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Motion of vacancy islands on an anisotropic surface: Theory and kinetic
Monte Carlo simulations
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Recently, scanning tunneling microscopy results on the Brownian motion of two-dimensional vacancy is-
lands on Ag~110! were presented. While the detachment of adatoms from the island and their diffusion on the
terrace was permitted in the temperature range between 180 K and 220 K, the periphery diffusion of single
adatoms was prohibited. The Brownian motion of the islands was found to follow a simple scaling law with
terrace diffusion being the rate-limiting process. The scaling of the experimental results was confirmed by
kinetic Monte Carlo~kMC! simulations. Here, we elaborate on the results and especially present a detailed
derivation of the equation that relates the diffusivity of an anisotropic island to its size. Further details and
results on the kMC simulations will be presented as well. Our results shed light on the recently discussed issue
of attempt frequencies for surface diffusion. In this specific case of an anisotropic surface, we obtain prefactor
ratios for exchange and hopping mechanisms.
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I. INTRODUCTION

The motion of two-dimensional islands has receiv
much attention in recent years because of its relevanc
crystal growth. An island migrates since fluctuations in
shape cause random shifts of its center of mass. The me
nisms for mass transport for small islands ('10–1000 at-
oms! on metal surfaces are considered to be~i! periphery
diffusion, where adatoms hop along the step edge but do
detach from it,~ii ! correlated terrace diffusion, where ad
toms detach from the step edges, diffuse on the terraces
reattach to the step edge, and~iii ! uncorrelated terrace diffu
sion, also called the evaporation recondensation mechan
where an additional barrier for adatoms to attach to a s
edge suppresses correlation. In the case of metal surface
prerequisite for the third mechanism does not exist.1,2

Substantial effort, both theoretically1–4 and
experimentally,5–7 has been devoted to the investigation
whether the island diffusion can be understood in terms
simple scaling laws.8 It has been argued both from macr
scopic theories1 and from simple scaling relations5,8 that the
diffusion coefficientD of an island should depend on i
diameterd via

D}d2b. ~1!

The temperature-independent exponentb depends on the
rate-limiting mass transport mechanism. Exponents of 3
2 have been predicted for periphery diffusion and correla
terrace diffusion, respectively.1,5,8

Experimentally, the Brownian motion of both vacan
and adatom islands has mainly been studied on theisotropic
surfaces of Ag and Cu.5–7 On fcc~111! and fcc~100! surfaces,
the energy barrier for adatom periphery diffusion is subst
tially lower than the detachment energy of atoms from
island edges. This finding is obtained from ripening expe
ments where detachment rates are measured.9 The observed
island displacements are thus caused by periphery diffu
0163-1829/2002/66~11!/115408~6!/$20.00 66 1154
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of the adatoms. The experimental results6,7 do not, however,
fulfill the simple universal scaling relation in Eq.~1! with an
integer value forb. The same applies for the kinetic Mont
Carlo ~kMC! simulations.2,3 Rather noninteger and nonun
versalb values between 1.5 and 2.5 were found depend
on both temperature and substrate material. Only very
cently, kMC simulations based on a bond-counting ans
resulted in a scaling law relation with the exponent 2 on
square lattice at least for low temperatures.10 In the case of
periphery diffusion, the deviation from the predicted unive
sal scaling with integerb exponents seems to be caused
defects hindering the periphery diffusion, e.g., kinks, and
difficulty of core breakup.3,4,7,11

We have recently studied a relevant model system,12 the
diffusion of vacancy islands on an anisotropic Ag~110! sur-
face, where the terrace diffusion is the rate-limiting, atom
scale diffusion mechanism. We anticipate Eq.~1! to hold,
since no obstacles should impede terrace diffusion. For
motion of vacancy islands in thê110& direction our scan-
ning tunneling microscopy~STM! results clearly revealed
that a simple universal scaling is obeyed with an inte
exponentb52 and an activation energy for the diffusivity o
ED5(0.4160.06) eV.12

In this paper, we present the details on how Eq.~1! can be
derived for terrace diffusion on an anisotropic surface.
show that this equation is fulfilled both in experiments and
kMC simulations. The kMC simulation reproduces details
the experimental results. In particular, the simple scaling
derived theoretically exists in kMC simulations for the m
tion of vacancy islands in thê110& direction on the Ag~110!
surface independent of relative prefactors for the hopp
and exchange mechanismnex /nh . From the kMC simula-
tions we derive an upper limit ofnex /nh,5.

II. EXPERIMENT

The STM experiments have been performed in a UH
system equipped with a home-built, fast-scanning, variab
©2002 The American Physical Society08-1
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temperature STM as well as standard facilities for sam
preparation and characterization.13 The anisotropic Ag~110!
surface is prepared by several sputtering~1 keV Ne1) and
annealing cycles~623 K! below the roughening temperatu
followed by a slow cool down~10 K/min!. This procedure
results in a clean, well-ordered Ag~110! surface. Vacancy is-
lands are created by 1-keV Ne1 sputtering at 180–210 K fo
1–5 s. At these temperatures the single vacancies are s
ciently mobile to agglomerate into vacancy islands of mo
atomic depth.

The mobility of the vacancy islands is studied in so-cal
STM movies, i.e., series of time-lapsed STM image13

(2563256 pixels! recorded at time intervals from'6 s to
'20 s. Special care was taken to ensure that the island
bility data was not influenced by the STM imaging proces9

The kMC simulations have been performed on a grid
150340 atoms. The grid is sufficiently large that a vacan
will not encounter a border of the grid in any of the simu
tions. The program is written inDELPHI5 and runs on a PC
with the standard random generator of Borland Delp
which we have thoroughly checked for correlations. We
fine one step in this standard kMC simulation as one mill
cycles. In each cycle an atom and a direction are cho
randomly and the atom is moved into this direction with
probability determined by the presence or absence of
nearest and next-nearest neighbors. The probabilitiesP are
calculated based on the energiesE listed in Table I according
to P5neE/kT, assuming different prefactors for the hoppin
motion along the atomic rowsnh and for the exchange mo
tion perpendicular to them,nex . For all hopping processe
and for all exchange processes, however, a single prefact
assumed. These are scaled tonh5e2ED /kT with ED
50.28 eV, the diffusion energy of an adatom on the terr
~see Table I!. Only motions between neighboring lattice sit
are included, i.e., no long jumps are allowed.

The initial configuration consists of a rectangular isla
with a given aspect ratio. The island is placed in the cente
the grid and several MC steps~the number of steps depend
ing on temperature! are run until an equilibrium aspect rati
is reached. In the temperature range investigated equili
tion of the adatom concentration within the island is alwa
much faster than equilibration of the island shape. A MC r
is started and the island’s center-of-mass position and its
pect ratio are recorded at regular time intervals. The num
of Monto Carlo steps between the recording of the positi
of the island depends on temperature and is chosen such
the center-of-mass displacement of the island is on ave
at least half an atomic distance in the^110& direction. One
kMC run consists of 100 island positions. The kMC resu
presented in this paper are based on a minimum of 10
for each set of initial parameters.

III. RESULTS AND DISCUSSION

A. Scaling law for an anisotropic surface

In the following, we will derive the simple scaling rela
tion Eq. ~1! for terrace diffusion on an anisotropic surfac
11540
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To derive this equation for an anisotropic surface, we clos
follow the deduction for the isotropic case presented in R
5.

Let us consider an island of lengthl and widthw as de-
picted in Fig. 1. For the island to move a distanced l in the
indicatedx direction, all material in the dark gray region ha
to be moved into the light gray region. According to Pim
inelli et al.14 the relation between the shaded areawd l and
the numberN(dt) of atoms that move during the timedt is
given by

wd lnS5AN~dt ! ~2!

with nS being the atomic densityin the surface layer. This
equation accounts for the fact that only some of the deta
ing atoms will reach the opposite side of the vacancy isla
Most of the atoms will reattach to the same side causing
center-of-mass motion of the island as a whole. The num
of atoms that move during the time intervaldt is given by

N~dt !5N0dt/t, ~3!

TABLE I. Energies~in eV! used in the kMC calculations. En
ergies were calculated with molecular dynamics with the progr
artwork based on effective-medium potentials~Ref. 18!. NN is the
number of nearest neighbors, i.e., neighbors in the^110& direction.
NNN is the number of next-nearest neighbors, i.e., the neighbor
the ^001& direction. NN/NNNpre before the motion, NN/NNNpost

after the motion. All processes in the^001& direction are exchange
processes.

NNpre → NNpost NNNpre → NNNpost ^110& ^001&

0 - 0 2 - 2 0.21
0 - 0/1 0 - 0/1/2 0.28
0 - 0/1 1 - 1/2 0.28
0 - 0/1 2 - 2 0.28
0 - 0/1 1 - 0 0.30
0 - 0/1 2 - 1 0.30
0 - 0/1 2 - 0 0.32
0 - 0/1/2 0 - 0/1 0.39
1 - 1/2 0 - 0/1 0.39
2 - 2 0 - 0/1 0.39
0 - 0/1/2 1 - 0/1 0.41
1 - 1/2 1 - 0/1 0.41
2 - 2 1 - 0/1 0.41
1 - 0/1 0 - 0/1/2 0.45
1 - 0/1 1 - 1/2 0.45
1 - 0/1 2 - 2 0.45
1 - 0/1 1 - 0 0.47
1 - 0/1 2 - 1 0.47
1 - 0/1 2 - 0 0.49
1 - 0 0 - 0/1 0.56
2 - 1 0 - 0/1 0.56
1 - 0 0 - 0/1 0.58
2 - 1 0 - 0/1 0.56
8-2
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MOTION OF VACANCY ISLANDS ON AN ANISOTROPIC . . . PHYSICAL REVIEW B66, 115408 ~2002!
where t is the mean travel time for an adatom to diffu
from one edge to the other~in x direction!. The number of
adatomsN0 which move at a certain timet is given by

N0}rSwl ~4!

with rS being the equilibrium concentration of surface ad
toms on the surface. From the Einstein relation describi
the random motion of an atom in thex direction we obtain

t} l 2/DS , ~5!

where DS is the diffusivity of atoms for terrace diffusion
From Eqs.~2!–~5! we obtain

d l 2}
DSrS

lwns
2

dt. ~6!

If we compare this to the Einstein relation for a nan
scopic object with diffusivityD,

^~D l !2&52DDt, ~7!

FIG. 1. Sketch of the geometry of an anisotropic island mov
by terrace diffusion of the adatoms.
11540
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it becomes evident that Eq.~6! describes the random motio
of a vacancy island in thex direction with the diffusivity,

D}
1

lw
5~AA!22. ~8!

This simple derivation shows that the diffusivity of th
islands on an anisotropic surface scales with the square
of the island areaA with a scaling exponent of22.

Equation~5! is valid independently of the amount of mo
tion in the~independent! y direction. This equation, howeve
requires an unhindered random motion of the single adato
This is the equation that is not fulfilled in the case of perip
ery diffusion on the isotropic surfaces discussed above le
ing to deviations from the simple scaling law behavior.

B. Experiments

Figure 2~a! shows the first and the last image from a ST
movie recorded at 213 K over 10 min. The displacement
the vacancy islands~black! along the close-packed row
(^110&, x direction! is several nanometers on the time sca
of minutes.

Figure 2~b! displays the relative motion of the center
mass of two vacancy islands at 202 K. We always record
relative motion of two islands to avoid errors on the me
sured island diffusivities due to a possible thermal drift. P
allel to the close-packed rows, the erratic motion exten
over about eight atomic distances within 1 h. Smaller islan
of about half the area move about 14 atomic distances in
x direction in the same time and at the same tempera
@Fig. 2~c!#. The motion perpendicular to the close-pack
rows (̂ 001&, y direction! is for the smaller islands less tha
two atomic distances in both cases. This behavior indica
qualitatively that the motion parallel to the close-pack
rows is random, also called Brownian, whereas the mot
perpendicular to the rows is not Brownian. Quantitatively
Brownian motion must follow the Einstein relation@Eq. ~7!#.

g

:

s

e
e

-

FIG. 2. Experimental results
~a! first and last STM image of a
movie taken at 213 K over a time
interval of 10 min,U520.5 V,
I 50.04 nA; ~b! and ~c! relative
displacement of the center of mas
of two islands at 202 K,Dt519 s.
The grid represents atomic surfac
positions of the adatoms in th
surface layer.~b! A151.35 nm2

and A251.67 nm2; ~c! A250.71
nm2 and A250.96 nm2 ~d! and
~e! relative mean-square displace
ment versus elapsed timeDt for
relative motion in~c!; ~e! diffusiv-
ity versus island size at 194 K.
8-3
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FIG. 3. Results of kMC simulations:~a! and~b! Trajectories of 10 vacancy islands~different shades of gray represent different MC run!
~a! T5270 K, A5245 at,nex /nh51, Dt51 000 000 MC;~b! T5300 K, A5245 at,nex /nh51, Dt550 000 MC;~c!~d! Dependence of
diffusivity on island size at~c! 270 K and~d! 300 K, respectively.
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Indeed, Figs. 2~d! and 2~e! demonstrate that for the motion i
x direction the relative mean-square displacement^(Dx)2& is
proportional toDt, whereas for̂ (Dy)2& this relation is not
fulfilled.

To analyze the experimentally measured Brownian m
tion parallel to the rows, we determine the island diffusiv
D via D5^(Dx)2&/4Dt with Dt being the time elapsed be
tween consecutive STM images.5 Figure 2~f! displays a
double-logarithmic plotD versusAA for 194 K. The slope of
the linear fit to the STM data is very close to the integ
value of 2, consistent with the scaling theory@according to
Eq. ~8!#.

C. Kinetic Monte Carlo simulation

Figure 3 displays results from the kMC simulations at 2
K and 300 K. In order to have comparable motion at 270
and 300 K the time constant for 270 K is 20 times as ma
MC cycles as the one at 300 K. The trajectories of simula
vacancy islands@Figs. 3~a! and 3~b!# show qualitative simi-
larities to the experimental data@Figs. 2~b! and 2~c!#. The
motion parallel to the close-packed rows is random while
11540
-

r

y
d
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perpendicular motion is limited to less than two atomic d
tances. With the same analysis procedure as utilized on
experimental data the diffusivity is determined from t
mean-square displacement, plotted as a function of
square root of the island areaAA @Figs. 3~c! and 3~d!#.
Again, the scaling of the diffusivityD(AA) is consistent
with Eq. ~8! with a scaling exponent close to 2.

For islands smaller thanA(A)'2.0 nm, i.e.,A'35 at-
oms, we find that the kMC simulations deviate from th
scaling behavior. This is hardly surprising. An island of th
size with an equilibrium aspect ratio of'3 ~Ref. 15! has a
width of only three vacancies. An atom diffusing within suc
a small vacancy island will therefore very often encoun
the periphery of the island~with every second motion in the
y direction!. This hampers unhindered terrace diffusion a
Eq. ~5! is no longer fulfilled. Indeed, the much stronger flu
tuations of the aspect ratio suggest a different process t
dominant in this case. A close inspection of the experimen
data shown in Fig. 2~f! reveals a deviation from the scalin
law for smaller islands as well.

Molecular-dynamics simulations showed15 that indepen-
dent of the number of nearest and next-nearest neighbors
8-4
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MOTION OF VACANCY ISLANDS ON AN ANISOTROPIC . . . PHYSICAL REVIEW B66, 115408 ~2002!
FIG. 4. Test of relative attempt frequency (T5300 K, A
5165 at'19 nm2): ~a! Trajectories of 10 vacancy islands~differ-
ent shades of gray represent different MC runs!, nex /nh570, Dt
550 000 MC; ~b! Dependence of diffusivity on relative attemp
frequency, nex /nh . Dx ~circles!, Dy ~up triangles!, and
Dy /(nex /nh) ~down triangles! with linear fits. ~c! Dependence of
aspect ratio on relative attempt frequency. Shaded area repre
experimental value~Ref. 15!. Fit is exponential. Inset: Dependenc
of aspect ratio on temperature for an island of 150 atoms an
relative attempt frequency of 1.
11540
atom motion follows a different process along and perp
dicular to the close-packed rows. Motion in thex direction
proceeds via the hopping mechanism, while the perpend
lar motion proceeds via the exchange mechanism. The la
mechanism requires the correlated motion of two atoms
has recently been suggested that exchange processes ha
attempt frequencynex that is more than one order of magn
tude larger than the ordinary hopping attempt frequencies
surface diffusionnh .16 An enhanced prefactor ratio,nex /nH

520, has been calculated for the case of Cu~100!. It has been
suggested that this may be a general phenomenon valid
for exchange processes for other surfaces. We have there
investigated the influence of the attempt frequencies on
island’s diffusivity in the kMC simulations by varying th
prefactor rationex /nh from 1 to 70. The enhanced prefacto
ratio leads to an enhanced island motion perpendicular to
close-packed rows@Fig. 4~a!#. The diffusivity in they direc-
tion shows a linear dependence onnex /nh @Fig. 4~b!#. In
contrast, the variation ofnex /nh does not have any influenc
on the diffusivity for the motion of the island in thex
direction @Fig. 4~b!#.

The equilibrium aspect ratio for the islands also chan
with nex /nh @Fig. 4~c!#. For the case of a vacancy island
165 vacancies at 300 K the aspect ratios drop exponent
from 3.24 to 1.22 going fromnex /nh51 to nex /nh570. Fur-
thermore, the simulation of the change in aspect ratio
temperature shows that the aspect ratioincreaseswith de-
creasing temperature@Fig. 4~c!, inset#. Experimentally, we
determined the equilibrium aspect ratio at 250 K to be
60.4.15 This deviates from the aspect ratio fornex /nh520.
Instead, it suggests that the prefactors differ by less tha
factor of 5. However, to finally decide this issue, calculatio
of the different prefactors similar to the calculations done
Cu~100! ~Ref. 16! are required.

IV. CONCLUSION

We have presented kinetic Monte Carlo simulations
vacancy island diffusion on Ag~110!. These demonstrate tha
the Brownian motion of vacancy islands on the Ag~110! sur-
face parallel to the close-packed rows follows a simple u
versal scaling law. The scaling exponent of 2 is consist
with the fact that terrace diffusion is the rate-limiting ste
independent of the prefactor for exchange motion perp
dicular to the close-packed rows. The diffusivity perpendic
lar to the rows depends linearly on the prefactor ratio.
shape analysis sheds light on the much discussed prefact17

and suggests that the prefactor ratio is certainly sma
than 5.
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