFIVsdQr)o of Qr|D-€[S)o o SID-€fl)o ®)

maining Coulomb interaction¥c,,, are considered as per- dr.S (ER— EgF)[(E?+ ER)/2—EY]
turbations, i.e.,
In the expressionS)y, |S;)o, and|S,), are eigenvectors of
V=V ff)+Veddd)+V(ff)+ V' cou- (20  Hy, which are limited to theN~1d and fN~1g configura-
tions due to the parity and angular-momentum selection rules
For E™" the 4f’ ground states can be written aE?land the  of the electric dipole operatdD-e. |Q>| (|Q>F) must be in
ground-state model space is chosen to contain only this set @fe spaces orthogonal to the ground-state model space and
states. The excited states of interest for the TPA are writteghe excited-state model space, respectively. In the particular
as 4>(4f,4f)) and the excited-state model space is choserases considered herfQ), is in the excited-state model
to contain only these states. For ions withand f8 ground  space andiQ) is in the ground-state model spa&&.are the
configurations, the ground and excited states may be writtegigenvalues oH, for the corresponding bases denoted by
asf?, f(f,f)) andfi(f.f)), f1(f,f )2, respectively. the subscripts.

According to MBPT, an effective operatdrp, that acts There are two nonzero diagrams for each of the three
between the ground-state model space and the excited-sta@¥ms, which are shown in Fig. 2. MBPT tells us that the
model space eigenvectors to give the exact transition matriRauli exclusion principle can be relaxed if it is done consis-
elements can be constructed, provided that the model spatently, and the three disconnected diagrams cancel under this

f 1 f i f f
v D) prvenn D nnnnn ena ) --- Vo I
m m me J2 I3 \f3 fi
prarans [} taaadl V) - - — - Ve m----Ve fnnnn D) I Y
fi
fs fa m h m m
- Ve -V, =D =D o D e
f fi h fi 7 fl
(1a) (1b) (20) (2b) (38) (3b)

FIG. 2. First-order diagrams for two-photon transitiofis. f,, f3, f1, f5, andf; aref shell orbitals, anan, m; andm, are orbitals with
even parity.f; andf, are always parallel and antiparallel, respectively, to the total Spiy of the maximum spin states of the half-filled
shell. f; and f; are both parallel or both antiparallel &,,,. The spin directions of the other orbitals are uniquely determined in each
diagram by the fact that the spin of the outgoing particles cannot be chandaddyices and is changed byg, vertex. The one-particle
energy depends on the spin direction of the orbital.
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choice. The cancelation can easily be verified for the three ‘
disconnected diagrams: the matrix elements are the same and  (22)=_ CEC o o Buzse Buzac,
the three factors from the denominators add up to zero. fredy ey =y g o

Group theory anq tensor _techniques are V\(idely used in X (1/2-3c; |D-€l1/2- 2¢4.)
spectroscopy to clarify selection rules and to simplify calcu- ! .

lations. Eigenstates an@ransition operators can be ex- 1
panded in terms of basis states and basis operators that have ><< 1/2-2¢4, 7112 20d2>
well-defined transformation properties under symmetry op- —(erg+Ug/2) —hg
erations. Basis states and operators are labeled by irreducible
representationérreps of a group chain that characterize the (112 2¢4,| Vsd 112- 2¢4,)
system. We choose the group chain for the ion siteDgs 1
><O'3:)O‘3:>GDC1, whereG is the site symmetry. We de- ><< 1/2'2%3 < 1/2.20d4>
note the partner for this group chainsd “axb, wheresis — (€1g—Ug/2) —hg
. s . s . + - . |
an irrep of O3 (with positive parity, 1~ is an irrep ofOy ><<1/2-2cd4|D-e| 1/2. 3cf2>. ©)

whose parity is denoted as a supscript, ant are labels for
the OO GDC, group chain, with\ being an irrep ofs and

a and b being multiplicity labels. In the following we will |, the ahove expressions, the intermediate one-particle orbit-
often abbreviateakb to a single labelc and describe the 5 can only be inrf+1)d orbital space, and therefore the

labels of states or (_)perators ad ~c. Parity s_upscripts will _projection operator for this spac, |1/2- 2c4 }(1/2- 2¢cq,
also be neglected in most cases unless this causes ambi di i '

u- . . .
ities. For example, bases foxd) orbitals will be labeled as %as been inserted Whereve_r appropriate. The expressions for
|1/2-3¢;) (|1/2-2¢4)) and a component of dipole moment the other two connected diagrar(ts) and (3a) can be de-
operator will be labeled aB® ¢, The labels of ireps and f1ved in a similar manner.

multiplicities for point groups in this paper will follow But-  AS Pboth Vs, and the denominators are invariant under
ler's conventiorts transformations of the site symmetry groGp the effective

D-e can be expanded in terms of the electric dipole op-CP€ratorTrpa must transform the same way as the two di-
erator componentB® as pole moments do under groWp We shall make use of this
property, the double tensd¥* X%k and the polarization fac-
tor (egp., defined below to simplify the calculation in the
D-e=>, D% %%, ... (7)  following. W*X%k can be written in terms of jin’s (- - -)

¢ and vector coupling coefficients - -,- - -|- - -) (Ref. 23 as

In order to evaluate the three connected diagrams, we use the

general relation 1Koy — Tz 1-K
WA B = —(ayp.58112.3) " " K (10

(il _ 1
2= 8

_ t
=-2 a1/p.3¢,31/2.3¢,(1/2:3 €3)
c1.Cy

where|i) and ¢; are normalized eigenvectors and eigenval-
ues of an arbitrary Hamiltonian operatorespectively, and X(1/2-3cq,1/2-3c5|1-Kek). (17
€ is an arbitrary constant.

The three connected diagrams can be evaluated with
MBPT diagram rules. We notice that the denominators in The polarization factorggp., is defined as
Egs. (4)—(6) are slightly different from those of the third-
order terms in an effective Hamiltonian. We will give the
expression only for diagram®a). For (2a), m; andm, can
be eitherd or g orbitals, with spins parallel and antiparallel (e8pc,= > (DCp|lcy,1c)esc ex,- (12
to the initial maximum spin states, respectively. Here we will 1.2
limit them to (n+1)d orbitals, which are the most important
contributions toTps. The energies fom; a.nd M, aré €iq T, can be written in terms o1 'K and €8, as
—Ug4/2+ e,’nl and esq+Ugy/2+ er’nz, respectively. Heree/, P
(m=m, or m,) is the crystal-field energy determined by the
crystal-field Hamiltoniarh?, which are—6D, and 4D, for
e andt, one-particle energy levels, respectively, forEun Trea= 2 WKa, ,Dag A WH KK (e@)p,

. . . Kag ,Dap ,\ b

CaF,. By using the denominator rules required by EB) (13)
and then using E(8) to replace the summation over energy
denominatorsy ,|m)y{(m|/[ — (e;q=U4/2)— €/,], (2 can be
written as where the coefficient
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3
_ i _ )
WKaK,DaD;A—iZl Wkay Dag A 14 CYKa(E)—mzl‘a2 <1/2' 2a3\ o 172 26\2>\>
| | 5 K]
is the sum of the corresponding coefficients from the three Xl)\|1,2(1/2'2 a; \)
connected diagrams. We shall also make use of the following
expansion for denominators: x(1/2:2 af \*, 0-K" a 0, 1/22 a, \).
(16)
1 In the following we shall use the reduced matrix elements
= = axa(€)UOKKO(54 5q), (15  (RME’) <77f5f'|faf)\f||TS'LaxS||L7iiSi'|iai)\i>m, which can
e—hg Ka be calculated frond 7;s;- 1¢|| T || 7S - 1;) with the Wigner-

Ekart theorem. Heren is the multiplicity of A; in the cou-
pling of A and \;. With Eq. (15 and some complex but

where ax, can be written by using jn(---), 3jms(---, straightforward recoupling manipulations, the three coeffi-
-++,---) and the dimension of an irrep| as> cientsw'KawDaD  can be written as
1
w =— @ —eq— Uyl2)/(—U
Kay\y .Dap, A,afl,--nafz,mz-<,>xf2,sl,-~»,s4 aa,(—€ra—Ugl2)/(—Uy)

><(1-KaK)\K|1/2-3af1)\fl,1/2-3a¥‘2 ;*Z)S?’(DaD)\K|DlaleDl,DZaDZAE,Z);‘4
X<)\Dl()\D2)\f2)SZ)\d;Sl)\f1|()\Dl)\D2)34)\Ku}\fz;SS)\f1>|)\K|71/2{)\K}{)\f1)\?2)\K}53
X(1/23 a?z ?2)<1/23 a.fl )\leDO'l ap, )\D1||1/22 a.dl )\d>sl
X[1/2:2]7VH(1/2:2 ag, Ng||U%® 2 9[|1/2:2 ag, Ag)

X[1/2:2|7VH(1/2:2 ag, Ng|[DOF %02 M0o[|1/2:3 ap, \p)s,

11 ay 0
SO

X[1/2-3|7VX(1/2-3 ag, A ||V [2/2:3 &, \p), (17)

2 _
Wkaghy,Dap ™ ~ apa, (—€q—Ugl2)ay,a, (—€rgtUgl2)
Aq,Ap,a¢ ,---,8f Mg, Nf S1. .Sy 1 2
1 2 1 2

X(1-Kaghg|1/2-3a5 N, 1/2: 3a¥‘2)\?2>53<DaD)\K| DlaDl)\Dl,DzaDz)\D2>§4

X (Np,(Ap,N1,)S2Na 381Nt [(Ap Np,)Saki Ny, Sahe ) hi| ~ 22
X{MHNM AT M, (1/2:3 af, AT )(1/2:3 ag, N |[DOF %01 M0uf[1/2:2 @y, Ag)s,
X[1/2:2| 7YX 1/2-2 ag, Ngl|U% 1 2, 9|1/2:2 ay, \g)1/2-2|7 V2

avso 0

X(12:2 ag, Nl[VL," ™= °||12:2 ag, Ng)|1/2:2] 72
X(1/2:2 ag, Ng||U%42 2, 9|[1/2:2 ag, \g)|1/2-2|717

X(1/2:2 ag, Ng|D* 202 *0y[1/2:3 &g, \i)e, (18)
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VVKaKAK,DaD__ ‘YAaA( €td
A,aff~-- ,S4

’afz’)\fl'. . ")\fzsl" .

X(1-Kaxhg|1/2-3as Ny, 1/2- 38 AT )s
X(Np,(Ap,N,)S2hd;S1N ¢, [(Np, Np,)Sak

XANHN AT Nchs,(1/2:3 af)

NF)(12:3 ay,
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+U4/2)/(Uy)

3<DaD)\K| DlaDl)\D11D2aD2)\D2>§4

KNty Sah ) Nk 7Y

Rf ”\/ -1 av, 0

—1/2
11/2:3 ag, A )|1/2:3]

X(1/2-3 ag, Ay [|[DOF %0, 20)|[1/2:2 &g \g)s |1/2-2]7 12

X(1/2:2 ag, N|[U%® 2 Ol[1/2:2 ag,

><<1/22 ad2 )\d”Do'l ap, }\D2||1/23 afz )\f2>32.

In the above equations, thes are branching multiplicities
for O3x O'BDG, the\’s are irreps for groufs, s's are cou-
pling multiplicities for group G, <)\Dl()\D2)\f2)

. ~|()\Dl)\D2)- -} is a recoupling coefficient for irreps &,
{\} and {\y N N} are 3 and 3 phases, and\| is the
dimension of irrep\. All the factors determined solely by
group theory are tabulated by Butférand can also be cal-
culated withracAH.?

The effectiveTtp, Operator can be used to calculate two-
photon transition line strengths once the model-space eige

vectors are known. It is important to realize that our expres-

sions forTtps are only valid when the bra and ket are in the

excited- and ground-state model spaces, respectively, nece

sarily making theT{py Operator not Hermitian. We denote
the model space eigenvectors|aa b), where\ is the irrep
for group G, b distinguishes the partners af and» is a

Ng)|1/2-2| 22

(19

In this paper, we calculate only the total line strengths
between two multiplets#;J;) to (»;Js), wheren are extra
labels to distinguish multiplets with the sanidabel. This
can be written as

I (n¢ds,midi) = P .
(7:d¢, midi) D1y B D,d;,Dydy N
(il Toia || 730 medel T2 | m 3 *
>< 1
o 2J+1
(23)
\ghere
JD?ﬁ‘E Wspga,0dW® (24)

label to distinguish those states with the given symmetryanda’ is the multiplicity for the branchin@®}>G.

labels (. andb here. The line strength for the TP\ )
e"”lk >|S

I (7eNg, ﬂi)\i):bzb [{ meNebe| Trpall 7iNibi)|?
fMi

D,d;,Dydyi)
DydiDodoh 1177272

(7Nl To, g 1N 7l T, | 7ihi)*
I\ ’

X

(20)
where
PDldl,Dzdz;)\:% (€8p,d,\b(€D 4 nb (21
Tha= > Ws.t Ja x, paWSt 72N, (22
SLJa

lIl. RELATIVE PROBABILITIES FOR MULTIPLET
TO MULTIPLET TWO-PHOTON ABSORPTION
OF Eu?* IN CaF,

In CaF, EL?* occupies C&'" site withO,, symmetry, with
eight nearest Fs on the corners of a cube. The single-
particle 4f and 5 energy levels are shown in Fig. 1. The
TPA amplitude is calculated from E@13), which requires
various physical parameters as inputs. The average change in
energies due to the exchange interaction when the spin of
one of the 47 electrons is flipped i&)¢, and when the spin
of the 5 electron of 4°5d is flipped isU,4. These may be
calculated as

63 200 »
Ui=—E,— —E,=38000 cm?, (25)
8 3
3 4 10
Uq=g Ga(4f 50) + 7-Ga(41,50) + 32Gs(41 5d)
(26)

where E; and E, are Racah parameters, which are linear
combination of 4-4f Coulomb radial integral$(4f,4f)
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TABLE |. The polarization vectors and polarization factors for ~ The eigenvectors for states irf 4 configuration can be
the three laser beams used in the measurements of Datr@ér  calculated by fitting the experimental energy levels with a

(Ref. 6. well-established phenomenological Hamiltonfén. The
model-space eigenvectors required by our calculation can
Label Polarization vector P~ Pg ~ Pr, then be obtained by projecting the phenomenological eigen-
100 2 1/3 213 0 vectors into the corresponding model space. The model
111 (x+y+2)/\3 1/3 0 213 space for the |n|t|al_states contains orfig;, muIFlpIet and
circular i(x+y)/2+ 212 0 3/8 5/8 the model space eigenvectors can be determined solely by

symmetry considerations. The model space for the final
states contains all sextet terms and the model space eigen-
vectors will be a mixture of all sextet bases. We shall calcu-

S late the line strength between multiplets by neglect dhe
lomb exchange radial integrals. The(4f,4f) values used  iing caused by crystal field. We denote the free-ion model

6
here are the same as those qsed by Dom&tgﬂ. The' space multiplet eigenvector dominated b§F*lL, as
Gk(4f,5d) values can be determined from modified free-ion 25+1) 1,. Neglecting components with less than 1% contri-

calculations:® Thg (_:omparison of the(_)reticgl and ex.perimen'butions, the multiplets concerned are obtained by using the
tal exchange splitting of 8~ 15d configuration for trivalent free-ion parameters for Eii:CaF, given by Downeret al®
heavy lanthanidé8 indicates that the calculated values need,< tollows: ' '

to be scaled down roughly by a factor of 2/3, and this reduc-

(K=2,4,6)2° and Gy (4f,5d) (K=1,3,5) are 4-5d Cou-

tion is partly due to nephaluxic effect® This would give [SL];=5L,for®S,, and all®l;, (31)
U4~7500 cm i, The drastic broadening of TPA peaks can

be better explained by a value df;~6500 cm * (see Sec. [°P];,=0.932P;;,—0.363D,, (32
IV). So we shall useJy~6500 cm! in our calculations.

The crystal-field interaction splits thedSorbitals into two [®P]5/,=0.934P5;,— 0.357Ds),, (33
energy levels, namely andt,, by 1MD,. From the one-

photon spectra of Eii :CaF, we obtain experimental values [°P]3,=0.964P3;,—0.268Dy, (34)
€g=21000 cm* and 1@,=16000 cm*. The & coeffi- .

cients of Eq.(16) are functions of these energy parameters. [°Dloi=0.983Dg,— 0.180F 5, (35

Only two of the a’s are nonzero, i.e.qg Which multiplies

U099 and a, which multipliesUS-44%. We obtain [°D]7,=0.919D,,+0.346P,,—0.18PF,,, (36)

50 o 3 [°D]5,=0.919Ds),+0.359P5;,— 0.16 PF 5,  (37)
ol €)= \[g( e e—etzg)’ @ [6D]5,=0.956D 4, + 0.26 PP, 0.118F5,, (38)
18/ 1 1 [6D],,=0.998D,;,— 0.063F ;. (39

€)= \/_1—5( €€, T e— Etzg) ' (28) Note that the eigenfunctions have been renormalized because

we have omitted all multiplets other than sextets. It can be
wheree, = —6D, and€t29=4Dq are the one-particle energy seen from the multiplet model space wave functions and the

] H -1 1.2

levels (relative to the barycenterof the 5d orbitals. The 2angular-momentum selection rules that oMy, W2,

ot : e - W3 andW?* € in Eq. (13) contribute to the TPA intensities
polarization dependence is greatly simplified for a sit©gf ’ o ' X ,
symmetry. There are only three polarization factors, whicHor th_e_se transitions. The expressions for the corresponding
can be fully distinguished by the irreps=A,,, E,, and coefficients in terms of energy level parameters and the val-

g 1 g ) 4+ . .

T,y. Three independent polarization measurements fully€S for the case OEEU in CaF, are given in Table Il.
characterize the polarization dependence of single-beam two- '€ RME's of W™ between sextets and octets are given
photon transitions of sites witB, symmetry? The multiplet y

]'E%;ngjltiplet transition line strength for this symmetry simpli- <6L||W1.K||gs>:(_ 1)K 15, 2[2(2K+1)]¥2 (40)
from which we can calculate the RME’s between two mul-
(e3¢ | Tl 7301 ? tiplets. The RME’s used in our calculations are given in
l(7dsmd) =2 Ph——57 7 —— (29 Tablel.
It can be seen from the wave functions for each multiplet
where and the comparable magnitudewf .. .«;.\ that the inten-

sities for final states®l; (J=7/2,...17/2) and ®D; (J
3 oL =3/2,...9/2) arise mainly from the contributions from
Tah:SEL WsLga W™ (30 \wr@a'n and WLP2) respectively and depend om
=&5q/ éas(normally<1) weakly. In contrast, the intensities
The polarization factor®, defined by Eq(21) for the crys-  for ®P; depend strongly on the ratig. The calculated in-
tal orientations used by Downet al’® are given in Table I.  tensities for the three polarizations and the corresponding
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TABLE II. The nonzero coefficients of thos&™2'* i, e.,w; ;. , that contribute to the measured TPA intensities ot 'Ein CaF, .
ai=ay(— €;q—Ugl2), ai=ax(—eq+Uqgl2), and a=—1/U;. Their values for E&" in CaF, are aj=—14.44/(16 cm™ 1), ai=
—15.76/(16 cm™ 1), a5=—24.56/(10 cm™ 1), a3=—41.10/(16 cm™Y), a=—2.632/10 cm %, andy= ésq/ &4 . The unitis(f|r|d)? for
the second column ang(f|r|d)2/(10° cm™1)?2 for the third column.

1.K J a A expressions for site symmet@, EP': Cak
\/_5 V14
110 Ay P (o) ot e bl e~ Fatad) ~114132.19
J3—5 V6
1-1 2 Eq 350§4f (0‘0 0‘0)"'126(0‘4 a4) 3.59-6.99,
Via | 6 |
_ﬁ—)§5d agag+ (a0a4+a4a0) e
J—S V6
1-1 2 ng 35054], (ao ao)_189(0‘4 a4) 3.31-6.04n
Vid | V6
e | bl g (adaf+ afad)~ Hhate]
\/105 NG
1.2 2 Eq 350 3 far| (agtafd)+ 126(C¥4+ af) |a 294o§5d(01(1)a§—01411(1(2)) —9.07+0.1567
\/10 V6
1.2 2 Tog 350 3agq ar| (a5t ad)— 189(“4+ ) |a mfsa(aéai_“}tag) —8.67-0.1049
V14
.23 Tag —@fsd(aéai—aiaﬁ) -0.073
V105 NG
1.3 2 By 3o bar (ap—ag)+ ﬁ(aﬁfai) @ —4.14+16.89
\/4— 1.2, 6 ., 2
350§5d agagt 7—56(a0a4+a4a0) 43/56Taja’
\/105 NG
1.3 2 Tog T 3y (ao ao) 189(a4 a4) —3.83+19.1p
R
350§5d (aoao) 1134(0’00’4"'0’4“0)_11720410’%“;21
V5 ;
1-3 3 Tog 2520§5d[(a0a4+a ag)— 2\/_9a a4] 0.538y
V2 V6
1.3 4 A1g 711\/_6305“ a4 a4)ae 140§5d (aoa4+a}1ag) 25 9 azltaczt 2.18-6.13y
14 35 V6
1.3 4 Eq +m§4f(ai_aﬁ)a+ 292055 (agag+ aiaé)—ZKaiai —0.474+1.229
14 J6
1.3 4 Tag +@§4f(ai—aﬁ)a+ Ksofsd[(aéai“L ai“é)—zga}:ai —0.237-0.610/
V715
16 5 Eq +m§5d(aéa§—aﬁa§) 1.00
V715
1.6 5 Tag +W65§5d(a(1)a421_a411a(2)) 1.33y
\/38 V10
16 6 Eq 154 g bar| (ag+ ad)a— —— 15 (apas— azag)ésq 18.2-4.657
2 10
1.6 6 0 Ty _z[&f(a}t"'ai)a’_Tcgsd(aéai_a}tacz)) —9.63+ 2.46n
16 2 1 Ty 3 (bt o) IO Syl b~ k)] —14.6+3.727

308
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TABLE lIl. Reduced matrix elements for the coupled double ten¥dts<? between pur&L multiplets
6 8
L; and®S;),.

J 1/2 32 5/2 712 /2 11/2
(°P,lWH9PsT) ) \ﬁ
3
(°P,llwt4|8s7) \/I \F \F
<6DJ||W1A22||8S%> 4 3\F 10 110
\/?1 7 V21 21
5D, ||Wt29|8s7 2 2 22 11
ColwHPsy - 2, 2 TP -y
3 7 Nz 21 21
(°Fo| W[ 2 2\3 4 [10 10 \F L5
703 7 7V 73 7 N3 7
(°Follwt3|8sy) [2 \F [15 o[22 NE 39
“ V21 N7 N7 T °N21 “°N21 N7
(°F,l|Wh34|Ps7) 3 \F 15 511 2,66 195 13
7 7 7 7 7 7
J 712 /2 11/2 13/2 15/2 1712
6| Wl.65 8a7 5 2 22 22
ClllWHH[°sT) 2 /5 2 2 2 2
739 39 NG 13 273 13
(°15 IWHe9|2S) 2 10\F 12,2 170 2,110 3,38
5 Vs 7 Nz 7 T

experimental data for multiplet to multiplet TPA intensities percent of®l,,, and/or °D-,, mixed in[6D],,, could explain
with =0.60 are plotted in Fig. 3. The calculated intensitiesthe measured intensities. The calculated intensities for
have been scaled to match the measured intensities f¢FP],, are very small, and the TPA transitions have not been
®Dgy,. The overall agreement between the calculated and thebserved. The calculated intensities f6P]5,, and [®P]s,
measured relative TPA line strengths is very good, excepare greatly improved and are in good agreement with the
that for[®D],/,, where the calculated intensities is negligible measurements. The predictions of JPD theory for a linearly
because we do not consider thd mixing” of wave func-  polarized transition t§®P],, are larger than measurements
tions in our model. The most significadtmixing in[°D],, by two orders of magnitude, and for other observable transi-
will be ®1, and ®D-, due to crystal-field interactions. Afew tions to the[ ®P] multiplets and th¢®D] multiplet are larger

/] calculated 111

B ] calculated 100
'g ] — calculated circular

E 2
g 16 % 2222223 iéé FIG. 3. Relative TPA cross sections for
= measured circular EWP*:CaR, for the three different polarizations
@ ] 7 used by Downeet al. (Ref. 6. For each column,
g ] é 7 the first three bargéwith solid borderg are calcu-
@ 102_5 é é . lated and the other three bamsith dashed bor-
2 il 713 é g é g 1 . derg are taken from Downeet al. (Ref. 6 (the
- il A 211 1 A | measured intensities are in arbitrary units and
3 10‘-= 7 5 ? 3 5 ? ? 5 ? 5 5 ? 7 have been scaled to match the calculated intensi-
3 el | mitn 1 il ties for[®D]gy). The intensities fof ®P],, are
I |1 1Mmil 1 il o2 b
4 11 g | 11 ? ; ? % ? g ? ; ? too small to measure, and the calculated intensi-
5 1P g 2 2 | é | ? g g ? ? g ? g ? ties for[°D]y, are negligibly small, and so these
5 5 g é 1 . g é g ? g é é ? ; é g ? results do not appear in the figure.
- GP7/2 GP5/2 6PE]/Z 6I7/2 6I9/2 6I1 7/2,152,13/2,11/2 6D9/2 eD1/2 6D7/2 e[)3’2,5/2
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than measurements by one order of magnitude. Fof%Je  spin-orbit interaction of 8 cannot split the’e states, and is
multiplets, the agreement between our calculations and theot included. The part of the direct Coulomb interaction that
measurements is also much better than predictions of JPEhifts ('F,%e) as a whole can be absorbed irffa,,. The
theory. Another important aspect is the polarization depenremaining Coulomb interaction betweef®4and 5 and the
dence of the TPA. For thg°P];, multiplet, the calculated 4f crystal-field interactions are neglected.

intensity for circular polarization is only one-sixth of that for  In order to solve Hamiltoniari41), we shall define two
the linear polarization, in good agreement with the measureangular-momentum operators, i.e.,

ments. For thd ®1] multiplets and thd °D] multiplets, the

absorption of theg111) beam is calculated to be only slight S=5+S, (42
weaker than or equal to that gf00), and is about two-thirds
of that of the circular polarization. However, the experimen- J=S+L;. (43)

tal in_tensiti_e_s for(111) are sigr)ificar!tly smaller. The relgtive Sis the angular momentum for the total spB commutes
TPAintensities change very little with a largelg (i.e., Using  \yith the second term of effective Hamiltonidd1), which
the calculated value 7500 cm) if a slightly larger » gives the majority of the splittingl is an angular-momentum
=&sq/ésr (i€, 0.65 IS Used. , operator that commutes witH ;. Note thatJ is different
The transition intensities for |r_1d|V|duaI lines can also be¢qm the total angular-momentum operator Gf8d system
calculated by using E¢20), provided that the wave func- j, that it does not include the orbital angular momentum of

tions for stark levels are known. However, it is well-known o 54 gjectrons, which can be considered to be quenched by
that for ions with a half-filled shell, the correlation crystal the crystal-field splitting?, L2, andJ commute and there-
field is important in fitting the crystal-field energy levels, and¢) " 1.ave  common | e,igenfunctions 2S+1F )y (3
the wave function depends strongly on the correlation crystal 1/2 11/2 for S=5/2 and J=1/2 13/2 for S
field** and the fitting of energy levels is not a easy task. Our_ 7/25 ' ;/\)hich can be chosen as bases 17(ﬁr .Ee)
method could also be extended to incluglerbitals in inter- Thé matrix elements of the effective Har;ﬂlto.niati) can
mediate states and the ligand polarization proposed by Rei[gie written as
and Richardsofr®
(PSR IHer (F.2e)| 5 1F 1)
IV. ANALYSIS OF THE TPA LINEWIDTH OF Eu 2"':Can

For the TPA in EG*:Cak,>® typical linewidths for tran- U
sitons to the °P  multiplets (energy E =835 | Osg —d[51— 4S5(S+1)]
=27550-28000 cm'), the 6  multiplets E 28
=30700-31800 cm'), and the °D multiplets E 25+ 1
=33850-34950 cm') are approximately 2, 30, and (2— T)(Z\Hl)z
60 cm %, respectively. Surprisingly, there are some sharp + E4 )
peaks in the®l region and the’D,,, peak, in the middle of 48
the ®D region, has a linewidth of approximately 8 crh
Downeret al® explained the general trend of the linewidths
in terms of the nonradiative relaxation of 4states to those — Sew @(Z\H 1)+ /1_ 23+ 1)
4f°5d states: the lowest#45d states are octets and relax- SS'=124 14
ation from the®P multiplets to these octets is spin forbidden (44)
and consequently the lines are sharp; there are some sextet
41°5d energy levels low enough that tffé multiplets can ~ Since there is only one state with=13/2, one of the the
relax to them, and therefore the lines are much broader; theigenvectors for the effective Hamiltonian6 3/, with an
5D multiplets have even more sextets available to relax teigenvalueE,,—3Uy/7+3&,¢/2. The other eigenvectors and
and so the lines are even broader. However the exceptiorgigenvalues are obtained by diagonalizingt 2 matrices.
were not explained. In the following we use various selectiorSince the exchange interaction is much larger than the spin-

rules to explain the linewidths. orbit interaction, the matrices are approximately diagonal
We can write an approximate effective Hamiltonian for and so the eigenvectors are approximatély'F; and the
the 4f%5d states (F,%e) as follows: corresponding eigenvalues are approximately the diagonal

matrix elements(*>*1F j|H4 (F,%€)|25"1F;), with only
2U4 Eus small corrections from off-diagonal matrix elements.
Heﬁ(7Faze):Eav_Tsf'sd_l'?Sf'Lf- (41) The vibronic crystal-field Hamiltonian responsible for
nonradiative relaxation that links f4 states with 4°5d
Here E,, is the barycenter energy of théH,%e) states, states annihilategreatega 5d electron and creatgannihi-
which does not contribute to the splitting. The second terrrates an 4f electron. Hence it can be written in second quan-

represents the exchange interaction betweéh ahd 5,  tized form as

which splits (F,%e) into an octet and a sextet. The third

term represents the spin-orbit interaction of tHeedectrons, H .= pka, = ©23)5(12:2))(0-Kk o o 45
which is smaller in magnitude than the second teltie nt kZ‘q (@ d €. (49
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Whereb'é (k=1,3,5,g=—k,—k+1---k) are odd-parity dy- 40000 ,t %/////% _____________________________________________ ()

namic crystal-field parameters, and the complex conjugate
(c.c) is required to makeH;,; hermitian. The dynamic
crystal-field interaction is spin independent and of odd parity. ., L \:l:v:
Therefore, the spins of the creation and annihilation opera- Y
tors must couple to give a spin scal&@=0) and the orbital &\\\\\\
angular momentum of af4electron (3) and of ad electron rrann

(2) must couple to give an odd total orbital angular momen- 31000 I~ \:l“m
tum k. Since the orbital angular momentum of the Blec-

tron is considered to be quenched, the angular-momentum
operator defined by Eq43) has a total spin O coupled with 28000 |-
thef electron orbit angular momentum 3, and so the resulting
guantum number for the operatbm Eq. (43) can only be 3.
This is clearer if we rewritéd;,; in the following form:

("F%e)

24000
1.1y0.3)3. de
Hint:% b'a(a;rad)g((z 5)0-3)3 2)k+C.C. (46) oL s
Now we consider the # states. Neglecting theJmixing” FIG. 4. Schematic diagram of the energy levels df 4nd

caused by the crystal-field interaction and th® rhixing”  4f55d. Note that the] label for 4f5d is the quantum number for
caused by the spin-orbit interaction, thé’4states can be theJ defined by Eq(43), rather than the usual total angular mo-
written a525f+1|_”f_ Since 47 contains no 8 electrons the mentum. The states of IF,%e), characterized by quantum numiger

: . andJ are further shifted and split by a few hundred wave numbers
gﬂ?ﬂ:gﬂggﬁ‘:%;ﬁg I|Esqju(gt23 's justSy and the quantum by interactions not included in the Hamiltonigg. (41)]. This is

o ;i indicated by the shaded areas in the figure. In the figure we have
The nonradiative relaxation of[4f72%*1L ;) to y g g

o 25i1 _ ) usedU 4=~6500 cm' ! and &,=1200 cm *.
|4f°5d F,) due toH ;,; will therefore obey the following
selection rules:

and °D lines are broader than th&P lines, due to the
“ J-mixing” breaking down the selection rules.

Si=S, (47)
3= 31| =<J=(3+J4. (48) V. CONCLUSION
A schematic diagram of the energy levels df 4nd 4°5d A simple method to calculate the spin-forbidden two-

is given in Fig. 4. Note Fhat thd label for 4f5d is the photon transition rates fd™ (N=6, 7, and 8) ions in crys-
quantum number fod defined by Eq(43), r%ther than the (51 pased on many-body perturbation theory and group
usual total angular momentum. The states @.(e), char- e ory has been developed. This theory includes the excited-
acterized by quantum numbegsandJ, are shifted and split - g5t6 ‘crystal-field interactions and the dominant part of Cou-
by prewously n'egilec'ted interactions by a few h“ﬂdred Wav§omb splitting in the zeroth-order Hamiltonian. A particular
numbers._ This is indicated by the shaded arelas in the flgur%ase of this method, the TPA of & ion in an Oy, site, is

In the figure we have used)y=~6500 cm " and & treated in detail, and a comparison with experimental data is

=1200 cm L. This U4 value is necessary to have the sextet N N
states low enough to explain the nonradiative relaxation.maOIe for E&" (417) in CaR. The theory reproduces the

Now we can explain the various linewidths for the TPA Spec_meas_grerr_lents very well Th_e dep_eljdence_ of two-photon
tra. The narrow linewidth of théP, states can be explained transition intensities on the spin-orbit interaction parameters
by spin selection rules because there are only octet states i made clear with this method. This solves the so-called
4%55d for them to relax to. The broadening of some of fiie “unusual weakness of third-order spin-orbit contributiors.”
states is due to spin-allowed nonradiative relaxation of thend Nis method could be extended to include other intermediate
to the sextet #85d states below. The selection rule fgr  States and ligand polarizations. It is expected that the method
indicates that thél ; states of 47 can only relax rapidly to Nerein can also solve the puzzling problems of the spin and
SF, states of 4°5d with J=J;—3. Since only states of grbg[;fqrbg(il:en tvéoépgftpnéﬁné'“ciﬂs in other cases such as
<7/2 are close in energy to th¥; states(see Fig. 4, the m="1n Srk; an N KMVigFs.”

6. states withJ.=15/2 cannot rfelax efficiently. so these Nonradiative relaxation mechanisms have also been con-
It = 5 Y sidered. The unusually small linewidths for some TPA peaks
lines are sharp. FofD,, the only nearby #4°5d states have haye been explained by angular-momentum selection rules
J=11/2 and 9/2 and so théD,,, state cannot relax effi- for nonradiative relaxation based on a simple effective
ciently, giving a sharp line. Note that even the “sharfi’  Hamiltonian.
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