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Magnetic behavior of a nonextensives-spin system: Possible connections to manganites
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We analyzed the magnetic behavior o8apin system within the framework of Tsallis nonextensive statis-
tics, employing the normalized approach. Unusual properties on magnetization, entropy, and susceptibility
emerge as a consequence of the nonextensivity. We further show that the nonextensive approach can be
relevant to the field of manganites, materials which exhibit long-range interactions and fractality, two basic
ingredients for nonextensivity. Our results are in qualitative agreement with experimental data in

Lag 67Ca 3MNO; and Pg sCa Mg 9sGay 005 Manganites.
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[. INTRODUCTION this approach, the nonphysical result found in Refs. 16,17,
and 18 was no longer found, and the susceptibility becomes
In 1988, Tsalli$ proposed ag-dependent entropy func- proportional to the number of particles, as experimentally
tional which generalized the standard Maxwell-Boltzmannexpected. In those early works, no attempt was made to cor-
definition, to include nonextensive systems. In this formal-relate theoretical results to experimental magnetic systems of
ism, “q” is called the entropic index and measures the de- any kind.
gree of nonextensivity of the system. A few years later, \We also suggest that the manganites are physical systems
Curado and Tsallfsrevised the formalism introducing the Where the present concepts can be tested. Experimental data
unormalizedconstraint to the internal energy, and showedof Amaralet al*® and Heberet al* are in qualitative agree-
that from this entropy functional a nonextensive thermody-ment with the results here reported. An analysis of the non-
namics could be derived. This generalization included théXtensivity in manganites in the ferromagnetic phase, also
classical thermodynamics(Maxwell-Boltzmann, which  taking T=1/kg* as an effective temperature, was already

could be recovered whenis set to unity. published elsewheré.

After the work of Curado and Tsallis, this formalism has
been successfully applied to various physical systems, where Il. MODEL
the Maxwell-Boltzmann framework fails. These include self- . o _ _ _
gravitating system3? turbulence® anomalous dif- We consider the Hamiltonian of a single si8rin a static
fusion®~? velocities of galaxie$® solar neutrinos? etc. and homogeneous magnetic field:

In spite of these successes, some drawbacks were identi-
fied in the early formalism, namelya) the density operator A S5 - :

y Ve y op H=—p-B=—uB=-9guSB, ey

was not invariant under a uniform translation of energy spec-

trum; (b) the g-expected value of the identity operator was

not the unity; andc) energy was not conservetiin a more .~

recent work, Tsalligt al2® circumvented these difficulties by thermal averagéu,)q is

introducing thenormalizedconstraint to the internal energy . A

of the system. (I2)q=9re(S)q=9ueSEY, 2)
Concerning applications to magnetic systems, the unor-

malized formalism was used by Portestial.'® and Nobre where(S,), is g-generalized thermal average spin operator

and Tsallis!” to describe the paramagnetic behavior of a sysgnd B is the generalized Brillouin function This first

tem with N spins 1/2. The authors found a non-measurablguantity can be determined in the Tsallis framework of nor-

magnetic susceptibility, since it was exponentially dependentalizedg-expectation valuet from
on the numbeN of particles. Martinezt al*® analyzed the

same S=1/2 system in the framework of the normalized Tri 508
formalism?®® finding a similar result to that reported by the (A ) :r{p_ASZ}'
Portesiet al. and Nobre and Tsallis. d Tr{p9}
In the present work, we analyzed the paramagnetic behav- .

ior of N spins S within the normalized formalism, and wherep is the density operator, derived from the maximiza-
showed that the system effective temperaflidoes not re- tion of the entropy. Below, we analyze two different propos-
late with the inverse of the Lagrange multiplig; as it is als for the entropy and show that rescaling the Lagrange
normally assumed, but with the inverse of a re-scaled paranparameter, the same density operator emerges from both
eterp* (T=1/kB*), already introduced by Tsallt al®In  definitions.

whereg=2 for J=S. The g-generalized magnetic moment

()
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A. Tsallis entropy

The entropy of the system is defined4$®

Sq=Tr{pS,}= )[1 Tr{p}1, 4

where

Sq=—kIngp, (5)

andk a positive constant. The generalized logarithm is de-

fined ag?

Ian=(1—q)*1(f1*q—1). (6)

The corresponding density operajorcan be determined
from the maximization of theS, functional, subjected to a
g-normalized constraint

 Tr{pt}
e "

and the normalization of density operatof d¥=1, leading
to

1 ,3 14(1-a)
P, g Y|
whereZ, is the generalized partition function,
B 14(1-q)
Z,=Tr{|1-(1-q) {pq}(H Uq) )

and B is the Lagrange parameter associated with internal
In this case, the entropy has a well

energy constraint®
defined concavity, for any value @f, being concave foq
>0, and convex fog<0.121523
B. Normalized Tsallis entropy

[f the entropy functionaL?Sq is defined as proposed by
Rajagopal and Ab&

1
Tr{p%}

TSk
T oTepn (-1

—-1, (10)

the density operatq} can be determined in a similar way as

above, yielding

~ 1 aAa
P=Z—[l—(l—Q)BTf{Pq}(H—Uq)]l’(l_q), (11)
q

Zy=Tr{[1—(1—q) BTr{p%(H—Uy ¥ 9}, (12

In this case, they parameter is restricted to the interval

0=q=1, preserving the entropy concavify.
The density operators emerging from both scendiims.
(8) and(11)] can be rewritten in the forms
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=;[1 (1—q)p* HIVE 9, (13)
=Tr{[1-(1-q)B* H]'~ 9}, (14
where
= b : (15
Tr{p%+(1-q)UyB
for case A, and
B* = 1 P (16)
T TV

for case B. Here we suggest that the effective temperature is

1
kB*
and the density operator becomes independent of the initial
entropy functional.
The magnetic behavior of &spin system will be ana-

lyzed as a function of the parameter=gugSBB*. In fact,
in terms ofx*, the generalized Brillouin function is given by

: (17)

+s m, /(-9
1 12 mg 1+ (1—q)x* 35
ol S
B(Sq):§<sz>q:§ +S m al(l-q) -
2 | 1+-ax 2
me=—S S
(18)

It is to be remarked that cutoff proced&té®2’implies
that those states that do not satisfy the condition

mS

1+(1—q)x*§>0 (19
must be excluded from the summation. In other words, these
states are assigned a zero probability amplitude, preserving
the positive definition of the density operatfr

For a system constituted b spins-S particles, the
g-generalized spin operator thermal averfgg.(3)] can be
written as

+NS m.]@/(1-a)
2 Y(mgmg| 1+(1—aq)x* —S}
—NS
<Sz>qN +NS m a/l(l—-q)
2 Y(MY|1+(1-g)x* =
mg=—NS S
(20)
whereY(my) is the multiplicity and
NS
> Y(my=(2S+ 1)\, (22)
mg=—NS
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FIG. 1. Generalized Brillouin function for severglvalues and
S=5/2, as a function ok*.

[C]
BS |SAT

In the particular case o spin-1/2 particles,Y(m,) is
simply given by

Tl

11l. RESULTS AND DISCUSSION FIG. 2. Saturation magnetizatiCB“s“)|5AT as aq function, for(a)
half-integer andb) integerS values.

When q is different from unity, general expressions for
magnetic observables are difficult to calculate and interpretpbserved on the magnetization curves to the loss of occupa-
even for simple systems. This hinders the comparison betion of the most energetic states. This is a consequence of the
tween theoretical predictions and experimental results. NuTsallis cutoff. In fact, from Eq(19), thex* values where the
merical methods, on the other hand, provide a means to dkinks occurs can be derived, following
rectly calculate observables, allowing a deeper understanding
of the theoretical results. Kinks__ S

Figure 1 displays the generalized Brillouin functig Xmg = Img/(1—q)"
vs x* [Eq. (18)], for different values ofj andS=5/2. For . . .
up to [O.g, (a ;]eries of kinks appear ?n the curve. Ong als&)t Is to be remarked that for a half-integer spl 1/2 kinks

. . dSfor an integer spin.
notes that the saturation vaIlEE(S“) decreases with de- °2ccul> an ger sp .
creasingy. This is more clearly sho|\?vArT1 in Figs(& and 2b) Figures 4a) and 4b) display, respectively, the unormal-

() . . ¥ ized [Eq. (4)] and normalizedEq. (10)] entropyS,, for S
whereBg"| s is plotted as a function of, for half-integer =5/2 and different values. Note that, fon<<0.5, the kinks

and integer spin values, respectively. The behavior of a Clasdiscussed before are present. For gryl, the entropy does
sical spin is also included and can be exactly calculated from o AR '
Eq. (18) with S—oc, giving not vanish in the limix* ~—0. In other words, even for a

high field and/or a low temperature, the system has a finite

1 entropy, which prevents a fully magnetized state. These fea-
B(sq)|SAT:2T- (23)  tures are valid for both entropy functiongSec. ).

q A general expression for the magnetic susceptiblity can be

The occupation probabilityOP), as a function ok*, for ~ deduced from Eqs2) and(18),
each energy level d8=5/2, are displayed in Figs(8-3(c),
for several values off. Figure 3d) shows the same quantity Y= lim
for S=2 andg=0.1. We observe that the OP does not vanish 5o
for negative energy levels(;>0), even for very large val-
ues ofx*, in contrast to what happens in the cagel  WhereC@=qC is the generalilzed Curie constant. Figure
(Maxwell-Boltzmann. From Fig. 3c) we can see that, for 5 displaysxc;l as a function ok* ~ for q=1.0 and 0.8, with
g=0.1, the OP of the positive energy states,£0) vanish S=5/2,
sharply at the same* values as the kinks observed in Fig. 1. In order to compare the predictions of the proposed model
This occurs forq<0.5. Therefore, we correlate the kinks to experimental data, we must investigate how the

Y(mg)= (22

q

(24)

c@
T

# pr2)q

B (25
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FIG. 3. Probability of the occupation of each energy level, for
(@)—(c) S=5/2 and(d) S=2, as a function ofx*, and various
values ofq.

calleddark magnetismin analogy to the cosmological con-
cept of dark matter(see Ref. 16, and references theyein
Martinez et al1® analyzed the paramagnetic behavior of the

magnetic observables discussed before scales upon incre (%mzlis':'nlgj? ?r;éliounsgierrgsultw gi?r:ri}ar igetha?%am;(lnlrztggi
ing the number of particles in the system. An extensive quanémd Nobré for
tity F scales as Xq-

Our proposal is that the paramagnetic behavior of a non-

Fu=NF (26) extensiveN spin-1/2 system should be analyzed in the nor-
N b malized formalism, using the density operator described in
whereN is the system number of particle. Eq. (13), taking 8*, instead ofg3, inversely proportional to

Particularly useful for the purpose of comparison, is thethe system temperatufie By doing so, the generalized para-
magnetic susceptibility. Porteset al'’® and Nobre and magnetic susceptibility becomes
Tsallis!” considered the generalized magnetization on the
paramagnetic phase ofM spin-1/2 system in the unormal- 60

ized formalisnt:**~1"?*They found, fory,, 50 S=52
C:(Sq:)llz 40 ] -7
Xq:?ZN(kq), (27) ] e
L 304
where = JPtae
T, 204
2 >
(gms)? . - S
cl@, = N, 28 ] q=1.0
s=12= "z VA (28) 10 | — q=0.8
andT=1/kg is the temperature of the system. H¢tés the 0 — T T T T T
usual Lagrange parameter associated to the non-normalized 0 20 40 60 80 100
constraint of internal energy. x*'=(gu,SBp*)’
Therefore, adN increases, the magnetic susceptibility be-
comes infinity forq<1 and zero forg>1. In other words, FIG. 5. Inverse of susceptibility fogq=1.0 and 0.8 as a

there is no linearity among, and N. This phenomenon is x* " function, forS=5/2.
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T T ) IV. POSSIBLE CONNECTION TO EXPERIMENTAL

34 Lao.67Cao.33Mn03 RESULTS

H=0.3 Oe Amaral et al!® discussed the magnetic behavior of man-
ganese oxides, namely, LaCa 3qMnO;3 and verified steps
5 on the curve ofM ! vs T in the paramagnetic phase, as
o shown in Fig. 6a). These steps are analogs to those shown in
5 Fig. 6(b), that also represents the inverse of magnetization as
a function ofx* ~1, for q=0.1, and encourage the idea of
manganites as nonextensive objet¢t¥he authors took the
change in the slope of the curve as an indication of cluster
(a) formation, which changes the effective moment of Mn ions.
- - - - T These clusters could give rise to fractal structures, as dis-
268 272 276 280 284 288 cussed by Dagottet al,”® and therefore are in accordance to
T(K) the ideas discussed here. In addition, Hetsral 2° found
magnetization curves in P¢Ca sMng o:Gay 005 that are

)]
1

1/M (emu'1g) x 10°

o
L

1.0 . o > .
q=0.1 also in qualitative agreement to those curves in Fig. 1.
081 S=5/2 V. CONCLUSION
In summary, we investigated the properties of a paramag-
0.6+ . . . . .
o netic Sspin system under the Tsallis generalized statistics, on
_QLN the normalized formalism. Fay<0.5, a series of kinks ap-

v 0.4 pears in the magnetization and entropy. This effect is a direct
- consequence of a peculiar occupation probability, as a result
0.24 of the Tsallis cutoff, where the positive energy states, (

(b) <0) vanish sharply. Additionally, the negative energy states
0.0 : : : : : : (mg>0) share a nonzero occupation probability, preventing
00 02 04 06 08 10 12 14 a fully magnetized state and the saturation magnetization de-
x*'1=( SBB*)'1 creases with decreasing We present evidences based on
Mg experimental results of Amaralt all® and Hebertet al,?°

FIG. 6. (a) Temperature dependence of the inverse susceptibilit)yvhICh a(.jtd to and supporz %u: pL’)ewous lebel(:”al'?ﬂ)m/herte .
for the manganite La;Ca ;3sMnO3, above the Curie temperature manganites were suggested to be magnetically nonextensive

(267 K), at a low magnetic field(b) Inverse of the magnetization objects.
i *—1 —
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