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Inhomogeneous broadening of the intersubband transitions in nonideal quantum wells
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We have theoretically studied the shape of the absorption peaks caused by the intersubband transitions of
two-dimensional electrons in quantum wells, taking into account the interface roughness through the one-
monolayer variation of heteroboundaries. An inhomogeneous broadening of absorption peaks due to the in-
plane nonscreened variation of excited levels appears, in good agreement with experimental measurements. We
have evaluated the equations for the intersubband polarization by considering the depolarization shift and the
exchange contributions. The shape of the absorption peaks is analyzed for the long-range disorder case under
the resonant condition of the excitation and for the zero-temperature limit.
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I. INTRODUCTION

The resonant intersubband transitions in quantum w
~QW’s! have been examined over the last two decades c
cerning the detection and emission of mid- and far-infra
~IR! radiation.1–3 Recently, the shape of the absorption pe
related to these transitions has been widely analyzed,
experimentally and theoretically.4–6 These works were basi
cally focused on the homogeneous broadening and on
contributions coming from the short-range disorder of
interface roughness, and they did not find any inhomo
neous broadening contribution to the intersubband abs
tion peak ~IAP!. However, experiments carried out
samples with large-scale interface roughness, both in
mid-7–10 and in the far-11–13 IR spectral regions, show tha
the inhomogeneous broadening of the IAP is one of the
jor contributions to the shape of the peak. Moreover, W
iams et al.5 state that the most likely source of inhomog
neous broadening is the inhomogeneity of the width of
well over macroscopic length scale. Nevertheless, the sh
of the peak for this case has not been studied thoroug
One of the aims of the present work is to fill this theoretic
deficiency. In particular, we will center our study on th
shape of the peak for nonideal QW’s and for transitions fr
the ground-occupied subband to different excited subban

From previous studies of the interface roughness effec
the intersubband transitions, both for weak14 and for strong15

disorder, it is known that the electron-electron interaction
partly responsible for these transitions.16–18That is, although
the direct electron-electron interaction~often called the de-
polarization contribution! and the exchange contribution t
the intersubband energy tend to be mutually canceled,10,19

there are circumstances in which the IAP line shape is s
sitive to these Coulomb contributions. Thus, we will inclu
these inputs in our scheme.

In the case of large-scale interface inhomogeneities~weak
disorder! and for highly doped heterostructures the lon
range variations of the ground level are screened. Howe
the energy of the transitions varies in a nonuniform w
because the variations of the excited levels are not scre
0163-1829/2002/66~12!/125303~6!/$20.00 66 1253
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~see Fig. 1!. In fact, such variations cause the IAP inhom
geneous broadening. To analyze this effect we will evalu
the intersubband polarization equations in a similar man
to Ref. 14, taking into account the proportional toe2 Cou-
lomb contributions, which lead to a depolarization shift a
to an exchange renormalization of the levels. Finally, we w
consider the IAP under resonant conditions within the lo
approximation framework, which can be applied if the ch
acteristic length of the disorder exceeds the Bohr radius
the QW width. In the zero-temperature limit and for mon
layer variations of the heterointerfaces we will show that
long-range disorder is the dominant contribution to the IA
inhomogeneous broadening for the samples under cons
ation, in good agreement with the experimental results m
tioned above.7

The organization of the article is as follows. In Sec. II w
present the general formalism to describe the intersubb
transitions between the ground level and the excited sta

FIG. 1. Spatial variation of energy levels«sx in a nonideal QW.
The ground level variation«1x ~thin solid curve! is compensated by
the screening potentialvx ~thin dashed curve!, resulting in a uni-
form electron concentration which is determined through the Fe
energy«F . Vertical arrows indicate the intersubband transitions
©2002 The American Physical Society03-1
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The IAP line shape and the dependences of both the br
ening and energy shift on the QW width are analyzed in S
III. In the last section we present the concluding remarks

II. FORMALISM

The following analysis has been carried out for the ze
temperature limit. The self-consistent electron energy sp
trum in a nonuniform QW can be written asEpx

(s)5«p1«s

1d«sx1vx . Here «p5p2/2m is the kinetic energy withm
the effective mass,«s is the energy of thesth level, andd«sx
represents the in-plane variations of this level due to
nonuniform QW width,d1ddx ~Ref. 20!; the vectorx stands
for the two-dimensional~2D! coordinate,d is the averaged
QW width, andddx is its random variation. The screenin
potentialvx is determined from the electric neutrality cond
tion as follows:vx52d«1x ~see Refs. 14 and 21 for details!.
Thus, we will consider below the ground subband as u
form, while the variations of thesth excited subband ar
described byd«̃sx5d«sx2d«1x . The equilibrium distribu-
tion of electrons at zero temperature is given by the Fe
function f sp5ds1u(«F2«p), with the Fermi energy«F
counted from«1.

The linear response of electrons in a nonuniform QW s
jected to a transverse electric fieldE'exp(2ivt), polarized
along thez axis @below r5(x,z) is the 3D coordinate#, is
determined by the induced currentI vxexp(2ivt), which can
be written through the standard formula

I vx5
2e

L2 (
p,s,s8

vss8
' d f s8s~p,x!. ~1!

HereL2 is the normalization area andvss8
' is the nondiagona

component of the transverse velocity. The nondiagonal d
sity matrix d f ss8(p,x) obeys the following linearized quan
tum kinetic equation~see Refs. 16–18 for details!:

F2 iv1
i

\
«ss8~p,x!1 iv•¹xGd f ss8~p,x!

1
i

\
dhss8~p,x!~ f s8p2 f sp!5J~d f uss8;p,x!, ~2!

whereJ(d f uss8;p,x) is the collision integral andv5p/m is
the in-plane velocity. The renormalized splitting energy b
tween thesth ands8th subbands,«ss8(p,x), can be written
as

«ss8~p,x!5«ss8~x!2(
Q

vQ@^sue2 iQ•r r̂eiQ•rus&

2^s8ue2 iQ•r r̂eiQ•rus8&#, ~3!

where «ss8(x)5«sx2«s8x is the energy difference betwee
the sth ands8th subbands andus& is the self-consistent stat
of the sth subband,vQ are the Coulomb matrix element
Q5(q,q') is the 3D wave vector, andr̂ is the equilibrium
density matrix. The perturbation matrix element in Eq.~2! is
given by
12530
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dhss8~p,x!5
ie

v
E'vss8

'
1(

Q
vQ^sudnQe2 iQ•r

2e2 iQ•rdr̂eiQ•rus8&px . ~4!

Here^su•••us8&px means the matrix element calculated in t
Wigner representation anddnQ5Tr@dr̂ exp(iQ•r )#, where
dr̂ is the high-frequency contribution to the density matri

It is convenient to introduce the factor

Mabcd~q!5
e2m

pk\2E2`

`

dq'

^aue2 iq'zub&^cueiq'zud&

q'
2 1q2

5~aBq!21E dzwa~z!wb~z!

3E dz8wc~z8!wd~z8!e2quz2z8u, ~5!

whereaB is the Bohr radius,k is the dielectric permittivity,
which is supposed to be uniform across the structure,
wa(z)5^zua& is the orbital of theath level. The matrix ele-
ments of Eqs.~3! and ~4! are expressed through Eq.~5! as
follows:

«ss8~p,x!5«ss8~x!2E dp1

2pm
f 1pFMs11sS up2p1u

\ D
2Ms811s8S up2p1u

\ D G , ~6!

dhss8~p,x!5
ie

v
E'vss8

'
1(

ab
E dp1

2pm
d f ab~p1 ,x!

3F2Mss8ba~0!2Msabs8S up2p1u
\ D G , ~7!

wherep2p1 corresponds to the in-plane momentum trans
\q.

Further simplifications are possible for the tw
dimensional limitpF!\/d. In this limit the kernelMabcd(q)
transforms into

Mabcd~q!.
d~a,b!d~c,d!

aBq
2

Labcd

aB
, ~8!

with the characteristic length Labcd5*dz*dz8wa(z)
3wb(z)wc(z8)wd(z8)uz2z8u. Within this approximation, the
contributions of Eqs.~6! and ~7! develop into

«ss8~p,x!5 «̃ss8~x!2E dp1

2pm

\

aBup2p1u ~ f sp1
2 f s8p1

!,

~9!
3-2
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dhss8~p,x!5
ie

v
E'vss8

'
2E dp1

2pm

\

aBup2p1u
d f ss8~p1 ,x!2(

ab
E dp1

2pm
d f ab~p1 ,x!

2Lss8ab2Lsabs8
aB

, ~10!

where «̃ss8(x)5«ss8(x)1«F(Ls11s2Ls811s8)/aB is the renormalized intersubband energy. Replacing the collision inte
J(d f uss8;p,x) of Eq. ~4! by 2gss8d f ss8(p,x)/\, wheregss8 is the broadening energy, we finally transform the lineariz
kinetic equation into

F2 iv1
gss8
\

1
i

\
«̃ss8~x!1 iv•¹xGd f ss8~p,x!2

i

\E dp1

2pm

\

aBup2p1u @~ f sp1
2 f s8p1

!d f ss8~p,x!2~ f sp2 f s8p!d f ss8~p1 ,x!#

2
i

\ (
ab

E dp1

2pm
d f ab~p1 ,x!

2Lss8ba2Lsabs8
aB

~ f s8p2 f sp!5
eE'

\v
vss8

'
~ f s8p2 f sp!. ~11!
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Here we have extracted the Coulomb contributions from E
~9! and ~10!.

Since the induced current~1! is proportional todnss8(x)
5(2/L2)(pd f ss8(p,x), we will consider below the balanc
equation for the high-frequency contribution to the intersu
band polarization. Assuming the long-range disorder ca
we will restrict ourselves to the local approximation and
will neglect the flux contribution, which is proportional t
(pvd f ss8(p,x). Keeping in mind that the contributions com
ing from «ss8(p,x) and fromdhss8(p,x) ~contributions that
are proportional toaB

21) are mutually canceled after summ
tion over thep plane, we obtain

@\v2 «̃ss8~x!1 igss8#dnss8~x!1«F@d~s8,1!2d~s,1!#

3(
ab

dnab~x!
2Lss8ba2Lsabs8

aB

5 i
eE'

v
vss8

' n2D@d~s8,1!2d~s,1!#. ~12!

Thus, for the case of long-range nonuniformities, the
sponse can be described by the system of algebraic equa
~12! for dnss8(x).

III. SHAPE OF THE PEAK

Now we will consider the averaged currentI v

5^svx&E'5e(s,s8vss8
' ^dns8s(x)&, wheresvx is the conduc-

tivity at the point x and ^•••& means the average over
random variation of the QW widths. Thus, we need to so
the system given by Eq.~12! and to perform the average
Since the broadening is smaller than the transition energy
will use the resonant approximation, too.

For the transitions between the ground state andsth sub-
band, Eq.~12! contains the only nonzero contributions fro
dns1(x) anddn1s(x). Thus, this system transforms into
12530
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@\v2 «̄s1~x!1 igs#dns1~x!2«F

L1s1s

aB
dn1s~x!

5 i
eE'

v
vs1

' n2D ,

@\v1 «̄s1~x!1 igs#dn1s~x!1«F
L1s1s

aB
dns1~x!

5 i
eE'

v
vs1

' n2D , ~13!

with gs15g1s5gs the broadening energy and«̄s1(x)
5 «̃s1(x)2«F(2L1s1s2L11ss)/aB . The induced current
can be written asI v5ev'^dnx

2& where we have used
v1s

' 52vs1
' [vs and introduceddnx

2 according todns1(x)
6dn1s(x)5(2eE' / iv)vs1

' dnx
6 . The system of equation

for dnx
6 is obtained from Eq.~13! in the form

U\v1 igs 2 «̃x

2 «̄x \v1 igs
U Udnx

1

dnx
2U5Un2D

0
U, ~14!

where we have also introduced the characteris
energy terms «̃x5 «̄s1(x)1«FL1s1s /aB and «̄x5 «̄s1(x)
1«FL1s1s /aB .

The relative absorptionj(v), which is defined as the ratio
of the absorbed power to the incident power,3 is expressed by
svx according to

js~v!5
4p

cAk
Rê svx&5

e2

\c

8puvs1
' u 2

Akv
Im^dnx

2&. ~15!

After substituting the solution of the system~14! into Eq.
~15! and using the resonant approximation together with

conditionAẼsĒs@d«, whered« is the typical variation of
the interlevel energy, we obtain the relative absorption in
form
3-3
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js~v!5
4pe2uvs1

' u2

cAkv
n2DAĒs

Ẽs

3ImK 12Asddx /d

AẼsĒs2\v2 igs2Gsddx /d
L . ~16!

In the latter expression we have included the averaged
ergy termsẼs5^«̃x&, Ēs5^«̄x& and the first-order nonuni
form corrections in the denominator and numerator,Asddx /d
and Gsddx /d, respectively. We have calculated in a se
consistent manner these energy values, the dimensionles
efficient As , and the characteristic energyGs , for the hard-
wall model of QW. The self-consistent procedure has b
done by considering ad doping in the left barrier 50 Å away
from the interface.22 In this way we have obtained the wav
functions forus& states. After averaging«̃x and «̄x from Eq.
~14! and separating the random contributions to the ene
we can get the coefficients and characteristic energy va
for the transition 1→s as follows:

Ẽs5«s12«F~2L1s1s1L11112L11ss!/aB ,

Ēs5«s12«F~L11112L11ss!/aB ,

Gs5«s1~Ēs1Ẽs!/AĒsẼs,

As5«s1~Ēs2Ẽs!/~ĒsẼs!. ~17!

Also, by using the obtained wave functions we can get
characteristic lengthsLabcd, introduced in Eq.~8!, and the
corresponding velocity matrix elementsuvsu2. For the single-
particle approximation we can useẼs5Ēs5«s1 , Gs52«s1,
and As50 as the parameters determining the line shape
the transition 1→s.

The denominator can be expressed by means of the
gral over time as (E2 ig)215 i *2`

0 dt exp(iEt1gt), and after
performing the average,23 we finally obtain

js~D«!5jmaxReE
2`

0

dxeixD«/gs

3ex2(g̃sx/gs)
2F11As

gs

Gs
S i 1

D«

gs
D G , ~18!

where D«5\v2AẼsĒs is the detuning energy,g̃s

5Gs(dd/d)/A2 is the inhomogeneous broadening energy
the transition to thesth state, anddd is the characteristic
variation of the QW width. The maximal absorption in E
~17! is given byjmax5(e2/\c)4puvs1

' u2\2n2D /AkẼsgs .
SinceGs is of the order of the intersubband energy a

gs /Gs!1, the asymmetry of the absorption peak caused
this contribution into Eq.~17! is weak enough. In Fig. 2 we
plot the normalized absorptionjs(D«)/jmax versusD«/gs

for different g̃s /gs values and for the case of a GaAs QW
clapped between AlAs barriers. Here and below we h
used the one-monolayer variation of the heterobounda
12530
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(dd.5 Å). The parameterAsgs /Gs was estimated forn2D
53.031012 cm22, d'100 Å, andgs51 meV.

We restrict calculations to symmetric QW’s, where on
transitions between states with different parity are allow
Thus, we will consider below the transitions (1→2) and
(1→4). With the purpose of showing the effect of th
electron-electron interaction, Figs. 3~a! and 3~b! represent
the shift and broadening of the IAP’s (1→2) and (1→4),
respectively, versus the dimensionless energy excita
\v/gs . As examples we have used three different GaAs Q
widths. The upper panel corresponds to the single-part
case. The lower panel corresponds to the case in which
Coulomb contributions are included. It should be mention
that the fourth level does not appear for GaAs wells narrow
than 120 Å. It is clear that the absorption peaks shift
higher energy values as the wells get narrower. This effec
obvious because QW levels get more separated as the
width diminishes. The Coulomb contribution produces an
ditional IAP shift of about a 40% for the (1→2) transition
and near a 4% for the (1→4) transition. Also, the broaden
ing of the intersubband resonance rises as the well w
decreases. This result can be seen clearer in Fig. 4, w
represents the relative absorption linewidth versus the r
tive GaAs QW widthd/aB . This figure shows both cases
with and without Coulomb contributions. The simplest e
planation for the calculated exponential-like decrease of
linewidth, as mentioned in Ref. 7, is that the well wid
fluctuations are responsible for the linewidth because th
importance increases as the well narrows. We have use
calculations GaAs QW’s because, in this case, the contr
tion of the electron-electron Coulomb interaction is app
ciable. This interaction causes an additional increase of
(1→2) IAP broadening which varies about a 40%. Such
effect is almost negligible~less than 5%) for (1→4) transi-
tion in the GaAs sample.

In order to compare with available experimental data
represent in Fig. 5 the present calculations of the IAP lin
width for InAs/AlSb QW’s together with measurements fro
Ref. 7. By usinggs51.5 meV andn2D50.931012 cm22 we
obtain a very good fitting of the experimental data. T

FIG. 2. Transformation of the IAP for a GaAs QW for differen

values of the inhomogeneous broadening energyg̃2 /gs .
3-4
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samples used in calculations consist on InAs QW’s clap
between AlSb barriers. The wells ared doped 50 Å away
from the interfaces. Due to the carrier density used in t
work, only the first subband is occupied. As we have alre
mentioned, the estimations have been done for the z
temperature limit. Experimental data of Waburtonet al.7

were obtained at 4.2 K. We have also repeated the nume
procedure for samples of InAs wells between GaSb barr
and for samples of GaAs wells between AlAs barriers.

Calculations for InAs QW’s, either between GaSb or AlS
barriers, show that the additional Coulomb contribution
negligible ~less than a 5%) for the two kinds of transition
analyzed in this work. The case of GaAs QW’s shows a v
different behavior. The explanation for this notable diffe
ence of behavior between the two types of wells mainly l
in the different Bohr radius sizes. For the case of InAs QW
(aB;387 Å), the Bohr radius is 3.5 times bigger than t
corresponding one to the GaAs case (aB;113 Å). This fact
leads to a smaller contribution of the electron-electron in
action in InAs heterostructures. Moreover, the interlevel

FIG. 3. Shift of the GaAs IAP for different QW’s width vs th
energy excitation.~a! Transition (1→2). ~b! Transition (1→4). In
both figures the lower panel corresponds to the case in which C
lomb contributions are included. The upper panel corresponds to
single-particle case.
12530
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ergy distance, due to both QW depths and effective mas
is also responsible for the different collective effect cont
butions in the heterostructures. Thus, the single-particle
scription is enough for the InAs QW when only the grou
level is occupied and for the zero-temperature limit.

IV. CONCLUDING REMARKS

In this article we have microscopically calculated the
homogeneous broadening of the IAP taking into acco
both the direct electron-electron interaction and the excha
contributions. In the GaAs QW case, the corrections for

shift of the peaks are about 40% forAẼ2Ē2 and about 4%

for AẼ4Ē4. The almost direct relationship between the sh
of the peaks and the characteristic energy valuesGs leads to
corrections for the latter parameters, which are, practica
of the same order than those of the shifts. The InAs QW

u-
he

FIG. 4. IAP linewidth at the half maximum vsd/aB for GaAs-
based QW’s. Dotted lines correspond to the single-particle c
Solid lines correspond to the case in which Coulomb contributi
are present.

FIG. 5. The same as Fig. 4 for InAs-based QW. Solid circ
correspond to the experimental data from Ref. 4.
3-5
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show a similar behavior but the corrections for bothG2 and
AẼ2Ē2 can reach a 5%. Variation ofAẼ4Ē4 and ofG4 are
1%, roughly. Thus, for InAs, Coulomb effects are not r
flected on the inhomogeneous broadening even for (1→2)
transitions, but they can be detected through the energy
of the IAP maximum. Electron-electron corrections to t
absorption peaks corresponding to higher excited states
pear to be weak. That is, a comparison of the different pe
allows us to estimate the Coulomb contributions to the s
of the peak and to the broadening energy. The line sh
calculations show a transformation from a Lorentzian pe
to a Gaussian one as the homogeneous broadening en
decreases. Non-Gaussian contributions appear to be w
Moreover, for the low-temperature case with only one oc
pied subband collective effects seem to be negligible in In

Finally, let us discuss the main assumptions used in
treatment. The simple hard-wall models of QW’s with th
phenomenological homogeneous broadening energygs and
with the uniform dielectric permittivityk have been used in
the presented calculations. These assumptions are gene
accepted, and a possible improvement would not essent
change the results obtained in this work. The only compli
tion takes place for wide QW’s where the intersubband pl
mon contributions togs may be essential.5,6 Due to this, the
homogeneous broadening energy appears to be depende
the electron concentrationn2D . The weak disorder case un
der consideration is valid for heavily doped QW’s~see Ref.
cs
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14!. The opposite case was considered in Ref. 15. Since
second-order description of Coulomb contributions to
Eqs. ~3! and ~4! is acceptable for heavily doped structure
we have also used this description in the present work.
sides this, the local approach used in Sec. III is valid
long-range disorder~see the results for the nonlocal case
Ref. 14! and the 2D approximation of the kernel~8! can be
applied for narrow QW’s. It should be noted that we ha
neglected in our estimations the contribution from the n
parabolicity of the subbands.24 This effect is, to a large ex
tent, compensated by the depolarization effect. For the z
temperature limit and assuming a simple description of
nonparabolicity through the effective masses,5 such a contri-
bution can almost reach 7%. Under these assumptions
present results are in good quantitative agreement with
cent experimental data7,10 showing that large-scale interfac
roughness is the main cause of the IAP inhomogene
broadening. The presented scheme can be useful, tog
with self-consistent numerical calculations and further
perimental studies, to make a more detailed analysis of
IAP line shape in other structures.
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