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Double exchange and superexchange in a ferrimagnetic half-metal
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The mean field theory proposed originally by Kubo and Ohata for manganites is generalized for a ferrimag-
netic half-metal and applied to the magnetite. The relevance of both the double exchange interaction and the
superexchange one for the spin ordering in the conductingB sublattice of magnetite is shown. The shortcom-
ings of the mean-field approximation are discussed.
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Spin-dependent electron transfer was intensively stud
in the last years. Especially, the materials of the perovs
family R12xAxMnO3 (R5La,Pr,Nd;A5Sr,Ca, e.g.) are in
the focus of interest1,2 owing to the anomalously large mag
netoresistance effects in the vicinity of the metal-insula
transition. On the other hand, these doped manganese o
attracted nowadays a revived attention in connection with
development of the spin-electronic devices,3 as they exhibit
the ‘‘half-metallic’’ behavior in the ferromagnetic phase.4 In-
deed, in the ferromagnetic conducting phase of the do
manganites, the itinerant charge carriers are spin polar
owing to the strong Hund’s rule coupling to the localiz
spins and, consequently, they appear to be a possible so
of a highly spin-polarized current.

Another candidate for the spin electronics is the ferrim
netic magnetite that, especially because of the high C
temperature (Tc'870 K), has promising application at room
and higher temperatures. In the temperature range abov
Verwey transition, theB sublattice of octahedral sites i
magnetite may be represented by the system ofNB localized
spinsS55/2 and ofNB/2 itinerant electrons.5 Owing to the
Hund’s coupling, the spins of the itinerant electrons are
tiferromagnetically coupled to the localized spins, formi
thusS852 spins which are at each time randomly distribut
over the sites of theB sublattice. Consequently, theB sub-
lattice of magnetite represents a system resembling the h
doped manganites and the question about the role of
double exchange~DE! interaction in magnetite naturall
arises. Indeed, the magnetization of theB sublatice was de-
duced using the Kubo-Ohata DE mean field~MF! theory6 in
Ref. 7. However, the latter treatment did not take into
count the antiferromagnetic exchange coupling between
A ~tetrahedral! andB sublattice. No checking of the correc
ness of such approximation was made. Moreover, the itin
ant spins were added to~instead of subtracted from! the lo-
calized spins; in particular an unphysical valueS852.9 for
the effective spin in theB sublattice was used when fittin
the theory to the experimental results.

Motivated by the above facts, the MF theory of the tw
sublattice ferrimagnet, which takes into account both the
perexchange~SE! and the DE interactions, is developed
the present paper. In particular, the existence of itiner
spin-polarized charge carriers in one of the sublattices~des-
ignated asB in the magnetite! will be assumed and the fer
romagnetic ordering in this sublattice will be characteriz
by the MF parameterl introduced by Kubo and Ohata.6 The
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inter- and intrasublattice SE interactions will be represen
by means of the effective fields. The model will be applied
magnetite and corresponding numerical results will be d
cussed.

The MF decoupling of the ferrimagnetic sublatticesA and
B will be carried out replacing the intersublattice SE intera
tion by the effective SE fields. These effective fields, prop
tional to the equilibrium values of the spinz components of
the sublattices,mA(eq)[^SA

z &eq and mB(eq)[^SB
z &eq, will

act as ‘‘external fields’’ in the sublatticesB and A, respec-
tively. The equation for the equilibrium value ofmA at fixed
~but unknown! value ofmB(eq) is given by the well-known
equation of the MF theory,

mA5SBS@lABmB~eq!1lAAmA#. ~1!

Here,BS denotes the Brillouin function and the coefficien
la,g ~with a,g equal toA, B) are defined as

lag5bSJagzg~a!, ~2!

where the SE constantsJag are symmetrical ina,g, the
number of nearest-neighborg ions to thea ion is denoted by
zg(a), andb51/kBT.

The condition for the equilibrium value of the spinz com-
ponent per ion in theB sublattice, at fixed value ofmA(eq),
will be deduced by means of a generalized treatment
Kubo and Ohata.6 At first, the MF parameter l
5bSgmBHeff

z will be introduced, where the effective fiel
Heff

z determines the probabilties of the orientations of t
spin in theB sublattice. Consequently, the mean value of
spin z component per ion in theB sublattice, with the con-
centrationx of the itinerant carriers, is equal to

mB~l!5^SB
z ~l!&5~12x!SBS~l!1xS8BS8S S8

S
l D , ~3!

whereS8 is the spin composed of spinsSands51/2 accord-
ing to the Hund’s rule (S55/2 andS852 for the magnetite!.
The condition for the equilibrium MF parameterl @or,
equivalently,mB(eq)] is deduced from the extremum fre
energy of theB-sublattice system, i.e., of the itinerant ele
trons and localized spins, subjected to the effective SE fi
proportional tomA(eq). Accordingly, we shall consider

f B5F/NB5xm1V1^HSE&2TS (S) ~4!
©2002 The American Physical Society03-1
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as the MF approximation of theB-sublattice free energy pe
ion, which is to be minimized at fixedmA(eq).8 Here m
means the chemical potential,V is the grand-canonical po
tential of the itinerant carriers having the density of sta
~DOS! gl(«),

V52
1

bE d«gl~«!ln~11eb(m2«)!, ~5!

and the contribution to the energy arising from the effect
SE field from the sublatticeA, as well as from the SE inter
action inside the sublatticeB, is

^HSE&52
1

bS
@mBlBAmA~eq!1 1

2 lBBmB
2 #. ~6!

The MF entropy of the ion spinsS,S8 randomly distributed
in the B sublattice is

S S~l!5kBH @~12x!ln nS~l!1x ln nS8~l!#2
1

S
lmBJ

~7!

with

nS~l!5 (
umu<

5
2

expS l
m

SD , nS8~l!5 (
umu<2

expS l
m

S8
D .

~8!

The DOS implies the effect of the spin order on the ba
width; accordingly, the chemical potential determined by
equation

x5E d«gl~«!
1

eb(«2m)11
~9!

is l dependent, too. Consequently, the extremum of Eq.~4!
with respect to the parameterl at fixed temperature is to b
determined on the curvem(l,b) defined by Eq.~9!. The
extremum conditions with respect to the variablel ~or mB)
obtained in this way, together with Eq.~1!, represent the
system of coupled equations determining self-consiste
the equilibrium sublattice spinz components.

The approximations of the above equations, correspo
ing to the theory of Ref. 6, consist in replacing th
temperature-dependent carrier free energy by
temperature-independent mean energy. Using the notatio
Ref. 6, the latter quantity is equal togS(l) «̄, where«̄ is the
mean ‘‘bare’’ band energy atT50 and the DE band-
narrowing factorgS(l) equals

gS~l!5
1

2
1

S

2S11
cothS 2S11

2S
l D

3Fcoth~l!2
1

2S
cothS l

2SD G . ~10!

Replacing in Eq.~4! the termxm1V by gS(l) «̄, the condi-
tion for the minimum off B reads
13240
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bS«̄
]gS

]mB
2~lBAmA1lBBmB!1l50, ~11!

which is to be solved together with Eqs.~1! and ~3!.
For the special case of zero SE, the Kubo-Ohata resul6 is

obtained, namely,

l52bS«̄
]gS /]l

]mB /]l
. ~12!

The opposite limitting case,«̄50, gives the following rela-
tion between the equilibrium values ofl,mB ,mA :

l5lBAmA1lBBmB , ~13!

which leads to the standard MF equations for the tw
sublattice ferrimagnet, if Eqs.~1! and ~3! are used.

At first, we reconsider the possible application of t
Kubo-Ohata theory6 to theB sublattice of magnetite, as it ha
been attempted in Ref. 7. In the latter paper, the tempera
dependence of the MF parameterl has been calculated ac
cording to Ref. 6 using the above equations@Eqs. ~10! and
~12!# and mB(l)/S5BS(l); the A-sublattice magnetization
has been consecutively determined by Eq.~1! using JAB
5246 K, JAA5222 K for the Heisenberg exchange co
stants. Very good fit of the experimental temperature dep
dence of theB-sublattice magnetization was achieved in R
7 taking TC5875 K for the Curie temperature andS852.9
for the effective spin of theB-sublattice ions. However, this
choice of the effective spin is wrong, as the spins of Fe31

and Fe21 ions are equal toS55/2 andS852, respectively.
The B-sublattice magnetization calculated according to E
~3!, ~10!, and~12! of the present paper is compared with th
of Ref. 7 in Fig. 1. The comparison shows that the tempe
ture dependence ofmB , calculated according to the Kubo
Ohata theory,6 differs appreciably from that presented in Re
7, if the correct valueS852 is used.

Besides, applying the original equations of Ref. 6 to ma
netite one assumes that the Curie temperature is mainly

FIG. 1. Comparison of reduced magnetization of the sublat
B calculated with DE only, (S1S8)/252.9 as in Fig. 8 of Ref. 7;
DE only, S55/2, S852; and with both DE and SE~exchange pa-

rameters of Ref. 7,«̄520.32 eV).
3-2
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termined by the mean band energy«̄, characterizing the
strength of the DE interaction. Assuming this point of vie
the following relation between the experimental Curie te
perature and the mean band energy

kBTC52
1

45

~2S21!~4S11!~S11!

cBS~2S11!
«̄ ~14!

is obtained from Eqs.~3! and ~12! if l→01, where

cB5~12x!
S11

3
1x

S8~S811!

3S
. ~15!

Substituting x51/2, S55/2, S852, and the value TC

5870 K, (2 «̄)50.32 eV is obtained. To test the~in!consis-
tency of such a procedure, we look for the change ofTC if
the SE interactions are taken into account. Using Eqs.~1!

and~3!, the following relation between«̄ andTC results from
Eq. ~11!:

152
«̄

kBTC

1

45

~2S21!~4S11!~S11!

cBS~2S11!

1l̄BA

cAl̄ABcB

12cAl̄AA

1l̄BBcB , ~16!

wherel̄ag are equal to the coefficientsla,g for T5TC and
cA5(S11)/3. Substituting the above determined2 «̄, as
well as JAB5246 K, JAA5222 K, and JBB50, used in
Ref. 7, the Curie temperatureTC51590 K results from Eq.
~16!; the corresponding temperature dependence of the
duced B-sublattice magnetizationmB is shown in Fig. 1.
Consequently, the results based on the DE theory6 only are
changed entirely if the SE interactions are taken into acco
and, therefore, the latter interactions cannot be disregard

Accordingly, the generalized MF equations@Eqs.~1!, ~3!,
~11!# with the relevant parameters«̄ andJab will be consid-
ered. The estimate of the mean carrier kinetic energy in thB

sublattice per ion,«̄, cannot be based on the known ba
calculation of the magnetite~e.g., Ref. 9 and the reference
therein!, as these calculations do not take into account
electron correlations and, especially, the electron-phonon
teraction that reduces strongly the electron transport in thB
sublattice. In fact, the measured temperature dependenc
the dc conductivity in magnetite was satisfactorily inte
preted by means of the small polaron model;10 the analysis of
the optical conductivitys(v) made in this paper shows th
small polaron maximum for the contribution tos(v) from
the transport of thed electrons. Taking thev dependence o
the latter contribution at the room temperature from Ref.
the mean kinetic energŷT& of the d electrons in theB sub-
lattice may be estimated by means of the sum rule for
real part of the optical conductivitys1(v),11

2

pE0

`

s1~v!dv52s0^T&. ~17!
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For the magnetite the prefactors0 equals to 2
3 @(e/\)a#2,

wherea is the distance between theB site and the neares

oxygen ion,a50.2059 nm. Setting then«̄5^T&/NB , the es-

timate«̄52272 K is obtained. This value of«̄ is two orders
of magnitude smaller than the Hund’s coupling constanJ
and, consequently, the assumption of infiniteJ of the DE
theory6 is justified ~the discussion of the dependence ofTC

on the ratio ofJ to the hopping constant in manganites m
be found, e.g., in Ref. 12!.

For the SE parametersJAA and JAB we take the same
values as De Graveet al.,7 JAA5222 K andJAB5246 K,
as these values reproduce well the temperature depend
of mA , provided thatmB(T) is taken from the experiment
The remaining parameterJBB is determined from Eq.~16!.

Using the above values of«̄, JAA, andJAB and the experi-
mentalTC5870 K, it follows JBB5211 K. The magnetiza-
tion curves calculated with this set of parameters accord
to Eqs.~1!, ~3!, and~11! are compared with the experimen
in Fig. 2. We also considered the fitting of the experimen
curves by means of the SE parameters only. The curves
culated in this way are close to those in Fig. 2, but this

with «̄50 requires a ferromagneticB-B interaction~positive
JBB), which contradicts the situation in the spinel ferrites13

Relatively poor quantitative agreement between the ca
lated curves and the experimental ones in Fig. 2 shows
the inclusion of the DE interaction into the MF description
the ferrimagnet does not improve the calculated magnet
tion dependences, contrary to what was proposed in Re
To check this statement, we tried to vary the model para
eters at fixedTC to obtain better fit, but the discrepanc
between the theory and the experiment remained. Most lik
this discrepancy is to be attributed to the insufficiency of
MF approximation. Namely, it was shown14 for the Heisen-

FIG. 2. Comparison of the calculated and experimental redu
magnetizations in magnetite. Parameters in units of K

JAA5222, JAB5246, JBB5211, «̄52272.
3-3
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berg ferromagnet that a more rapid drop of the magnetiza
when approachingTC ~in comparison with the MF curves! is
obtained if the short-range order effects are taken into
count. We note that an inclusion of the exchange-strict
term would lead to a similar effect.15 The better agreement o
the calculatedmA(T) with experiment could be ascribed t
the fact that the MF approximation gets better with incre
ing number of neighbors. The Fe31 ion on theA site has 12
nearest magnetic neighbors, while the iron ions on theB sites
have six nearest magnetic neighbors only.

In summary the generalization of the MF DE theory6 by
inclusion of the SE fields for a two-sublattice half-metal
ferrimagnet was presented. Applying this generalization
magnetite we found the following.

~1! The calculation of theB-sublattice magnetization
without taking into account the SE interactions turns out
be inconsistent; the seemingly good agreement of the MF
sh

T

.

13240
n

c-
n

-
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theory6 with the experimental magnetization curve achiev
in Ref. 7 appears only owing to the unphysically lar
B-sublattice effective spinS52.9.

~2! On the other hand, the fit of the magnetization curv
without the DE interaction requires the positive value of t
SE interaction constantJBB , in contradiction to the negative
JBB in similar ferrites.

The model parameters«̄, Jab were determined on the
basis of the experimental data for the optical conductiv
sublattice magnetizations, and the Curie temperature. R
tively poor quantitative agreement of the calculated and
perimental magnetization curves is to be ascribed mainly
the deficiency of the MF description that does not take i
account the short-range effects.
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