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Existence of shallow facets at the base of strained epitaxial islands
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We generalize a previous analysis of equilibrium shapes of strained epitaxial islands, to include the possi-
bility of facets of smaller slope both above and below facets of greater slope. We find that the lower shallow
facet exists exactly when the upper shallow facet does. Thus the conclusions of our previous analysis are
unaffected, except that the actual island shape is modified by the presence of an additional facet in certain
cases.
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In a previous paper,1 we studied the equilibrium shape o
fully facetted Stranski-Krastanow islands that are un
stress due to epitaxial misfit with the substrate. We found
there is generally a first-order transition with increasing
land volume, as new steeper facets are introduced. We
not consider the most general possible shape, but rathe
sumed that the facets become increasingly steep nea
edge of the island, as in Fig. 1~a!.

Here we consider a more general shape, Fig. 1~b!, which
allows for the possibility of a shallow facet below the ste
facet. We find that such a lower shallow facet~LSF! will be
present in exactly those cases where the upper shallow
~USF! is present. Aside from the presence of the LSF,
qualitative conclusions of Ref. 1 are unaffected. Howev
the actual island shape~whenever both shallow and stee
facets are present! is as in Fig. 1~b! rather than Fig. 1~a!. This
is consistent with experimental observations of lower sh
low facets even in annealed islands.2 In addition, the position
of some boundaries in the ‘‘phase diagram’’ will move, b
without changing any qualitative features of the phase d
gram.

Because the significance of our analysis is prima
qualitative in any case, we have not actually recalculated
phase diagram for the generalized shape. Instead, we
analytical arguments to extend our previous results.

We begin by considering the shape 2 or 28 assumed pre-
viously @Fig. 1~a!#, and ask whether the energy would b
lowered by introduction of a lower shallow facet, as in F
1~b!. Using Eqs.~1!–~3! of Ref. 1, the change in the tota
island energy by the introduction of an infinitesimal LSF c
be written, up to linear order in facet size, as

DE5~G12G2 /s!L. ~1!

HereL is the length of the LSF projected onto the plane
the surface. Other notation is as in Ref. 1:Gn5gn(1
1sn

2)1/22g0 is the extra surface energy per projected area
facetn (n50 corresponds to the surface orientation,n51 to
the shallow facet, andn52 to the steep facet!; andg0 , g1,
and g2 are the surface free energies per unit length for
respective facets.~This assumes a Stranski-Krastonow
land, i.e., an island atop a wetting layer of the same mate
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so that the surrounding surface also has surface free en
g0.! Also, s5s2 /s1 is the relative slope of the steep an
shallow facets.

The energy change in Eq.~1! arises from the change in
surface energy due to the introduction of the LSF. In ad
tion, there are terms of orderL2 ~aside from any logarithmic
corrections! arising from the elastic relaxation energy chan
at the edges of the LSF, and from the rearrangement of
existing facets.~This rearrangement of the existing facets
necessary to keep the island volume fixed while introduc
the infinitesimal LSF. It gives no energy change up to line
order in L, because the chemical potential is the same
each existing facets in the initial shape.!

From Eq. ~1!, one can see that the introduction of a
infinitesimal LSF will decrease the island free energy if a
only if G12G2 /s,0. This condition for the existence of th
LSF is exactly the same as the condition, derived in Ref
for the existence of the upper shallow facet. Thus, the L
exists exactly when there is an USF present in the island
the number of distinct equilibrium shapes is unchang
However, in Fig. 3 of Ref. 1, the shapes@shown in Fig. 1~a!
here# should be replaced with those in Fig. 1~b!.

In addition, the position of the boundaries in the islan
shape ‘‘phase diagram’’ will move, but without changing a
qualitative features of the phase diagram. Specifically, in F
3 of Ref. 1, those boundaries that are straight horizontal li
are unaffected, but the left-side boundaries of regions 2

FIG. 1. ~a! Island shapes having both shallow and steep fac
as assumed in Ref. 1. Labels 2 and 28 are from Ref. 1.~b! Shapes
2 and 28 as they should be, including LSF.
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28 will be shifted to the left.~The magnitude of the shift o
the 1-2 boundary goes smoothly to zero at the 1-2-3 ‘‘tri
point’’ , and that of the 0-28 boundary goes smoothly to zer
at the 0-28-38 ‘‘triple point’’, as does the size of the LSF; s
the 1-3 and 0-38 boundaries are unaffected.!

Finally, we note that these arguments apply directly
three-dimensional~3D! islands, when the steep and shallo
facets lie in the same azimuth. For example, on a (0
13210
o

)

surface, if a strained island of some material exhibits o
^a0n& and/or^b0n& facets, or onlŷ aan& and/or^bbn& fac-
ets, the same criteria for the shape would apply. We sus
that the criterion also applies more generally, as in the c
of SiGe islands on Si (001), which exhibit^105& and^113&
facets, as well as facets of lower symmetry. However, we
not at present have a rigorous treatment of the general
problem.
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