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Nuclear resonance shift in the vortex lattice in YBa2Cu3O7
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The NMR and NQR spectra of63Cu in the CuO2 plane of YBa2Cu3O7 in the superconducting state are
discussed in terms of a phenomenological theory of Ginzburg-Landau type extended to lower temperatures. We
show that the observed spectra@Kumagai et al., Phys. Rev. B63, 144502~2001!#, can be explained by a
standard theory of the Bernoulli potential with the charge transfer between CuO2 planes and CuO chains
assumed.
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I. INTRODUCTION

Already in 1969 Rickayzen derived a thermodynamic c
rection to the electrostatic Bernoulli potential in superco
ductors and proposed to use this correction to study the p
ing interaction.1 Capacitive measurements of the Bernou
potential have not shown any signal of this correctio
however.2–6 It turned out that the thermodynamic correctio
is cancelled by the surface dipole;7 therefore, it can be ac
cessed only by measurements probing the bulk of the su
conductor. For a long time, there was no experimen
method to fulfill this task so that the thermodynamic corre
tion to the electrostatic potential and the related charge tr
fer have remained a theoretical topic8–12 with no experimen-
tal justification.

The experiment aimed at the charge transfer in the bul
the superconductor has been performed only recently. Ku
gai, Nozaki, and Matsuda13 ~KNM ! reported very precise
measurements of the nuclear magnetic resonance~NMR! and
the nuclear quadrupole resonance~NQR! spectra for two
high-Tc materials, a slightly overdoped YBa2Cu3O7 and an
underdoped YBa2Cu4O8. Comparing NMR and NQR fre-
quencies they found that the magnetic field, present in N
while absent in NQR, causes changes of the electric fi
gradient ~EFG! in the vicinity of the nucleus. In this way
they first observed the charge transfer in the Abrikosov v
tex lattice. They also pointed out that the conventional the
of the vortex charge completely fails to explain the expe
mental data, giving a wrong sign and too small an amplitu
of the magnetic field effect on the EFG.

In this paper we discuss the KNM experiment in terms
a phenomenological theory of Ginzburg-Landau~GL! type
proposed in Refs. 11 and 12. This theory is extended
features necessary to describe a layered structure of YB
in particular the CuO chains which serve as charge re
voirs. Unlike in a conventional superconductor, where
charge is transferred on a long distance from the vortex c
to the region between the cores, in YBCO the dominant r
is played by a local charge transfer between the CuO2 planes
0163-1829/2002/66~13!/134525~11!/$20.00 66 1345
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and the CuO chains. This local transfer will be shown
explain the observed sign and amplitude of the magn
field effect on the EFG. At low temperatures, there are t
important corrections: the space variation of the magn
field and the small but finite disorientation of the axisc in
individual grains of the measured sample.

A. Electric field gradient effect in the vortex lattice

Let us briefly recall the experiment of Kumagai, Noza
and Matsuda.13 The 63Cu atom in the CuO2 plane, subjected
to a magnetic field,Bic, with a number of holes,N, has
NMR frequenciesn15gCuB and

n2,35gCuB7~C1AN!. ~1!

The first term describes the coupling of the nuclear magn
momentum to the magnetic field,B59.4 T in Ref. 13. The
nucleus 63Cu has a spin 3/2, and its Zeeman coefficient
gCu511.312 MHz/T.

The second term of Eq.~1! is the EFG effect. The nucleu
63Cu has a cigar shape elongated in the direction of its m
netic momentum, and this electric quadrupole ‘‘feels’’ grad
ents of the electrostatic field due to a nonspheric charge
electrons and ions in its vicinity. The largest gradient of t
electric field~the principal axis of the EFG tensor! is parallel
to the axisc. The density dependent contribution to the EF
is attributed to the local interaction between nucleus withd
states on the Cu site. The experimental fit14,13 to the EFG
effect yieldsC525 MHz andA534 MHz per hole.

The NQR frequency includes the asymmetry correct
nNQR5n0A11h2/3, whereh is the difference between gra
dients in thea andb directions scaled to the gradient in thec
direction. For the Cu atom in the plane of YBa2Cu3O7 the
a-b asymmetry is rather weak,A11h2/3'112.631024.
The frequencyn0 corresponds to the NMR in the zero ma
netic field,n05C1AN0, whereN0 is the number of holes in
the superconducting nonmagnetic state.

A combination of the resonance frequencies,
©2002 The American Physical Society25-1
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Dn5n02
1

2
~ n̄32 n̄2!, ~2!

would be zero if the magnetic field has no effect on t
number of holes on the Cu sites. Actually, this is the case
temperatures aboveTc . Below the critical temperature, th
shift Dn is nonzero, indicating changes of the quadrup
coupling due to the effect of the magnetic field on the h
density. Briefly,Dn serves as a sensor of the charge trans
in the Abrikosov vortex lattice.13

B. Charge transfer between chains and planes

In this paper we evaluate the shiftDn. To motivate our
approach we want to recall the way in which the experim
tal data are obtained. The measurement yields distribut
F2,3(n) of the NMR frequencies; see Fig. 3 in Ref. 13. T
frequenciesn̄3,2, used by KNM in formula~2! are positions
of the maxima ofF2,3(n). Since NMR lines have a finite
width G, each site of a local frequencyn2,3(r ) contributes to
the spectrum by the Lorentzian

Fi~n!5 K G

~n2n i !
21G2L [

1

VE dr
G

~n2n i~r !!21G2
.

~3!

The integral runs over the two-dimensional~2D! volume,
V5*dr , covering the elementary cell of the Abrikosov vo
tex lattice. The magnetic fieldB and the densityN are func-
tions of r , the frequenciesn2,3 depend onr via ~1!. The
experimental magnetic field is the mean valueB5^B&.

The finite line width is crucial for the interpretation of th
KNM experiment. The observed contributions of the qua
rupole shifts are less than 25 kHz which is much smaller t
the width of the spectral lineG'140 kHz. In this limit, the
maximum of the spectral line is given by the mean value a
the lowest statistical variations:

n̄ i5^n i&2
2^~n i2^n i&!3&

G226^~n i2^n i&!2&
. ~4!

The variations are important at low temperatures due
strong compression of the magnetic field in vortex cores
sulting in a strong space dependence of the Zeeman ef
Close to the critical temperature the variations vanish and
maxima of the NMR lines approach the mean frequenc
n̄2,3'^n2,3&. Close toTc one finds from Eqs.~1! and~2! that

Dn'A~N02^N&!. ~5!

According to Eq.~5!, the shiftDn reflects how many holes
have been removed from the CuO2 plane. The in-plane
charge transfer contributes only via variations, giving,
shown below, a negligible correction at all temperatures.

C. Plan of the paper

The physical picture we assume here is based on pro
ties of the nonmagnetic state of YBCO. The superconduc
state appears mainly in CuO2 planes, in chains the gap i
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induced by the proximity effect. The transition to the sup
conducting state shifts the chemical potential in the sa
manner as in conventional superconductors.10,12 This shift is
large in planes, where the pairing mechanism is loca
while it is negligible in chains. In equilibrium the electro
chemical potential is constant, so the unequal shift of
chemical potential results in the charge transfer betw
plains and chains, until the equilibrium condition is esta
lished by the electrostatic potential.

The magnetic field partially suppresses the supercond
ing component that leads to a partial backward charge tra
fer. In the numerical treatment we assume both mechanis
the transfer between chains and planes and the in-p
transfer. We show that this backward transfer between ch
and planes brings the dominant contribution to the shiftDn.

In Sec. II we introduce the Lawrence-Doniach model
the layered superconductor. In Sec. III we derive a set
equations for the GL function, the vector potential, and
electrostatic potential. The charge density is obtained fr
the Poisson equation adapted to the layered structure. In
IV we evaluate the distributionsF2,3(n) from the frequencies
n2,3(r ) given by Eq.~1! with the theoretical values ofB(r )
andN(r ) obtained from the extended GL theory.12 In Sec. V
we present numerical results and discuss the individual c
tributions to the experimental data. We show that approxim
tion ~5! applies close to the critical temperature, but at lo
temperatures the space variation of the magnetic field le
to appreciable corrections. In Sec. V C we compare our
sults with the model for conventional~not layered! supercon-
ductors, and explain why the conventional model results
the reversed sign and too small amplitude of the line shift
Sec. V D we include a correction for samples made
c-oriented grains and show that the deviations from the id
orientation are important at low temperatures. Section
contains a summary.

II. LAWRENCE-DONIACH MODEL

The model of layered superconductors has been propo
by Lawrence and Doniach;15 also see Ref. 16. We associa
the directionz with the c axis of YBCO, and introduce a
layer indexj and an additional index6 which specifies the
CuO2 layer positionzj

65 jD 6 1
2 Dpp , whereD511.65 Å is

the period along the axisc andDpp53.17 Å is the distance
between two neighboring planes. Positions of layers
chains arezj

c5 jD 1 1
2 D.

In the spirit of the tight-binding description, the variablez
is replaced by the layer index. The wave function become
function of the layer index,c(x,y,z)→c j

6,c(r ), and the 2D
coordinater[(x,y).

A. Kinetic energy

The kinetic energy is composed of parts parallel to
planes and the Josephson coupling along thec axis. The
kinetic part of the free energy for the motion in the layer
treated within the isotropic effective mass,

f kin
j i 5

1

2mi*
u~2 i\¹2e* A j

i !c j
iu2, ~6!
5-2
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whereA j
i is the in-plane component of the 3D vector pote

tial A(x,y,zj
i). The masses in both planes are identical,m6*

5mp* . For simplicity we assume the 2D effective massmc*
in the chain layer to be isotropic too.

The motion between layers is represented by the Jos
son couplings:

f kin
j ,125Jppuc j

12e2 iu j
12

c j
2u2,

f kin
j ,c15Jcpuc j

c2e2 iu j
c1

c j
1u2, ~7!

f kin
j ,2c5Jcpuc j

22e2 iu j
2c

c j 21
c u2.

The phase factorsu of the off-diagonal terms are given b
the c component of the 3D vector potential. ForBic we can
use a gauge in which thec component of the vector potentia

is zero. In this gauge, all three phases are zero,u j
ii850. The

total kinetic free energy is a sum over all layers,Fkin

5*dr( j ,i( f kin
j i 1 f kin

j ,ii8).

B. Condensation energy

Following Bardeen17,18 we use the Gorter-Casimir fre
energy to describe the condensation. We assume that th
ergy released by the formation of Cooper pairs is located
CuO2 planes. In terms of the wave function the contributi
of planes to the free energy reads12

f con
j 6 52«conÃ j

62
1

2
gpT2A12Ã j

6, ~8!

wheregp is the plane contribution to Sommerfeld’sg ~linear
coefficient of the electronic specific heat!, and

Ã j
65

2uc j
6u2

2uc j
6u21nnor

j ,6
~9!

is the fraction of superconducting holes in the given pla
The denominator of Eq.~9! is the total density of pairable
holes,nj

i52uc j
iu21nnor

j ,i , which is a sum of the superconduc
ing density and the density of normal holes.

In the chains we treat the condensation energy as ne
gible. The free energy thus includes only the contribut
due to the reduced entropy,f con

jc 52 1
2 gcT

2A12Ã j
c. The

meaning of symbols is analogous to the case of plan
Again, the sum over all layers readsFcon5*dr( j i f con

j i .

C. Coulomb interaction

The total density of holes is linked to the 2D density
charge,r j

i5enj
i1r latt

i , which creates the electrostatic pote
tial

w j
i~r !5

1

4pe
E dr 8(

j 8i8

r j 8
i8~r 8!

Aur 82r u21~zj 8
i82zj

i !2
. ~10!

The Coulomb energy isFC5 1
2 *dr( j ir j

iw j
i .
13452
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It is advantageous to treat the electrostatic potential in
momentum representation:

wi~k!5E drwi~r !e2 ikr . ~11!

We have moved the superscripti into subscript and lifted the
index j since all equivalent layers are at identical potentia
w j

i5wm
i . The electrostatic potential then reads

wi~k!5
1

eD (
i8

L ii8
21ri8~k!, ~12!

with elements of the inverse Laplace operator:

L11
21 5L22

21 5Lcc
215

D

2k

11e2kD

12e2kD
,

L12
21 5L21

21 5
D

2k

e2kDpp1e2k(D2Dpp)

12e2kD
, ~13!

Lc6
215L6c

215
D

2k

e2kDcp1e2k(Dcp1Dpp)

12e2kD
.

Here Dcp5 1
2 (D2Dpp) denotes the distance between ad

cent chains and planes.
When inverted, relation~12! yields the density of charge

in terms of the electrostatic potential:

ri~k!5eD(
i8

L ii8wi8~k!. ~14!

In our approach the electrostatic potential is evaluated fr
the request of constant electrochemical potential, and r
tion ~14! is used to evaluate the charge transfer.

III. EQUATIONS OF MOTION

The total free energy is the sum of the components d
cussed above and the Helmholtz free energy of the magn
field, FM5*drdz(1/2m0)(B2B0)2. Note that the magnetic
energy does not have a layered structure but it is given b
3D integration. The magnetic field is the 3D rotation of t
vector potential,B5rotA.

The total free energyF5Fkin1Fcon1FC1FM is a func-
tional of the wave functionc, the vector potentialA, and the
normal densitynnor. By variations with respect to thes
functions one arrives at equations of motion. For the conv
tional superconductor, this procedure is described in Ref.
We do not present its straightforward modification for t
layered structure, but discuss the results directly.

A. Maxwell equation

The functional variationdF/dA yields the Maxwell equa-
tion

¹2A52m0(
j i

d~z2zj
i !j j

i . ~15!
5-3
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The right hand side includes the in-plane 2D currents:

j j
i5

e*

mi*
Rec̄ j

i~2 i\¹2e* A j
i !c j

i . ~16!

In principle, Josephson currents in thec direction may be
also present. From the translational and mirror symmetrie
follows that no Josephson currents flow between two ne
boring CuO2 planes. Assuming a very small Josephson c
pling between the chains and planes we also neglect the
rent between these layers.

Maxwell equation~15! has the integral form

A~r ,z!5
m0

4p
E dr 8(

j 8i8

j j 8
i8~r 8!

Aur 82r u21~zj 8
i82z!2

. ~17!

For z5zj
i the vector potential in the Fourier representati

simplifies to

Ai~k!5
m0

D (
i8

L ii8
21j i8~k!. ~18!

For YBCO, with its large London penetration depthlLon
514000 Å, the vector potential changes only negligib
along thec axis. Indeed, the applied magnetic field 9.4
results in a vortex distance of 157 Å, which is small co
pared tolLon . The space modulation of the magnetic field
thus covered by the lowest Fourier components of the A
kosov lattice. Since the vortex distance is large on the s
of the YBCO lattice constantD, one can take the long wave
length limit k→0, in which Eq.~18! reads

A~k!5
m0

k2 j ~k!, j ~k!5
1

D(
i8

j i8~k!. ~19!

In approximations~19! the vector potential is identical in
chain and plane layers so that we can skip its index.

B. Schrödinger equation

The Schro¨dinger equation of a system consisting of thr
periodically repeated layers has a complicated notation.
first write down this equation in its general form, and th
reduce it by symmetries and the approximation of weak
sephson coupling between chains and planes. The resul
ented reader can skip reading details of the equations in
section.

The variationdF/dc̄ j
i results in the set of Lawrence

Doniach equations

Jpp~c j
12c j

2!1Jcp~c j
12c j

c!1
1

2mp*

3~2 i\¹2e* A!2c j
11x j

1c j
150, ~20!

Jpp~c j
22c j

1!1Jcp~c j
22c j 21

c !

1
1

2mp*
~2 i\¹2e* A!2c j

21x j
2c j

250,
13452
it
-
-

ur-

-

i-
le

e

-
ri-
is

Jcp~c j
c2c j 11

2 !1Jcp~c j
c2c j

1!1
1

2mc*

3~2 i\¹2e* A!2c j
c1x j

cc j
c50.

We have used zero phases of the Josephson terms.
For Bic, all CuO2 planes are identical, therefore,c j

1

5c j
25c j 11

2 [cp . The chain layers are also identical,c j
c

5c j 21
c [cc . This simplifies set~20! to two 2D Schro¨dinger

equations:

Jcp~cp2cc!1
1

2mp*
~2 i\¹2e* A!2cp1xpcp50,

~21!

2Jcp~cc2cp!1
1

2mc*
~2 i\¹2e* A!2cc1xccc50.

The effective potentials

xp522
«con

np

1
gpT2

2np

1

A12
2ucpu2

np

,

xc5
gcT

2

2nc

1

A12
2uccu2

nc

~22!

follow from the variation of the condensation energy. T
potential in chains consists of the entropy term only.

If one neglects the effect of the charge transfer on
material parameters (np ,nc ,«con,gp ,gc), the set of equa-
tions ~19!, ~21!, and ~22! is closed. As in the ordinary GL
theory this set describes the magnetic properties of the
tem. In fact, the transferred density of holes is very sm
compared to the total densitiesnp andnc . Therefore, in the
first step, the magnetic fieldB and the wave functionc can
be evaluated from this set with no regard to the electrost
phenomena. The charge transfer is evaluated in the se
step from the wave functionc.

C. Electrostatic potential

From variations of the free energy with respect to t
normal densitiesnnor

p,c one finds the electrostatic potentials12

ewp5xp

ucpu2

np
1

T2

2

]gp

]np
A12

2ucpu2

np
1

]«con

]np

2ucpu2

np
,

ewc5xc

uccu2

nc
1

T2

2

]gc

]nc
A12

2uccu2

nc
. ~23!

The right hand sides represent local changes of the chem
potential. Equations~23! thus express that the electrochem
cal potential remains constant.
5-4
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One can see that the electrostatic potential in planes
fers from the potential in chains. At first glance, these pot
tials differ by the term

]«con

]np
'

Tc
2

4

]gp

]np
1

gpTc

2

]Tc

]np
. ~24!

We have used the Gorter-Casimir formula for the conden
tion energy,«con5

1
4 gpTc

4 , and the assumption that the the
modynamic properties of the superconducting phase
dominated by planes.

For YBCO term~24! is much larger than any other term
in set ~23!. This is due to a rather strong dependence of
critical temperatureTc on the density of holes in planes
Blatter’s approximation10 of the electrostatic potential in
cludes the second term of Eq.~24! only. For simplicity we
use Blatter’s approximation by taking

wp5
gpTc

e

]Tc

]np

ucpu2

np
, wc50. ~25!

Using approximation~25! in the Poisson equation~14! one
obtains the 2D density of holes needed to evaluate the e
tric field gradient effect on the NMR lines.

D. Limit of weak Josephson coupling

Within approximation~25! the electrostatic potential de
pends only on the wave function in planes. For a weak c
pling between chains and planes,Jcp→0, the set of two
nonlinear equations~21! simplifies to a single equation:

1

2mp*
~2 i\¹2e* A!2c1xpc50. ~26!

We have introduced a 3D wave functionc5A2/Dcp , in
terms of which the currentj has the usual GL form

j5
e*

mp*
Rec̄~2 i\¹2e* A!c. ~27!

The wave functionc corresponds to the 3D density of pai
able holes,n52np /D. As one expects, in the limit of wea
Josephson coupling, the magnetic properties are describe
the customary GL theory.

To summarize our approach, we use the numerical c
developed originally as a solver of the GL equations.19 Its
modification to Bardeen’s approximation was discussed
Ref. 12. The output is the magnetic fieldB and the wave
function c. The wave function is scaled to its layered cou
terpartcp and used in Eq.~25! to provide us with the elec
trostatic potential in planes. From Poisson equation~14! we
obtain the density of holes in the CuO2 planes as

rp~k!5
2ke~11e2kD!

~12e22kDc!~11e2kDint!
wp~k!. ~28!

In our numerical treatment below we use the full expr
sion @Eq. ~28!#. It should be noted, however, that the lon
wave length limit k→0, i.e., rp(k)5(e/Dc)wp(k), gives
13452
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nearly the same result. As the relative errors due to the l
wave length approximation are of the order of 1023, one can
say that the charge is transferred locally from planes
chains. If the charge of planes and chains in the vortex c
is summed together, the vortex cores remain nearly neut

IV. ELECTRIC FIELD GRADIENT EFFECT

Now we are ready to evaluate the NMR lines. The ene
levels of the nucleus with spinI 53/2 and spin componen
along the magnetic field,m523/2, 21/2, 1/2, and 3/2,
read20

Em52\gCuBm1
e2qQ

12 S 12
3

2
sin2u D S 3m22

15

4 D .

~29!

Here Q is the quadrupole moment of the nucleus,q is the
EFG which depends on the transferred charge, andu is the
angle between the principal axis of the EFG tensor and
magnetic field.

The NMR frequencies are differences between neighb
ing levels, \n15E21/22E1/2, \n25E1/22E3/2, and \n3
5E23/22E21/2. The empirical formula@Eq. ~1!# corre-
sponds to the magnetic field parallel to the axisc. When the
magnetic field declines from the axisc by angleu, the EFG
effect on the NMR frequencies is reduced:

n2,35gCuB7~C1AN!S 12
3

2
sin2u D . ~30!

The amplitude of the local magnetic field changes
space,B5^B&1DB. Although the deviationsDB from the
mean field are rather small, they bring an appreciable con
bution to the NMR frequencies on the scale of the shiftDn.
The EFG effect depends on the angleu given by disorienta-
tions of grains in the sample. In the Appendix we show th
the contribution of the magnetic field perpendicular to t
axisc which appears even in a perfectly oriented crystal d
to the layered nature of diamagnetic currents is negligibl

For a quantitative discussion of the EFG effect, it is a
vantageous to compare the NMR frequency with its value
the absence of diamagnetic currents,n2,35n2,3

ref1Dn2,3,
where

n2,3
ref5gCû B&7AN0 . ~31!

The deviation caused by the diamagnetic currents and
disorientation is

Dn2,35gCuDB7S ADN2n0

3

2
sin2u D . ~32!

The density of holes per Cu site needed in Eq.~32! is
proportional to the charge density in the planes@Eq. ~28!#,

DN~r !5
VCu

e
@rp~r !2rp

0#, ~33!

where VCu514.88 Å2 is the area per Cu atom in a sing
plane. The densityrp

0 describes the transfer of holes in th
5-5



p

e

p

tt

th
lie
b

in
e

re
an

pe
ed

i-
u
. A
t

tic
a

s
.3
by
it is
per
r

en-
ion

re-

al

ave
on

ies

of

ith
our
be

e

er
ase
to

e-

th.
t,

ven
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nonmagnetic state. Since the nonmagnetic state is isotro
i.e., it has only the componentk50, from Eqs.~25! and~28!
one finds

rp
05

e

D

uc`u2

np
2 gpTc

2] ln Tc

] ln np
, ~34!

where uc`u25 1
2 (12t4)np is the nonmagnetic value of th

GL function in Bardeen’s model,t5T/Tc .

Average over grain orientation

So far we have discussed a single crystal. The sam
measured by KNM ~Ref. 13! is made, however, from
c-oriented grains. Of course, there is a small but finite sca
in the orientation of individual grains. The angleu then var-
ies from grain to grain keeping its value independent of
temperature and the magnetic field, provided that the app
magnetic field is parallel to the mean orientation. The o
served NMR lines are the average over all grains.

We assume that the azimuthal and the polar anglesu and
f are given by the Boltzmann distribution,

f ~u,f!}expS 2
Eor

kBTprep
sin2u D , ~35!

whereEor is the energy needed to disorient the grain dur
a preparation at temperatureTprep. One can integrate out th
polar angle:

f ~u!}sin~u!expS 2
Eor

kBTprep
sin2u D . ~36!

For Eor@kBTprep, which is a necessary condition to prepa
a well oriented sample, the large angles are very unlikely
one can use the approximation

f ~u!5
2

uc
ue2u2/uc

2
, ~37!

whereuc
25kBTprep/Eor measures the scatter of angles.

The average over the orientation of grains has to be
formed in addition to the natural line width. The observ
distribution of frequencies thus reads

F̄2,3~n!5E
0

p/2

du f ~u!E dr
G

@n2n2,3~u,r !#21G2
,

~38!

wheren2,3 is given by Eqs.~31! and ~32!.
The integral overu in Eq. ~38! can be evaluated analyt

cally in terms of the exponential integral of complex arg
ments. This step, however, is not favorable numerically
faster numerical scheme is obtained if one first evaluates
distribution F2,3 of an ideally oriented sample via Eq.~3!
with the NMR frequency of a perfectly aligned magne
field @Eq. ~1!#. The angular averaging is then covered by
convolution:

F̄2,3~n!5E
0

p2/4uc
2

dx e2xF2,3S n7
3

2
n0uc

2xD . ~39!
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From the experimental data of KNM we estimateG
'140 kHz and 3

2 n0uc
250.9G5126 kHz. For these value

the maximum of the lower NMR frequency is shifted by 78
kHz while the maximum of the upper frequency is shifted
278.3 kHz. This shift appears at any temperature, and
subtracted in the evaluation of the EFG effect. The up
integration limit,p2/4uc

2'103, can be replaced by infinity o
a smaller cut off at convenience.

V. NUMERICAL RESULTS

Our numerical treatment follows the three steps m
tioned above. In the first step we evaluate the GL funct
c(r ) and the magnetic fieldB(r ) of the Abrikosov vortex
lattice using Bardeen’s extension of the GL theory rep
sented by the set of equations~19!, ~26!, and ~27!. In this
step we take the magnetic field as parallel to the axisc ne-
glecting its small perpendicular component in individu
grains.

In the second step we use Blatter’s approximation~25! to
evaluate the electrostatic potential in planes from the w
function. The charge density is obtained from the Poiss
equation~28! and is rescaled to the transferred numberN(r )
of holes per Cu site via Eq.~33!.

In the third step we evaluate the local NMR frequenc
for the magnetic field parallel to the axisc using Eq.~32!
with u50. The distributionF of the NMR frequencies for a
single crystal withBic is obtained via space averaging
Lorentzian lines@Eq. ~3!#. The distributionF̄ of the NMR
frequencies for the granular sample is obtained fromF via
convolution~39!. The maximum frequenciesn̄2,3 of the crys-
tal and granular samples are found from the maxima ofF2,3

and F̄2,3, respectively. The latter one can be compared w
the experimental results of KNM; the former represents
prediction for similar measurements that, as we hope, will
performed on single crystals in the future.

The material parameters of the YBa2Cu3O7 from Ref. 21
are: the density of pairable holesn5531027 m23, the effec-
tive massmp* 56.92me , the critical temperatureTc590 K,
and the Sommerfeld constantgp5302 JK22m23. These val-
ues give a London penetration depthlLon51.431027 m, an
upper critical fieldBc2596.5 T, and a GL parameter at th
critical temperaturek0555. In Fig. 2.16, Plakida21 showed
results of Junod22 according to which the charge transf
20.03e from chains to planes per Cu site leads to a decre
of the critical temperature by 30 K. This corresponds
] ln Tc /] ln np524.82. We take the permittivitye54e0. We
do not discuss the YBa2Cu4O8, for which we could not find
relevant material parameters.

A. Space variation of the NMR frequency

Figure 1 shows the fishnet plot of the lower NMR fr
quencyDn2(r ) for T50.6 Tc andu50. The variation is of
the order of 100 kHz, which is comparable to the linewid

In Fig. 2 we plot the contribution of the Zeeman effec
DnZ5gCuDB, and the EFG effect,DnEFG52ADN sepa-
rately. One can see that the Zeeman effect is about se
5-6
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times larger than the EFG effect. The main contribution
the spatial variation of the NMR frequency is thus due to
compression of the magnetic field in vortex cores. On
other hand, the EFG has nonzero mean values, therefo

FIG. 1. The lower NMR frequencyDn2(r ) in the crystal atT
50.6Tc . The frequency reflects the triangular structure of the Ab
kosov lattice. The maxima are at the vortex cores.

FIG. 2. The Zeeman effectDnZ(r )5gCuDB(r ) ~upper!, and the
EFG effectDnEFG(r )52ADN(r ) ~lower!. The parameters are th
same as in Fig. 1.
13452
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contributes more to the observable shift of the maxima of
NMR line.

At temperatures close toTc , the space variation of the
Zeeman effect is reduced following the reduced compress
of the magnetic field in the vortex cores. Figure 3 show
decomposition of the lower NMR line into the Zeeman p
and the EFG effect forT50.9Tc . One can see that here th
amplitude of the EFG effect is close to the amplitude of t
Zeeman effect. Note that the mean value of the EFG is la
than its spatial variation. This signals that the mean va
provides a good approximation at this temperature.

B. NMR lines of a single crystal

Above the critical temperature, the NMR lines of a sing
crystal are given by the Lorentzian distribution. BelowTc
the space variation of the magnetic field deforms the lines
that their centers of mass~i.e., mean values! are not identical
to their maxima; see Fig. 4.

The deformation of the NMR line seen in Fig. 4 can
correlated with the space distribution of the NMR frequen
presented in Fig. 1. The vortex cores supply frequencie
the range from zero to 75 kHz above the mean value. Th
contribution is visible as the extended left shoulder of t
line in Fig. 4. The intermediate region between vortices s

-

FIG. 3. The Zeeman effectDnZ(r )5gCuDB(r ) ~upper!, and the
EFG effectDnEFG(r )52ADN(r ) ~lower!, for T50.9Tc .
5-7
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plies frequencies about 25 kHz below the mean value. T
contribution results in a shift of the maximum of the NM
line.

The temperature dependence of the mean values^Dn2,3&
and the maximaDn̄2,3 is presented in Fig. 5.

The mean value is independent of the space varia
of the magnetic field, ^Dn2,3&5gCû DB&7A^DN&
57A^DN&, becausêDB&50 by definition. The difference
between the mean value and the maximum thus shows
effect of the spatial variation of the magnetic field on t
position of the maximum. Since the mean value is prop
tional to the charge transfer while the position of the ma
mum is a rather complicated quantity, the temperature reg
in the vicinity of Tc is more recommendable for the expe
mental exploration. We reserve the symbolTc for the critical

FIG. 4. The distributionF2(n) ~solid line! compared with the
Lorentz distributionFLor(n)5(1/p)@G/(n21G2)# ~dashed line! at
T50.6Tc and G550 kHz. The experimental line width isG
5140 kHz. We use the narrow line to make its deformation m
visible.

FIG. 5. The maximan̄2,3 ~dashed lines! and mean valueŝDn2,3&
~full lines! of the lower and upper NMR lines~below! as a function

of temperature. The corresponding shifts,Dn̄5
1
2 (Dn̄22Dn̄3) and

^Dn&5
1
2 (^Dn3&2^Dn2&) are plotted above.
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temperature in the absence of the magnetic field,Tc

590 K. In the magnetic fieldB59.4 T, the actual phase
transition is atT50.931Tc .

The deviation of the maximum from the mean value d
pends on the linewidth. This is illustrated in Fig. 5 by the li
of artificially chosen widthG550 kHz. In the limit of very
broad lines,G→`, the position of the maximum become
identical to the mean value. This trend is also seen fr
formula ~4!.

C. Conventional model

Let us make a small detour and assume that there is
charge transfer between chains and planes. In other wo
no screening by chains is assumed and the charge is tr
ferred exclusively inside the CuO2 planes. In this case the
system would behave as a conventional superconducto
which the charge is transferred from the vortex cores into
region between them. In this model, the charge density
given byrp5wp /Lpp , while other relations remain the sam
as in the case of the above layered model.

One can see in Fig. 6 that the sign ofDn is opposite to the
sign of the model with screening by chains. Also, the ma
nitude ofDn is extremely small. A typical shift is less than
Hz while the typical shift is more than 1 kHz in the ca
where the chains are accounted for. The values observe
KNM are about 10 kHz. Our result thus confirms the es
mate of KNM that the conventional model of the vorte
charge fails to explain their experimental data.13

When the transfer between chains and planes is pro
ited, the amplitude is reduced by two mechanisms. First,
charge transfer across the vortex core occurs at a dist
which is much larger than the distance between chains
planes. Second, the mean value of the shift is zero,^n i&
50, because the charge of planes is conserved,N02^N&

e

FIG. 6. The maximan̄2,3 of the lower and upper NMR lines as
function of temperature~below! and the shiftDn ~above! in the
absence of screening chains.
5-8
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50. The line shift thus results merely from the statistic
variations which are small due to the large linewidth; see
~4!.

An explanation of the reversed sign follows the argum
given already by KNM.13 Since the magnetic field is muc
smaller thanHc2, the area of vortex cores is much small
than the area between them. Accordingly, cores have a
ligible weight in statistical variations so that the charge b
tween cores determines the line shift. This charge is oppo
to the charge of cores, consequently the reversed sign o
line shift results from the conventional model.

D. Averaging over grain orientation

As mentioned, KNM used a granular sample with a hi
but not perfect orientation of YBCO grains.13 The averaging
over the grain orientation@Eq. ~39!# results in an additiona
shift of the NMR frequencies; see Fig. 7. The grain diso
entation contributes mainly at low temperatures where
leads to shifts of about 5 kHz, while the value predicted
the single crystal reduces with temperature.

Figure 8 compares our theoretical results with the exp
mental data of KNM. Apparently, the agreement is on
qualitative. We have obtained the correct sign but the th
retical amplitude is about two or three times smaller th
observed.

In the temperature dependence one can identify three
gions. Above the critical temperature there is no cha
transfer between chains and planes. Indeed, neglecting
second terms the potential~23! we have neglected the the
mally induced charge transfer in the normal state which
pears for unequal energy derivatives of the density of sta
]gp /]npÞ]gc /]nc . The experimental data of KNM~Ref.
13! above the critical temperature justify this neglect.

In the narrow region betweenTc and 0.93Tc the sample is
superconducting only if the magnetic field is absent. T

FIG. 7. The maximaDn̄2,3 of the lower and upper NMR lines a
a function of temperature~below! and the shift̂ Dn& ~above! of G
5140 kHz of Fig. 5 compared with the averaging over gra
boundaries according to~39!.
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NQR frequency is thus measured in the superconduc
state while the NMR frequencies are measured in the nor
state. In this temperature region the observed frequencies
free of space fluctuations giving a direct experimental acc
to the charge transfer caused by the superconducting tra
tion. Since in both cases~NMR and NQR! the magnetic field
and the transferred charge are homogeneous, the avera
over the grain orientation is the same as in the normal s
aboveTc . Accordingly, the granular sample used by KN
should provide data comparing well with the single cryst
Unfortunately, this region is not covered by sufficiently d
tailed data in Ref. 13.

The region between 0.93Tc andTc can be used to experi
mentally test our assumption about the charge transfer
tween chains and planes. In the absence of the charge t
fer between chains and planes, the shiftDn is exactly zero,
since there are no vortices to cause the in-plane transfer

Below 0.93Tc the sample is superconducting even in t
presence of the magnetic field, i.e., the Abrikosov vor
lattice enters the game. Let us first discuss the mean va
When the magnetic field penetrates the sample, the super
ductivity is suppressed in the vortex cores. The charge tra
fer induced by vortices is crudely proportional to the produ
of the superconducting fraction and the area of the vor
core. As the temperature is reduced, the superconduc
fraction grows while the diameter of the vortex cores shrin
For a GL parameterk independent of the temperature, th
product remains constant. Within Bardeen’s approximat
the GL parameter k slightly decreases with the
temperature;12 therefore, the charge transfer reduces asT
→0.

At temperatures below 0.7Tc the maximum of the NMR
line in the granular sample is strongly shifted by the angu
averaging. According to our results, the granular sample
this temperature region cannot be used to access mat
properties.

FIG. 8. Comparison of the theory with experiment. The expe
mental data are the dots with error bars, the theoretical predictio
shown by the full line, and the theoretical value for the single cr
tal is shown by the dashed line.
5-9
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VI. SUMMARY

We have shown that the experimental results of Kuma
Nozaki, and Matsuda can be explained in terms of a stand
theory of the electrostatic field in superconductors exten
by features necessary to describe the layered structur
YBCO. The agreement of our theory with the experimen
only qualitative. Our results thus do not exclude possi
alternative mechanisms.23,24

In conclusion, the charge transfer between CuO cha
and CuO2 planes in YBa2Cu3O7 provides a qualitative ex
planation of the electric field gradient effect on the NM
lines. At low temperatures the effect of the charge transfe
spoiled by two additional effects: the space modulation
the Zeeman effect reduces the shift of the maxima of
NMR lines; the disorientation of grains in the sample
creases the shift. From this point of view it is advisable
make precise measurement near the critical tempera
where the charge transfer dominates.

Our study does not cover two realistic features that
increase the amplitude of the observed shift of NMR lin
towards the experimental values. First, the charge is tra
ferred from the copper to the apex oxygen, i.e., the dista
between planes and chainsDcp54.24 Å should be reduced
to the Cu-O distance 2.3 Å. This will enhance the cha
transfer by a factor 1.8. We did not include this simple c
rection as its consistent implementation requires to use
non-local dielectric function and the microscopic treatm
of electronic states. A similar type of enhancement wo
result from a higher value of the dielectric constant. We ha
used e54e0 while values as large ase5100e0 has been
advocated.25 Second, the magnetic anisotropy of YBCO e
hances the deviations of the magnetic field from the axesc in
individual grains. At low temperatures this effect should
stronger in agreement with the observed trends. This cor
tion is omitted because of an unknown vortex pinning.

It is apparent from the experimental data of KNM that
explanation of the NMR lines in the underdoped YBa2Cu4O8
will be more complicated. Unfortunately, we could not d
cuss YBa2Cu4O8, because we have not found a relevant
of material parameters.
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APPENDIX: INNATE PERPENDICULAR
MAGNETIC FIELD

The magnetic field perpendicular to the axisc appears in
the sample from two sources. First, the observed sample
made from many grains with a small but finite scatter of
orientation of thec axis. This contribution is discussed in th
main text. Second, since diamagnetic currents are in pla
the magnetic field is more compressed in layers of pla
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than in layers of chains. This part of the perpendicular field
innate to the layered system and appears also in single c
tals.

Here we show that the innate perpendicular magnetic fi
can be neglected. The magnetic field is given by the vec
potentialA. For Bic, the component ofA along thec axis is
zero; see Eq.~17!. The perpendicular magnetic field thu
reads

Bx52
]Ay

]z
, By5

]Ax

]z
. ~A1!

In a short notation,B'5 ẑ3]zA, whereẑ is the unit vector in
the directionz.

The vector potential@Eq. ~17!# has a cusp at the position
of layers. This cusp appears due to the singular 2D curren
the selected layer, say atzj

1 . From the mirror symmetry it
follows that the current in thezj

1 layer does not contribute to
the perpendicular magnetic field in the center of this lay
i.e., at zj

1 where the Cu nuclei sit. We can thus avoid t
cusp by taking neighbor layers only. The mirror symme
also shows that all equivalentzj 8

1 layers spaced symmetri
cally above and belowzj

1 give zero net contributions. Ac
cordingly, the perpendicular magnetic field in the vicinity
z0

1 ~for uz2Dpp/2u!Dpp/2) is given by the reduced vecto
potential

Ared~r ,z!5
m0

4p
E dr 8(

j 8

j j 8
2

~r 8!

Aur 82r u21~zj 8
2

2z!2
. ~A2!

The 2D Fourier transformation of Eq.~A2! yields

Ared~k,z!5
m0

2k

e2k(z1Dpp/2)1e2k(D2z2Dpp/2)

12e2kD
j p~k!.

~A3!

The derivative ofAred with respect toz at z5Dpp/2 provides
us with the perpendicular magnetic field in terms of the
current,j52j p /D:

B'52
m0D

4

e2kDpp2e2k(D2Dpp)

12e2kD
ẑ3 j ~k!. ~A4!

Let us estimate the value of the perpendicular field.
this end we employ the long-wavelength limitk→0:

B''2
m0

4
~D22Dpp!ẑ3 j ~k!. ~A5!

The maximum of the current is at the edge of the vortex co
i.e., at r'A2j, wherej5l/k is the GL coherence length
The amplitude of the vector potential at this point,A
5F0 /(2pr )5F0k/(2pA2l), gives the current density
m0 j 5A/l25F0k/(2A2pl3). For the YBCO parameters
(D22Dpp)/451.33 Å, k555, andl51400 Å, one finds
B''631024 T. This field is far too small shifting the NMR

line by n0
3
2 sin2u'0.2 Hz. We have usedn0531.5 MHz.
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