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Dislocation constriction and cross-slip: Anab initio study
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A model based on the Peierls framework of dislocations is developed. The theory allows the study of
dislocations spreading at more than one slip planes. As an example, we study dislocation cross-slip and
constriction processes in two contrasting fcc metals, Al and Ag. The energetic parameters entering the model
are determined fromab initio calculations. We find that the screw dislocation in Al can cross-slip spontane-
ously in contrast with the screw dislocation in Ag, which splits into partials and cannot cross-slip without first
being constricted. The response of the dislocations to an external stress is examined in detail. We determine the
dislocation constriction energy and the critical stress for cross-slip, and from the latter, we estimate the
cross-slip energy barrier for the straight screw dislocations.
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The cross-slip process, by which a screw dislocat
moves from one slip plane to another, plays an important
for plastic deformation in materials. For example, cross-s
is responsible for the onset of stage III of the stress-st
work-hardening curve and the anomalous high tempera
yield stress peak observed inL12 intermetallic alloys. How-
ever, theoretical studies of dislocation cross-slip have b
proved to be challenging because one has to deal with
long-ranged elastic interactions between dislocation s
ments and short-ranged atomic interactions due to the
striction process, in which the two partial dislocations ha
to be recombined into a screw dislocation before cross-
takes place.

There are currently two theoretical approaches to st
cross-slip. The first is based on the line tension approxim
tion which completely ignores atomic interactions,1,2 and
hence is not reliable in treating the constriction process.
second approach is based on atomistic simulations emp
ing empirical potentials.3,4 Although this approach is quite
powerful in determining the cross-slip transition path and
estimating the corresponding activation energy barrier, i
time consuming and critically depends on the accuracy
availability of the empirical potentials employed in the sim
lations. In this paper, we present an alternative approac
study the cross-slip process based on the Peierls frame
with ab initio calculations for the relevant energetics. In fa
there has recently been a resurgence of interest in appl
the simple and tractable Peierls-Nabarro~PN! model to study
dislocation core structure and mobility in conjunction wi
ab initio g-surface calculations.5–10This approach represen
a combination of the atomistic~ab initio! treatment of inter-
actions across the slip plane and the elastic treatment fo
continua on either side of the slip plane. Therefore, this
proach is particularly useful for studying the interactions
impurities with dislocations, when empirical potentials a
either not available or not reliable to deal with such mu
element systems. However, to date all the models base
the Peierls framework are only applicable to a single s
plane while cross-slip process requires at least two ac
intersecting slip planes, i.e., the primary and the cross-
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planes. It is the purpose of this paper to introduce a
model that involves two intersecting slip planes. This dev
opment represents an effort to extend the PN model to m
tiple slip planes, which in turn allows the study of dislocatio
junctions and other interesting dislocation processes as
volving multiple slip planes. We will demonstrate that th
approach reproduces in precise detail the cross-slip beha
of the straight dislocations, when it is compared to the res
from direct atomistic simulations.

We begin by developing an appropriate energy functio
for a Peierls dislocation at two intersecting slip planes.
facilitate the presentation, we adopt the following conve
tions: In Fig. 1, a screw dislocation placed at the intersect
of the primary~plane I! and the cross-slip plane~plane II! is
allowed to spread onto the two planes simultaneously. ThX
(X8) axis represents the glide direction of the dislocation
the plane I~II !. For a fcc lattice, the two slip planes are~111!
and (1̄11), forming an angleu'71°. The dislocation line is
along the@101̄# (Z axis! direction, andL represents the oute
radius of the dislocation beyond which the elastic energy
ignored. In the spirit of the PN model, the dislocation
represented as a continuous distribution of infinitesimal d

FIG. 1. Cartesian set of coordinates showing the directions
evant to the screw dislocation located at the intersection of the
slip planes.
©2002 The American Physical Society03-1
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locations with densities ofr I(x) andr II(x8) on the primary
and the cross-slip planes respectively. Herex andx8 are the
coordinates of the atomic rows at the two planes. Follow
the semidiscrete Peierls framework developed earlier,7,9 we
can write the total energy of the dislocation asUtot5U I

1U II1Ũ. HereU I andU II are the energies associated w
the dislocation spread on planes I and II, respectively, anŨ
represents the elastic interaction energy between the dis
tion densities from the two planes.U I andU II are essentially
the same expression given earlier for the single plane cas7,9

while Ũ is a new term and can be derived from Nabarr
equation for general parallel dislocations11:

U I(II) 5(
i , j

1

2
x i j $Ke@r1

I(II) ~ i !r1
I(II) ~ j !1r2

I(II) ~ i !r2
I(II) ~ j !#

1Ksr3
I(II) ~ i !r3

I(II) ~ j !%

1(
i

Dxg3~ f 1
I(II) ~ i !, f 2

I(II) ~ i !, f 3
I(II) ~ i !!

2(
i ,l

x~ i !22x~ i 21!2

2
r l

I(II) ~ i !t l
I(II) 1Kb2ln L,

Ũ52(
i , j

Ksr3
I ~ i !r3

p~ j !Ai j 2(
i , j

Ke@r1
I ~ i !r1

p~ j !

1r2
I ~ i !r2

p~ j !#Ai j 2(
i , j

Ke@r2
I ~ i !r2

p~ j !Bi j

1r1
I ~ i !r1

p~ j !Ci j 2r2
I ~ i !r1

p~ j !Di j

2r1
I ~ i !r2

p~ j !Di j #.

Here f 1
I(II) ( i ), f 2

I(II) ( i ), and f 3
I(II) ( i ) represent the edge, vert

cal, and screw components of the general dislocation
placement at thei th nodal point in the plane I~II !, respec-
tively, while the corresponding component of dislocati
density in plane I~II ! is defined as r I(II) ( i )5@ f I(II) ( i )
2 f I(II) ( i 21)#/@x( i )2x( i 21)#. The projected densityrp~i!
is the projection of the densityr II~i! from the plane II onto
plane I, introduced to deal with nonparallel components
displacement. Theg surfaceg3, which in general includes
shear-tension coupling can be determined fromab initio cal-
culations.t l

I(II) is the external stress components interact
with the correspondingr l

I(II) ( i ) ( l 51,2,3), which contrib-
utes to the total energy as the elastic work done by the
ternal stress.7 The response of the dislocation to the exter
stress is achieved by optimization ofr l

I(II) ( i ) at a given value
of t l

I(II) . The dislocation core energy is defined as a sum
the density-dependent part of the elastic energy and the
tire misfit energy, in the absence of external stress.Ke andKs
are the edge and screw components, respectively, of the
eral prelogarithmic elastic energy factorK. x i j , Ai j , Bi j ,
Ci j , andDi j are double-integral kernels defined as follow
14410
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xi 21

xi
lnux2x8udxdx8,
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ln~x0
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2!dxdx8,
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xj 218
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2
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21y0

2
dxdx8,

Ci j 5E
xj 218

xj8 E
xi 21

xi
ln
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2
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21y0

2
dxdx8,

Di j 5E
xj 218

xj8 E
xi 21

xi
ln

x0y0

x0
21y0

2
dxdx8,

where x05L2x1x8cosu, and y052x8sinu. The equilib-
rium structure of the dislocation is obtained by minimizin
the total energy with respect to the dislocation density.

To contrast and to understand the different cross-slip
havior in Al and Ag, we have carried outab initio calcula-
tions for theg surface of Ag while theg surface of Al has
been published elsewhere.9 A supercell containing six atomic
layers in the@111# direction is used to calculate theg surface
for Ag. The ab initio calculations are based on the pseud
potential plane-wave method12 with a kinetic energy cutoff
of 55 Ry for the plane-wave basis and ak-point grid consist-
ing of ~16,16,4! divisions along the reciprocal lattice vector
Owing to the planar nature of the dislocation core struct
of fcc metals, we disregard the displacement perpendicula
the slip planes, and partially consider the shear-tension c
pling by performing volume relaxation along the@111# direc-
tion in theg-surface calculations. We present the completeg
surface for Ag in Fig. 2. The most striking difference b
tween theg surfaces of Ag and Al is the vast difference
the intrinsic stacking fault energy, which is 165 mJ/m2 for Al

FIG. 2. Theg surface (J/m2) for displacements along a~111!
plane for Ag. The corners of the plane and its center correspon
identical equilibrium configuration, i.e., the ideal lattice. Theg sur-
face is truncated to emphasize the more interesting region.
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and 14 mJ/m2 for Ag. This dramatic difference in theg sur-
face gives rise to very different dislocation core structu
and cross-slip behavior that we are going to explore.

The model calculation is set up by introducing a scr
dislocation at the intersection of the two slip planes witho
applying external stress to the system at first. The ini
configuration of the dislocation is specified by a step fu
tion for the screw displacementf 3

I (x)50 for x,L and
f 3

I (x)5b for x>L. All other displacement components, in
cluding those on the cross-slip plane, are set to zero initia
This corresponds to a pure screw dislocation with a z
width ‘‘spread’’ on the primary plane. We then relax the d
location structure according to the energy functional. T
Burgers vector of Ag,b52.84 Å, is determined fromab
initio calculations and elastic constants are chosen from
experimental values.13 The corresponding parameters of A
have been given elsewhere.9 Having determined all the pa
rameters entering the model, we can calculate the equ
rium structure of the dislocations, represented by their d
sity r(x) shown in Fig. 3, using the new PN model. Th
screw dislocation in Al which starts out at the primary pla
spontaneously spreads into the cross-slip plane, as the
sity peak at the cross-slip plane indicates. As expected,
edge component of the density is zero at the cross-slip p
because only screw displacement can cross-slip. On the o
hand, the screw dislocation in Ag dissociates into two p
tials, separated by 7.8b ('22 Å) distance. These partial dis
locations cannot cross-slip, as the arrows indicate, with
first annihilating their edge component. As a consequen
the dislocation density on the cross-slip plane is essent
zero. The partial separation distance we obtained from
model calculation is in an excellent agreement with the TE
measurement for that in Ag, which is about 20 Å.14 Obvi-
ously, the lack of a clear dissociation in Al results from t
fact that the intrinsic stacking fault energy in Al is muc
higher than that in Ag.

In order to examine the effect of external stress on
dislocation core structure and cross-slip process, we nex
ply external Escaig stress to the dislocation. The Esc
stress defined as the edge component of the diagonal s
tensor interacts only with the edge component of disloca
densities, extending or shrinking the stacking fault width d
pending on its sign. The results of the partial separation
function of Escaig stress are summarized in Fig. 4. With
external stress, the partial separation is 7.8b for Ag and zero
for Al. Under positive Escaig stress, the partial separat
rises rapidly for Ag whereas it remains zero inAl until the
stress reaches the threshold required to separate the ove
ping partials. To activate cross-slip, however, one need
apply a negative Escaig stress so as to annihilate the
components of the partials’ displacement, known as a c
striction process. Upon application of the negative stress,
partials in Ag move toward each other and reduce the w
of the stacking fault. During this process, the edge com
nents of displacement from the two partials annihilate e
other while the screw component is being built up. Howe
there is a lower limit that the two straight partial dislocatio
can approach each other, which is 1.7b for Ag. This is in
14410
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good agreement with the atomistic simulations for Cu,
porting a corresponding value of 1.6b.15 In the wake of the
constriction process, a pure screw dislocation segmen
formed at the intersection of the two planes, which in tu
can cross-slip. On the other hand, further increasing
negative stress does not complete the constriction but ra
increases the partial separation distance. This is due to
fact that the remaining edge component of the partials in
acts with the stress, and as a result the two partials excha
signs and move away from each other until the lattice bre
down. Associated with the inversion of the edge compon
of the partials, a run-on stacking fault is formed between
partials, with an energy of about 1.0 J/m2. Across the stack-
ing fault plane, the atoms from the neighboring~111! planes
sit right on top of each other, and therefore the run-on sta
ing fault is the most unstable fault configuration in an f

FIG. 3. Dislocation displacement densityr(x) for Al ~a! and Ag
~b!. The peaks in the density plot represent~partials! dislocations.
3-3
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lattice. Such a high energy state of a straight screw dislo
tion can only exist in real materials under very high stre
levels.

We have also estimated critical energetics that are rele
to cross-slip. For example, we calculated constriction ene
defined as the difference in dislocation core energy9 between
the normal and the constricted states. By approximating
state with 1.7b separation between partials as the constric
state, we were able to estimate the constriction energy fo
to be 0.14 eV/b. A similar approach has been used to eva
ate the constriction energy for a screw dislocation in
based on atomistic simulations, reporting a value
0.17 eV/b, which is in good agreement with our model ca
culations. Obviously the constriction energy for Al is ze
because its normal state is fully constricted. We have a
calculated the critical stress for cross-slip which is defined
the glide stress in the cross-slip plane to move a parti
constricted dislocation from the primary plane to the cro
slip plane.15 Of course, this approximation assumes that u
der the critical glide stress, the constricted dislocation mo
to the cross-slip plane. Within this approximation, we det
mined the critical stress for cross-slip in Ag to be 1.68 G
comparing to 0.32 GPa in Al. The critical stress for cross-s
from our calculations is of the same order of magnitude
that required to move a straight screw dislocation in the
structure, and shares the same origin of the nonplanar
structure. Finally we estimated cross-slip energy barr

FIG. 4. Partial separation as a function of applied Escaig str
The vertical dashed line represents the zero stress separatin
compress and stretch regions. The horizontal dashed line indic
the minimal separation distance for Ag.
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which in the context of our calculations is defined as t
difference in dislocation core energy before and after cro
slip takes place by applying the above mentioned criti
stress. In other words, we calculate the core energy dif
ence for the dislocation between its normal state and the s
that the dislocation just starts to cross-slip under the appl
tion of the critical cross-slip stress. We find that the cross-s
energy barrier for Ag is 0.31 eV/b, much higher than that o
0.05 eV/b for Al. One needs to be cautious when compari
our results for the cross-slip energy barrier directly with e
periments, since the dislocations are assumed to be stra
in our current implementation of the PN model. Neverthele
the present model is still capable of providing reliable en
getics for straight dislocations. Moreover, it is possible
extend the present formalism to deal with an arbitrar
curved dislocation where a more realistic cross-slip ene
barrier can be obtained.

To conclude, we have presented a model based on
Peierls framework that allows the study of dislocation cro
slip and constriction. Theg surface entering the model i
determined fromab initio calculations which provide reliable
atomic interactions across the slip plane. We have dem
strated that the model successfully reproduces the diffe
dislocation cross-slip behaviors in Al and Ag. We find th
the screw dislocation in Al can spontaneously spread into
cross-slip plane, while in Ag it splits into partials and cann
cross-slip without first being constricted. The response of
dislocations to external stresses is examined, and in par
lar negative Escaig stresses are applied to the dislocation
simulate the constriction process. It is found that one can
achieve full constriction for straight partial dislocations. B
computing the dislocation core energy in different stre
states, we have estimated the dislocation constriction en
for Al and Ag. We have also calculated the critical stress a
the energy barrier for dislocation cross-slip, and from wh
we confirmed that dislocation cross-slip is much easier in
than in Ag. Since ourab initio model calculation is much
more expedient than directab initio atomistic simulations, it
can serve as a powerful and efficient tool for alloy des
where the goal is to select the ‘‘right’’ elements with th
‘‘right’’ composition to tailor the desired mechanical, in pa
ticular, dislocation properties.
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