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Josephson current in S-FIF-S junctions: Nonmonotonic dependence on misorientation angle
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Spectra and spin structures of Andreev interface states in superconductor–ferromagnet-insulator-
ferromagnet–superconductor~S-FIF-S! junctions are investigated with emphasis on finite transparency and
misorientation anglew between in-plane magnetizations of ferromagnetic layers in a three-layer interface. It is
demonstrated that the Josephson current in S-FIF-S quantum point contacts can exhibit a nonmonotonic
dependence on the misorientation angle. The characteristic behavior takes place if thep state is the equilibrium
state of the junction in the particular case of parallel magnetizations.
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The dc Josephson effect in junctions with ferromagne
interfaces exposes remarkable features which have bee
tensively studied in recent years theoretically1–15 and
experimentally.16,17 Apart from interfaces with a fixed mag
netization, considerable attention has been drawn als
more complicated cases, when the magnetization is spat
dependent inside the interface. An important particu
model for this kind of interface is a three-layer FIF interfac
where two metallic ferromagnetic layers with in-plane ma
netization, making anglew with each other, are separated b
an insulating magnetically inactive interlayer.9,10,13,15In the
present paper we identify theoretically spectra and the s
polarization of Andreev states bound to the three-layer
constrictions with finite transmission, separating cle
s-wave superconductors. Then we determine the Josep
current in the S-FIS-S quantum point contacts. This prob
was not studied previously in the literature. In the dirty lim
considered in Refs. 9 and 15, Andreev bound states are
destroyed. Considerations of Ref. 10 imply the absence
Andreev bound states in clean S-FIF-S junctions. This can
justified only for short superconductors, whose lengths
less than their coherence lengths. Spectra of Andreev s
and the Josephson current in S-FIF-S junctions withwÞ0
have been found earlier only in the particular limit of ful
transparent constriction which was characterized by the
thors as a toy model.13

The misorientation anglew can be considered, in genera
as a variable quantity. Let, for instance, the magnetiza
axis be pinned in one ferromagnetic layer, while in the ot
one there is an easy in-plane magnetization layer. Then
can vary the misorientation angle~keeping other parameter
fixed! by applying an external weak magnetic field to t
interface. We find that the Josephson current as a functio
the misorientation anglew manifests a characteristic non
monotonic behavior, if, atw50, thep state is the equilib-
rium state of the junction.

For our analysis, we examine a smooth plane interf
between two superconductors which consists of two layer
the same ferromagnetic metal separated by an insula
nonmagnetic barrier. Two identical ferromagnetic layers
characterized by their thicknessl and internal exchange field
uh1,2u5h, which, being parallel to the layers, makes an an
w with each other.
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The normal-state scatteringS matrix is represented asS
5S(11 t̂z)/21S̃(12 t̂z)/2, where the Pauli matricest̂ j are
taken in particle-hole space andS̃(pi)5ST(2pi). Each
componentŜi j in matrix S5iŜi j i @ i ( j )51,2# is in its turn a
matrix in spin space~for details see Refs. 3 and 8!. Assume,
for simplicity, the exchange fields to be much smaller co
pared to the Fermi energies. For the diagonalization of
S11 matrix we choose thez axis along the magnetization i
the first ~left! ferromagnetic layer. Then the otherSi j matri-
ces are nondiagonal unlessw50,p:

Ŝ215d exp@ iQŜyz~w!# exp~ iQŜz!,

Ŝ215d exp~ iQŜz! exp@ iQŜyz~w!#, ~1!

Ŝ115r exp~ i2QŜz!, Ŝ225 r̃ exp@ i2QŜyz~w!#,

where 4Ŝyz(w)5ŝysinw1ŝzsinw, 4Ŝz5ŝz and Q

54lh/\v f ,x . Quantitiesr, r̃ , andd are the respective reflec
tion and transmission amplitudes of the potential barrierV,
satisfying the conditionrd* 52dr̃* .

We carry out calculations within the quasiclassical theo
of superconductivity, based on the equations for the so-ca
Riccati amplitudes or coherence functions.8,18,19Considering
a quantum point contact with FIF constriction, the order p
rameter is taken spatially constant. We include interface
change fields in the quasiclassical boundary conditio
Since they imply, as usual, that all interface potentials
much larger than the superconducting order parameter,20 one
should assumeuh1,2u@D.

With the above normal-stateS matrix we get four
branches of interface Andreev bound states:

«1,25uDucos~F1,2/2! , «3,452uDucos~F1,2/2! , ~2!

where the quantitiesF1,2(x,Q,w) are defined as
©2002 The American Physical Society03-1
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cosF1,2~x,Q,w!5cosQ22DcosQ sin2~x/2!

12D cosx sin2 ~Q/2!sin2 ~w/2!

62ADsin~x/2!sinQ cos~w/2!

3A12Dsin2
x

2
1D cos2

x

2
tan2

Q

2
sin2

w

2
.

~3!

Here,x is the phase difference of the two superconducto
The energies« i ( i 51,2,3,4) implicitly depend on quasipa
ticle momentum directions via the parameterQ and the
transmission coefficientD.

For w50 the spectra Eq.~3! reduce to those found in Re
12. In the particular case of antiparallel orientation of the l
and the right magnetizationsw5p, the spectra of Andreev
interface states~2!,~3! take the form

«15«252«352«45uDuAD cos2
x

2
1R cos2

Q

2
. ~4!

Being symmetric with respect to the transformati
Q→2Q, the spectrum~4! is doubly degenerate. In the lim
of a nonmagnetic interface (Q50), our result, Eqs.~2! and
~3!, leads to a well-known spectrum of spin-degenerate in
face Andreev bound states21–24 «B56uDuA12D sin2(x/2).

Quasiparticle spin is a qood quantum number in the B
theory of superconductivity, if one can disregard spin-fl
effects stimulated, for instance, by magnetic impurities, sp
orbit interactions, or magnetically active interfaces. In t
presence of a paramagnetic spin interaction with an ex
nally applied magnetic field or an internal exchange fie
spin degeneracy of quasiparticle states is lifted and o
states with parallel or antiparallel spin-to-field orientatio
are still eigenstates of the problem. This can lead to effe
having physics common with the Larkin-Ovchinniko
Fulde-Ferrell state25,26 and, in particular, associated with op
posite signs of the Zeeman terms for electrons formin
Cooper pair in singlet superconductors.

A Bogoliubov quasiparticle in the superconductor h
well-defined spin, although its electron and hole compone
are described with Zeeman terms of opposite signs. Also
electron and its Andreev reflected partner~hole! at an inter-
face, separating singlet superconductors and leading to
spin-flip processes, have identical spin orientations and
posite signs of Zeeman terms. With opposite velocity dir
tions and electric charges, while in identical spin states, t
carry jointly the electric supercurrent across the interface,
no equilibrium spin current. Hence, definite spin polarizat
of interface Andreev bound states is fully compatible w
the fact that Cooper pairs in singlet superconductors carry
spin current.

Andreev states bound to nonmagnetic interfaces are
degenerate. For a ferromagnetic interface with uniformly o
ented magnetization Andreev interface states are spin p
ized, being parallel or antiparallel to the magnetization. T
ferromagnetic interface lifts spin degeneracy of the Andre
states, but still does not mix the spin-polarized chann
carrying the Josephson current.14 This is not the case, how
14050
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ever, if various orientations of magnetization are presen
the interface, as this takes place in the FIF interface withw
Þ0. Quasiparticle Andreev interface states with the spec
of Eqs. ~2! and ~3! are characterized by a nontrivial spi
structure, which substantially depends~together with the
spectra themselves! on w, Q, andD. In general, each of the
two incoming and two outgoing parts of quasiparticle traje
tories, forming an Andreev interface state, has its own s
cific spin polarization. This should be compatible with n
spin current they carry, on the whole, across the interfa
Figures 1 and 2 demonstrate the evolution of spectra
spin polarizations of four branches of Andreev interfa
states as functions ofQ in tunnel junctions~with transpar-
ency D50.1) and highly transparent junctions (D50.95),
respectively. Two particular relative orientations of magne

FIG. 1. Upper panel: Energies of the four branches of Andre
interface states as functions ofQ. Lower panel: Angleg(Q) of the
spin of an incoming quasiparticle in the right superconductor w
the magnetization of the right ferromagnetic layer, for each of
four branches of the Andreev interface states. Left column:w
50.1p. Right column:w52p/3. Transparency and phase diffe
ence have valuesD50.1 andx5p/2, respectively.

FIG. 2. The same as in Fig. 1 for highly transparent junctio
with D50.95.
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zation w50.1p ~left column! and w52p/3 ~right column!
are chosen. For definiteness, we consider spin polarizat
of Andreev states on the incoming part of the quasiparti
trajectory in the right superconductor. The spin polarizat
gradually changes with the parameterQ in all cases consid-
ered. A characteristic scale ofQ for the spin reconstruction
diminishes with decreasing misorientation anglew. For van-
ishing w the scale vanishes and there are abrupt jumps fr
parallel to antiparallel~or vice versa! spin orientations with
respect to the magnetization, taking place at those value
Q, where« i(Q)56D.14

Only in the particular casew50, when a single magneti
zation direction is present inside a symmetric magnetic in
face, does each of the Andreev interface states possess
whole, a definite spin-up or spin-down polarization, identic
for all incoming and outgoing quasiparticle trajectories form
ing the state. Then the spectra of the spin-up polarized
dreev bound states are14 «1,2

↑ 5uDu sgn @sinF1,2(x,Q,w
50)/2#cosF1,2(x,Q,w50)/2. The energies«1,2

↓ for spin-
down Andreev bound states are obtained from«1,2

↑ by substi-
tuting Q→2Q.

The spectra of Andreev states and their spin polarizati
as functions of the misorientation anglew are shown in Fig.
3. The spin polarization atwÞ0 makes a finite angle with
both magnetization directions and differs on different inco
ing and outgoing trajectories related by the bound state.
already mentioned above, for antiparallel magnetizatio
(w5p) the spectra are doubly degenerate. Spin polar
tions, shown in Fig. 3 forw5p, can be considered as corre
eigenfunctions in zeroth-order approximation in small dev
tions w-p.

The spin structure of Andreev interface states at nonz
w should be taken into account in producing nonequilibriu
occupation of the states. Forw50 only the interlevel transi-
tions accompanied with spin-flip processes are possible
der certain conditions.14 On account of the complicated spi

FIG. 3. Upper panel: Energies of the four branches of Andre
interface states as functions of misorientation anglew. Lower
panel: Angleg(w) of the spin of an incoming quasiparticle in th
right superconductor with the magnetization of the right ferroma
netic layer, for each of four branches of the Andreev interfa
states. Left~right! column: D50.1 (D50.95). The phase differ-
ence isx5p/3, andQ53p/5.
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structure of the Andreev states at nonzerow, there are actu-
ally no strict restrictions to a change of quasiparticle spin
the transition.

The Josephson currentis carried by the bound states~2!,
analogously to the situation in nonmagnetic symmet
junctions.21–24Hence, in a quantum point contact with a FI
constriction the total Josephson current carried by four A
dreev states~2! can be found asJ(x,T)52e(m(d«m /
dx)n(«m)522e(«m.0(d«m /dx)tanh(«m/2T). The Joseph-
son critical current as a function of the misorientation ang
w, normalized to its value atw50, is shown in Fig. 4 for
various Q and for two values of the transparencyD
50.01, 0.8~the upper and the lower panels, respectively! and
the temperaturesT50.1Tc , 0.8Tc ~the right and the left col-
umns!.

We define the critical current as a positive quantity, as i
usually determined experimentally. There are two quali
tively different regimes for the behavior of the Josephs
critical current as a function ofw in all particular cases dis-
played in Fig. 4. The two regimes are separated by a cha
teristic valueQ* (T,D), which depends on the temperatu
and the transparency. ForQ,Q* the current is a monoto-
nous function of the misorientation angle, reaching the ma
mum for the antiparallel orientation of the magnetization
For Q.Q* the current manifests, however, a nonmonoton
dependence on the misorientation angle with a we
pronounced minimum at some intermediate value ofw and
the maximum atw5p. In the caseQ5p the currents atw
50 andw5p are equal to each other. The parameterQ*
admits a simple physical interpretation, associated with
junction atw50. At a zero misorientation angle the junctio
acquires a uniformly oriented ferromagnetic interface. Th
the Josephson current is equivalent to that studied in Refs
11, 12 and 14. It can be shown that forw50 and Q
5Q* (T,D) the 0-p transition takes place in the junctio
just at the given temperatureT. Hence, forQ.Q* (T,D) the
equilibrium state of the junction withw50 is thep state,

v

-
e

FIG. 4. Critical current as a function of the misorientation ang
w, normalized to its value atw50. In the particular casew50 the
0-p transition takes place forQ.Q* (T,D).
3-3
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while for Q,Q* (T,D) it is the 0 state. We omit an analyt
cal analysis of the total Josephson current in the casw
50, since the results exactly coincide with those obtained
Refs. 12 and 14.

Furthermore, there is no 0-p transition in the junction
with antiparallel magnetization,w5p, in the three-layer in-
terface. Indeed, it is straightforward to get from Eq.~2! the
Josephson current in the particular casew5p:

J~x,T!5eDuDu2~sinx/«1!tanh@«1/~2T!#, ~5!

where «1 is defined in Eq.~4!. In contrast to the casew
50, the current~5! does not change its sign at any tempe
ture. The same assertion is valid also for junctions with d
superconductors, where Andreev states are fu
destroyed.9,15 We conclude that the nonmonotonic depe
dence of the Josephson current onw arises due to the 0-p
transition taking place with varying the misorientation ang
at an intermediate value ofw. This always occurs under th
condition that there is ap junction atw50. If one defined
the critical current in thep junction as the negative quantity
then the nonmonotonic behavior would transform into
monotonic one, accompanied by a change of sign and
continuity whenever minuJcuÞ0.

The dependence of the Josephson current on the mi
entation anglew becomes especially simple and clear in t
tunneling limit. In tunnel quantum point contacts the Jose
son current takes the formJ(T,w,x)5J(T,w)sinx, where

J~T,w!5J(p)~T!cos2 ~w/2! 1J(a)~T!sin2 ~w/2! , ~6!

J(p)~T!5eDuDuFcos
Q

2
tanhg~T!2

uDusin2~Q/2!

2T cosh2g~T! G , ~7!

J(a)~T!5 @eDuDu/cos~Q/2!# tanh@g~T!#, ~8!
14050
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where g(T)5uDucos(Q/2)/(2T). The quantities J(p)(T),
J(a)(T) are defined as J(p)(T)[J(T,w50), J(a)(T)
[J(T,w5p), so that uJ(p)(T)u, uJ(a)(T)u are critical cur-
rents in tunnel junctions with parallel and antiparallel orie
tations of the exchange fields in the three-layer interface.
dependence~6! on the misorientation angle has been deriv
in the tunneling limit earlier in Ref. 10, disregarding th
contribution from Andreev states and, hence, the 0-p transi-
tion. As one can conclude from Eq.~6!, the 0-p transition
can take place with varyingw, if Jc

(p)(T) and Jc
(a)(T) have

opposite signs. This is exactly the reason why a nonmo
tonic dependence of the critical current onw shows up.
Equation~6! is quite general within the tunneling limit an
not applicable to highly transparent junctions. Spin polari
tions of the eigenstates on any side of the impenetrable
terface are aligned parallel or antiparallel to the respec
magnetization direction. Making the projections of the sp
polarized states from one side on the eigenstates on ano
side ~with the spin polarization rotated by the anglew with
respect to the initial one!, one confirms in the tunneling limi
that the current is of the form~6!.

In conclusion, we have investigated theoretically spec
and spin structures of interface Andreev states in S-FI
junctions. Both finite transparency and the misorientat
angle between in-plane magnetizations of ferromagnetic
ers were taken into account. We demonstrated that the
sephson critical current as a function of the misorientat
angle always manifests a nonmonotonic behavior, if atw
50 the equilibrium state of the quantum point contact is
p state.
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