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Observation of antiferromagnetic fractons: Analysis of inelastic neutron scattering experiments

Takamichi Terao and Tsuneyoshi Nakayama
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 28 May 2002; published 14 October 2002!

This paper presents an analysis of the experimental data obtained by means of inelastic neutron scattering
~INS! experiments for diluted Heisenberg antiferromagnet RbMn0.39Mg0.61F3. We have performed computer
simulations in order to confirm the observations of antiferromagnetic fractons for this system. The profile of the
dynamical structure factorS(Q,v) has been calculated by applying the forced oscillator method, which is
powerful for calculating the linear-response function of the antiferromagnetic system described by non-
Hermitian matrices. Calculated results recover well INS results. These results confirm the observation of
antiferromagnetic fractons in RbMn0.39Mg0.61F3.
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Critical dynamics of diluted magnets have been a sub
of considerable interest in the contexts of statistical phys
and physics of random systems.1–3 Some classes of dilute
Heisenberg magnets take the geometrical structures of
colating networks, which exhibit the typical random frac
structures.4–7 Diluted Heisenberg antiferromagnets do n
belong to the same universal class as that for percola
elastics networks.8 This is because the equations of moti
govering antiferromagnetic spin waves are not able to
mapped onto the equation of motion for elastic vibrations9

Magnetic excitations in diluted antiferromagnetic syste
have been theoretically investigated on the basis of
theory of fractons.10–15 The spin dynamics of thed53 di-
luted Heisenberg antiferromagnet RbMncMg12cF3 has been
extensively studied in terms of inelastic neutron scatter
~INS! experiments by Ikeda and co-workers,16–18 wherec is
the concentration of the magnetic atoms in the system. T
have investigated the energy spectra of magnetic excitat
from the zone center to the zone boundary. A pure system
RbMnF3 (c51) has a cubic perovskite structure in whic
magnetic ions lie on a simple cubic lattice with the exchan
interaction energyJ50.29 (meV). In a diluted system, th
magnetic Mn21 and nonmagnetic Mg21 atoms are randomly
arranged on the cubic lattice. This system belongs to an i
isotropic Heisenberg antiferromagnet, because the magni
of anisotropy is very small and the exchange interaction
dominant only for the nearest neighbors.16–18 The self-
similarity becomes relevant at length scale shorter tha
correlation lengthj'a0uc2cpu2n (a0 is the constant pref-
actor!, wherec andcp are the percolation concentration an
the percolation threshold, respectively. At larger length sc
the system is considered to be homogeneous, and the ex
tions on such structures exhibit a crossover at a length s
j. In diluted Heisenberg antiferromagnets, it is expected
propagating spin waves~magnons! with the wavelength
larger thanj cross over to antiferromagnetic fractons wi
shorter wavelength, which are strongly localized excitatio
reflecting the disorder and self-similarity of the system.9

With high concentrationc, the magnetic excitation spectr
are dominated by a sharp spin-wave peak in the small-wa
vector regime.16 In the large-wave-vector regime, the spec
show six well-resolved Ising-cluster excitations with a diffe
ent number of neighbors (1<z<6), originating from the
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ct
s

er-
l
t
g

e

s
e

g

ey
ns
of

e

al
de
is

a

e,
ita-
le

at

s

e-

different local environments in the diluted system. Withc
50.39, Ikeda and co-workers17,18 have obtained the energ
spectra at several wave vectors fromQ50 to Q50.375 re-
ciprocal lattice unit~rlu! ~zone boundary!. In Ref. 18, the
peak intensity owing to magnons decreases with increa
wave numberQ, and the definite magnon peak diminish
beyondQc.Q, whereQc(;1/j) is a crossover wave num
ber.

We present in this paper numerical results of the dyna
cal structure factorS(Q,v) on d53 diluted Heisenberg an
tiferromagnets with the concentrationc50.39. The profile of
S(Q,v) recovers well the INS experiments i
RbMn0.39Mg0.61F3,18 where a magnon-fracton crossover
observed at the crossover energyvc . The localization nature
of spin-wave excitations in diluted Heisenberg antiferroma
nets near the percolation threshold (c.cp) is numerically
clarified by investigating thev dependence of the participa
tion numberP(v). The calculated results indicate that th
spin-wave excitations atv>vc are strongly localized, which
is the characteristics of antiferromagnetic fracton excitatio

The Hamiltonian of diluted Heisenberg antiferromagn
is given by

H5 (
^mn&

JmnSm•Sn , ~1!

where Sm denotes the spin at the sitem, and Jmn the ex-
change coupling between nearest-neighbor sitesm andn. We
chooseJmn asJmn52J if sites m andn are connected, and
Jmn50 otherwise. The linearized equation of motion for sp
deviationSi

1[Si
x1 iSi

y is expressed by15

i
]Si

1

]t
5s i(

j
Ji j ~Si

11Sj
1!. ~2!

Heres i is a variable taking11 for the sitei belonging to the
up-spin sublattice and21 to the down-spin sublattice. In Eq
~2!, we take the unit ofS/\51, and the magnitude of singl
spin S is given by S55/2 for Mn atoms. In the following
studies, we consider the spin dynamics of diluted Heisenb
antiferromagnets at low temperature, when the lineari
spin-wave approximation is valid. Equation~2! is rewritten
in the matrix form such as
©2002 The American Physical Society09-1
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(
j

Di j sj~l!5vlsi~l!, ~3!

where$si(l)% is the eigenvector belonging to the eigenfr
quencyvl , and the matrix elementDi j is defined by

Di j 5s iFJi j 1d i j (
k

JikG . ~4!

The physical properties of spin-wave excitations in dilut
Heisenberg antiferromagnets can be clarified by analyz
the nonsymmetric dynamical matrix$Di j %. It is mentioned
that a nonsymmetric matrix has two sets of eigenvec
called right eigenvectors and left eigenvectors,14 and the
spin-wave excitations corresponds to the right eigenvec
of the dynamical matrixDi j @Eq. ~3!#.

Now we show numerical results for the dynamical stru
ture factorS(Q,v) on d53 diluted Heisenberg antiferro
magnets at the concentrationc50.39. The dynamical struc
ture factorS(Q,v) for antiferromagnetic spin waves is give
by14,15,19

S~Q,v!}^n11&x9~Q,v!}^n11&(
l

d~v2vl!

3H(
m

e2 iQ•Rmsmvm~l!J H(
n

eiQ•Rnun~l!J ,

~5!

where ^n11& is the Bose factor expressed by 1/(
2e2bv), andx9(Q,v) is the imaginary part of generalize
susceptibility,Rn is the positional vector of the siten, andsn
is a variable taking11 at the siten belonging to the up-spin
sublattice or21 for the down sublattice. In Eq.~5!, un(l)
andvn(l) are the right and left eigenvectors of the dynam
cal matrix, respectively, describing the transverse spin de
tions under the linearized spin-wave approximation.

We have numerically calculated the dynamical struct
factorS(Q,v) on diluted Heisenberg antiferromagnets at t
percolation threshold (c5cp), and demonstrated that antife
romagnetic fractons satisfy the single-length scaling po
late ~SLSP!.20,21 This implies that all length scales such
the wavelength, the localization length, and the scatte
length collapse into a unique characteristic length sc
L(v). Namely, the dynamical structure factorS(Q,v) for
antiferromagnetic fractons is given by the following scali
form with the characteristic lengthL(v) such as

S~Q,v!5Q2yF@QL~v!#, ~6!

whereF(x) is a scaling function, andy is a new exponen
characterizingS(Q,v). We have also studied the dynamic
structure factorS(Q,v) with concentrationsc close tocp .15

Our results have shown that there is only one peak in thv
dependence of the dynamical structure factor at the mag
fracton crossover with low concentrationc(.cp). In Ref.
15, the dynamical structure factor with higher concentrat
shows the double-peak structure, reflecting the Ising-clu
excitations.22 The latter feature is in accord with the inelas
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neutron scattering experiments on RbMncMg12cF3 (c
50.74,0.63).16 The details of numerical methods are give
in Refs. 14 and 23.

Figure 1 shows thev dependence ofS(Q,v) for d53
site-diluted antiferromagnets atc50.39 (cp50.312) with
five different wave vectorsQ. The site-percolating network is
formed on aL3L3L cubic lattice, and periodic boundar
conditions are employed in all spatial directions. In Fig.
we have calculatedS(Q,v) (Q[uQu) with Q along @110#
directions from the magnetic zone center. The magnitude
exchange interaction energyJ and the energy resolutiondv
are set to beJ50.29 (meV) anddv'0.02 (meV), respec-
tively. The ensemble average has been taken over four r
izations of site-percolating networks formed on 60360360
simple cubic lattice.24 The largest network has 75 384 spin
for L560. Figure 1 indicates that the peak becomes broa
and the peak intensity diminishes atQ.Qc('0.1 rlu). We
should mention that the direct comparison between Fig
and experimental results18 is difficult, because the data in
Fig. 3 in Ref. 18 include the background intensity in additi
to the incoherent scattering component centered atQ50
wavevector, and the spin-wave contribution is not separa
from the observed spectrum. This is the reason for not m
ing the direct comparison in Fig. 1 with the raw data given
Fig. 3 of Ref. 18. However, we see that the calculated res

FIG. 1. Thev dependence of the dynamical structure fac
S(Q,v) with five different wave vectorsQ. The concentration of
the system is taken to bec50.39.
9-2
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in Fig. 1 recover well the observed characteristics of dyna
cal structure factorsS(Q,v) presented in Ref. 18.

One of the important characteristics on the fracton ex
tation is its strongly localized nature.9 The localization nature
of spin-wave excitations in diluted Heisenberg antiferrom
nets is not fully clarified yet, and there is no direct calcu
tion of the localization length of spin-wave excitations ne
the percolation thresholdc.cp . Here, we clarify the local-
ized nature of spin-wave excitations on diluted Heisenb
antiferromagnets withc.cp by studying thev dependence
of participation numberP5P(v) at the magnon-fracton
crossover numerically. The participation numberP(v) is a
quantity to clarify the localized nature of spin-wave exci
tions numerically. Using the eigenvectors$si(l)%, the par-
ticipation numberP(v) is defined to be25

P~v!5

K H(
i

usi~l!u2J 2L
v

K (
i

usi~l!u4L
v

, ~7!

where^•••&v denotes the average over eigenmodes with
quencies close tov. In general, the participation numbe
P(v) is related to the localization lengthL(v) of excita-
tions, which is written asP(v);c$L(v)%d with the concen-
tration c far from the critical concentrationcp ~in the homo-
geneous system! or P(v);$L(v)%D f with c'cp ~in the
self-similar system!, whereD f is the fractal dimension of the
system.

Using Eqs.~3!, ~4!, and~7!, we calculate the eigenvector
$si(l)% and the participation numberP(v) for d53 perco-
lating Heisenberg antiferromagnets. The system sizeL and
the concentrationc are set to beL550 andc50.39, respec-
tively, and the ensemble average is taken over 16 diffe
samples. We obtain the eigenvectors of$Di j % in Eq. ~4! by
forced-oscillator method for nonsymmetric matrices.14 Fig-
ure 2 shows calculated results on the participation num
P5P(v). In Fig. 2, the abscissa and the ordinate denote

FIG. 2. The v dependence of the participation numberP
5P(v). The system size and the concentration are taken to bL
550 andc50.39, respectively.
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energy of the spin-wave excitationsv in units of J
50.29 (meV). It is shown that the value ofP(v) becomes
constant for lower energy regime@v,0.1 (meV)#, which is
due to the finite-size effect of the system. This result impl
that there is a propagating spin-wave excitations~magnons!
in this energy regime. On the contrary, we see thatP(v)
decreases with increasingv, indicating that the spin-wave
excitations with RbMn0.39Mg0.61F3 are localized for higher
energy regimes@v.0.2 (meV)#. From the scaling theory
the participation numberP(v) and the localization length
L(v) in the self-similar regime are given byP(v)
;$L(v)%D f andL(v);v2d̃/D f , respectively, whered̃ is the
spectral dimension. This indicates that the participation nu
ber P(v) shows the power-law behavior such asP(v)
;v2d̃, where the value of the spectral dimensiond̃ is
known to bed̃'1 for antiferromagnetic fractons.8,20 In Fig.
2, our calculated results for higher energy regime agree w
with the theoretical prediction onP(v). These results sup
port the existence of a crossover from magnons to frac
excitations in RbMn0.39Mg0.61F3.18

Christou and Stinchcombe have obtained an analytic
pression ofS(Q,v) of percolating antiferromagnets in th
long-wavelength limitQj!1, which satisfies the dynamica
scaling hypothesis.26 Their result shows that the dynamic
structure factorS(Q,v;j) becomes

S~Q,v;j!5
AQ22z~Qj!d

$vQ2z2~Qj!12z%21~Qj!2(11d2z)
~8!

near the percolation threshold (c.cp), whered andz are the
Euclidean dimension and the dynamical exponent, resp
tively. In Eq. ~8!, there is a sharp peak on thev dependence
of S(Q,v;j) with the wavenumberQ,Qc , where Qc
;1/j is the crossover wave number. This contribution com
from magnons at the lower energy regime in diluted Heis
berg antiferromagnets. The peak intensity rapidly decrea
with increasing the wavenumberQ, and this peak due to
spin-wave excitations becomes very broad and overdam
at Q;Qc . Our calculated results shows a good agreem
with the essential feature in Eq.~8! as well as the INS
experiments.18

In conclusion, we have investigated the dynamical pro
erties of spin-wave excitations ind53 diluted Heisenberg
antiferromagnets RbMn0.39Mg0.61F3. The calculated results
of S(Q,v) have indicated that the sharp magnon peak
observed atQ,Qc('0.1 rlu), and its peak disappears
Q.Qc . The profile ofv dependence on the calculated r
sults recovers well the INS experiments, where a magn
fracton crossover is observed in RbMn0.39Mg0.61F3.18 We
have also calculated thev dependence of the participatio
numberP(v) to clarify the localization nature of spin-wav
excitations in diluted Heisenberg antiferromagnets. Thev
dependence of the participation numberP(v) on diluted
Heisenberg antiferromagnets has been studied numeric
beyond the percolation threshold. From the calculated res
of P(v), it is shown that the spin-wave excitations wi
v,vc is propagating beyond the system sizeL. With
9-3
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v.vc , on the contrary, thev dependence ofP(v) de-
creases with higher energy regimes. This indicates that
spin-waves withv.vc are strongly localized, which is th
characteristic feature of antiferromagnetic fracton exc
tions. These results have confirmed that the experiment
Ref. 18 have truly observed the existence of antiferrom
netic fractons in diluted Heisenberg antiferromagn
RbMn0.39Mg0.61F3.
u
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