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Quantum interference between nonmagnetic impurities indx2Ày2-wave superconductors
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We study quantum interference of electronic waves that are scattered by multiple nonmagnetic impurities in
a dx22y2-wave superconductor. We show that the number of resonance states in the density of states, as well as
their frequency and spatial dependence change significantly as the distance between the impurities or their
orientation relative to the crystal lattice is varied. Since the latter effect arises from the momentum dependence
of the superconducting gap, we argue that quantum interference is a tool to identify the symmetry of uncon-
ventional superconductors.
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Over the last few years, the study of impurities in unco
ventional superconductors has attracted consider
theoretical1–4 and experimental5–7 attention. In particular, a
series of groundbreaking scanning tunneling microsc
~STM! experiments has provided detailed information on
density of states~DOS! near single nonmagnetic5 and
magnetic6 impurities in Bi2Sr2CaCu2O81d , a high-
temperature superconductor~HTSC!. Of particular interest is
the experimentally observed emergence of resonance s
near the impurities. Several theoretical scenarios have b
proposed that ascribe the origin of these resonances to
tronic scattering off classical impurities with magnetic a
nonmagnetic scattering potentials,1–3 or to the Kondo screen
ing of a local spin polarization that is induced by nonma
netic impurities.4 At the same time, a different line of exper
ments studied quantum interference of electronic waves
are scattered by multiple impurities. In particular, Manoha
et al.8 demonstrated that quantum interference in a corra
magnetic impurities arranged on the surface of a meta
host leads to the focusing of electronic waves into a quan
image; a result that has recently been addressed in se
theoretical studies.9 Similar quantum interference exper
ments using unconventional superconductors can be
pected in the future. First evidence for quantum interfere
in the HTSC was recently reported by Derroet al.7 in the
one-dimensional chains of YBa2Cu3O61x .

Motivated by the experimental progress in this field, w
present in this paper a theoretical model that combines
study of impurities in unconventional superconductors w
that of quantum interference effects. In particular, genera
ing the formalism presented in Refs. 1,2,10, we investig
the electronic structure in the vicinity of two nonmagne
impurities in adx22y2-wave superconductor. We show th
quantum interference due to the presence of a second im
rity dramatically changes the DOS obtained near a sin
impurity. In particular, we demonstrate that the number
resonance states in the DOS, as well as their frequency
spatial dependence, change significantly as the distance
tween the impurities or their orientation relative to the crys
lattice is varied. Since the latter effect arises from the m
mentum dependence of the superconducting gap, we a
that quantum interference is a tool to identify the symme
of unconventional superconductors. This result might be
particular importance for Sr2RuO4, an unconventional super
0163-1829/2002/66~14!/140508~4!/$20.00 66 1405
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conductor whose symmetry is still a topic of controversy11

While the study of quantum interference is not only of fu
damental importance for our understanding of complex
purity structures, it can also clarify the origin of the res
nances observed in the HTSC. In particular, we expect
the form of the resonances arising from Kondo screening
two magnetic impurities is different from those discuss
below; work is currently under way to verify thi
conjecture.12

The starting point for our calculations is theT̂-matrix
formalism13 that we extended to treat scattering off multip
impurities1,10 in a dx22y2-wave superconductor. Quantum in
terference ins-wave superconductors was recently discus
in Refs. 14,15. For simplicity, we restrict our consideratio
to two nonmagnetic impurities; our formalism, however,
lows the study of an arbitrary, but finite number of impu
ties. The study of more complex impurity structures, as w
as that of magnetic impurities, will be the focus of futu
work.12 Within the Nambu formalism and for Matsubara fr
quenciesvn , the electronic Green’s function in the presen
of N impurities is given by

Ĝ~r ,r 8,vn!5Ĝ0~r ,r 8,vn!1 (
i , j 51

N

Ĝ0~r ,r i ,vn!

3T̂~r i ,r j ,vn!Ĝ0~r j ,r 8,vn!, ~1!

where theT̂ matrix is obtained from the Bethe-Salpeter equ
tion,

T̂~r i ,r j ,vn!5V̂r i
d r i ,r j

1V̂r i(l 51

N

Ĝ0~r i ,r l ,vn!T̂~r l ,r j ,vn!.

~2!

For two nonmagnetic impurities located atr i ( i 51,2) with
Dr 5ur22r1u, the scattering matrices are given byV̂r i

5Uit3/2 with Ui being the nonmagnetic scattering potent
and t is the Pauli matrices in Nambu space. The Gree
function of the unperturbed~clean! system in momentum
space is given by

Ĝ0
21~k,ivn!5 ivnt02ekt32Dkt1 . ~3!
©2002 The American Physical Society08-1
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For the electronic excitation spectrum in the normal state,
take a form that is characteristic of an optimally dop
HTSC ~Refs. 16–18! and given by

ek522t@cos~kx!1cos~ky!#24t8cos~kx!cos~ky!2m,
~4!

with t5300 meV, t8/t520.4 as the nearest and nex
nearest-neighbor hopping integrals, respectively, and
chemical potentialm/t521.18, corresponding to 14% hol
doping. Moreover, the superconducting gap withdx22y2

symmetry is given by Dk5D0@coskx2cosky#/2 with
D0525 meV.17 Our results presented below are qualitative
robust against changes in the form ofek , or the size of
D0 . We obtain the DOS,N(r ,v), from a numerical
evaluation of Eqs.~1!–~3! with N(r ,v)5A111A22 and
Aii (r ,v)52ImĜii (r ,v1 id)/p.

We briefly review some important features in the DO
near a single nonmagnetic impurity in adx22y2-wave
superconductor.1,2 The resulting diagonalT̂ matrix

T̂11,225
6U0

12U0G0~r 50,6v!
, ~5!

where the upper~lower! sign applies to T̂11(T̂22) and
G05@Ĝ0#11, exhibits a particlelike (v res,0) and holelike
(v res.0) resonance. These resonances give rise to s
peaks in the DOS only in the unitary limit (uv resu/D0!1),
whereU0

215ReG0(0,6v res).

In the presence of two impurities, theT̂ matrix, @Eq. ~2!#,
is rather complex. However, in the lim
F0(Dr ,v)!G0(Dr ,v), whereF05@Ĝ0#12 and for identical
impurities with U1,25U0, the T̂ matrix simplifies consider-
ably and is again diagonal. Defining

S6~v!5$12U0@G0~0,v!6G0~Dr ,v!#%21, ~6!

one obtains (iÞ j )

T̂11,22~r i ,r i !5U0@S1~6v!1S2~6v!#/2,
~7!

T̂11,22~r i ,r j !5
U0G0~Dr ,6v!

12U0G0~0,6v!
T̂11,22~r i ,r i !,

where the upper~lower! sign applies toT̂11(T̂22). By com-
paring theT̂ matrices in Eqs.~5! and ~7!, we find that the
presence of a second impurity splits the resonances of
single-impurity case byU0G0(Dr ,v). Note thatG0(Dr ,v)
does not only change with varyingDr , but also with the
angle a betweenr22r1 and the crystalx̂ axis, due to the
momentum dependence of the superconducting gap. Co
quently, the energy and lifetime of the resonances depen
Dr and a. While all four S6 terms in Eq.~7! can possess
resonances, those that are shifted to higher energies
highly overdamped and give rise only to oscillations in t
DOS without the signature of a sharp peak.

In what follows, we consider two identical impurities wit
scattering potentialU1,25U05700 meV, corresponding to
the unitary limit, in agreement with Refs. 1,2. While th
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specific form of the DOS changes withU0, its qualitative
features remain unchanged. To study the effects ofa andDr
on the DOS separately, we first consider for definiteness
impurities located along the crystalx̂ axis atr15(0,0) and
r25(Dr ,0) with a50. In Fig. 1, we present the DOS a
R5(0,0), i.e., at one of the impurity sites, as a function
Dr . For comparison, we note that for a single impurity wi
U05700 meV, the resonances are located
v res561.5 meV. As Dr is varied, the DOS undergoe
strong modifications. In particular, the frequency of the re
nances oscillates and at the same time, their energy width
lifetime, changes. For a single impurity, the resonance
quency and width are correlated, such that asuv resu de-
creases, the frequency width decreases as well.1,2 In the case
of two impurities, we find thatuv resu and the lifetime of the
resonances are not necessarily correlated. For example
resonance frequencies for bothDr 52.0 and Dr 53.5 are
v res564.0 meV, but the width of the resonances are co
siderably larger in the second case. Moreover, for some
ues of Dr , all resonances are very weak and, e.g.,
Dr'1 disappear almost completely. Note, that even
rather large values ofDr'10, the DOS atR5(0,0) is still
affected by quantum interference and thus different from t
obtained in the single-impurity case. This result bears imp
tant implications for the interpretation of recent ST
experiments,5–7 since it implies that the DOS near impuritie
in the two-dimensional HTSC can only be described with
the single-impurity framework if the impurity concentratio
is well below 1%.

FIG. 1. DOS atR5(0,0) as a function ofDr for two identical
impurities with U05700 meV located at r15(0,0) and
r25(Dr ,0). The lattice constant is set toa051.
8-2
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An additional important result of Fig. 1 is that the numb
of observable low-energy resonances changes withDr . In
particular, forDr<6, only two sharp low-energy resonanc
can be clearly identified. This effect becomes particula
evident when one considers the spatial dependence o
DOS for fixed Dr , as shown in Fig. 2. Here, we plot th
DOS as a function ofR5(R,0) for two impurities located a
r15(0,0) andr25(Dr ,0). The uppermost curve correspon
to the midpoint between the two impurities, the dashed l
represents the DOS atr2. For Dr 52 @Fig. 2~a!#, there exist
only two low-energy resonances atv res64 meV. In con-
trast, forDr 57 @Fig. 2~b!#, we find two broader resonance
at v res563 meV and two sharper resonances
v res560.25 meV. Note, that the resonances forDr 52 at
v res64 meV have a considerably larger amplitude th
those forDr 57 atv res563 meV. This result again differs
from the single-impurity case, where the resonance with
smaller uv resu always possesses a larger amplitude in
DOS.

While sharp resonances can only be identified
v res!D0, oscillations in the DOS exist for basically all en
ergies,uvu<D0. To study these oscillations in more deta
we present in Fig. 3 the DOS alongR5(R,0) for various
frequencies and the same impurity arrangement as in
2~a!; the locations of the impurities are indicated by arrow
The solid and dashed lines in Fig. 3~a! represent the DOS a
v res564 meV, corresponding to peak 1 and 2 in Fig. 2~a!.
The DOS atuv resu but along the lattice diagonal, i.e., fo
R5(R,R), is shown as open and filled squares. Similar
the single-impurity case, the amplitude of the resonance
much weaker along the direction of the superconducting
nodes, than along the antinodal direction. The inset sh
the DOS along R5(R,0) for a single impurity with
U05700 meV and resonance energyv res561.5 meV. A
comparison shows that the amplitude of the DOS oscillati
induced by the two impurities is much larger than those
duced by a single impurity~the overall scale in the inset i
three times smaller than in the main figure!. Moreover, in the
two-impurity case, the DOS exhibits significant oscillatio
at much larger distances from the impurities than in

FIG. 2. DOS as a function of spatial positionR5(R,0) for two
impurities with U05700 meV located at r15(0,0) and
r25(Dr ,0) with ~a! Dr 52 and~b! Dr 57.
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single-impurity case. This is particularly evident whe
comparing the particlelike resonances, where in the tw
impurity case, the amplitude of the oscillations is still lar
at a distance to the nearest impurityr n of about r n'4 –5;
while in the single-impurity case, the oscillations are alrea
substantially reduced atr n'2. In Fig. 3~b!, we present the

FIG. 4. DOS at~a! R5(0,0) and~b! R5(1,0) for two impuri-
ties with U05700 meV. One impurity is located atr15(0,0), the
other one either atr25(3,3) ~dotted line! or at r25(4,0) ~dashed
line!.

FIG. 3. DOS alongR5(R,0) for the same impurity arrangemen
as in Fig. 2~a!. The positions of the impurities are indicated b
arrows. ~a! DOS at v res564 meV. The open and filled square
present the DOS atv res564 meV along the lattice diagonal with
R5(R,R). Inset: DOS alongR5(R,0) for a single impurity at its
resonance frequencyv res561.5 meV. ~b! DOS at frequencies
uv resu,uvu,D0.
8-3
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DOS along R5(R,0) for several frequencies with
uv resu,uvu,D0. While there exist no evidence for a res
nance at higher energies, we still find considerable osc
tions in the DOS. Asuvu decreases, the wave vectors of the
oscillations also decrease, as can be clearly seen from
shift of the peaks aroundR53 and 4. Thus, the DOS osci
lations exhibit a dispersion, similar to the results obtained
Ref. 7

Due to the momentum dependence of the superconduc
dx22y2 gap, the DOS changes when the orientation of the
impurities with respect to the crystal lattice is varied. In p
ticular, since the gap vanishes along the lattice diagonal,
expect the largest deviations from the results fora50 shown
in Figs. 1–3 when the impurities are located along the lat
diagonal, i.e., fora5p/4. To study the changes in the DO
due to variations ina and to eliminate effects due to a var
ing Dr , we chose two different impurity arrangements th
can be realized experimentally, and possess almost iden
values forDr . In the first case, the impurities are locat
along the lattice diagonal (a5p/4) at r15(0,0) and
r25(3,3) ~dotted line,Dr'4.2). In the second arrangemen
the impurities are aligned along the crystalx̂ axis (a50) at
r15(0,0) andr25(4,0) ~dashed line,Dr 54). We verified
that the DOS forr25(4.2,0), which would yield identica
values ofDr , but is experimentally not realizable, differ
only slightly from that forr25(4,0). The DOS atR5(0,0)
r,
.
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and R5(1,0) are shown in Fig. 4. While the DOS fo
a5p/4 possesses three distinct resonances, only two r
nance peaks are observable fora50. Moreover, fora50,
the resonance states are located at higher frequencies an
much broader. The qualitative differences in the DOS
tween these two different impurity arrangements can be
rectly traced back to the vanishing ofF(Dr ,v) for
a5p/4, and its finite, complex value fora50. Thus, the
symmetry of the superconducting gap is directly reflected
the changes that the DOS undergoes when the orientatio
the impurities relative to the crystal lattice is varied. Th
dependence provides a new tool to identify the symmetry
unconventional superconductors.

In summary, we studied quantum interference of el
tronic waves that are scattered by two nonmagnetic imp
ties in adx22y2-wave superconductor. We show that the nu
ber of resonance states in the DOS, as well as their freque
and spatial dependence, changes significantly as the dist
between the impurities or their orientation relative to t
crystal lattice is varied. The latter result provides a tool
identify the symmetry of unconventional superconducto
such as Sr2RuO4, where the symmetry of the superconduc
ing state is still a topic of controversy.
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