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Superconducting charge-ordered states in cuprates

Matthias Vojta
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~Received 18 April 2002; published 4 September 2002!

Motivated by recent neutron scattering and scanning tunneling microscopy~STM! experiments on cuprate
superconductors, we discuss charge-ordered states, in particular with two-dimensional charge modulation pat-
terns, coexisting with superconductivity. We extend previous studies of a large-N mean-field formulation of the
t-J model. In addition to bond-centered superconducting stripe states at low doping, we find checkerboard-
modulated superconducting states which are favorable in an intermediate doping interval. We also analyze the
energy dependence of the Fourier component of the local density of states at the ordering wave vector for
several possible modulation patterns, and compare with STM results.
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I. INTRODUCTION

A series of recent experiments highlighted the importa
of spin and charge ordering tendencies in the cuprate su
conductors. Static stripe order has been established in
doped La22xSrxCuO4 ,1 which appears to coexist with supe
conductivity at very low temperatures. Recent
superconducting samples of underdoped YBa2Cu3O6.35 ~Ref.
2! and nearly optimally doped Bi2Sr2CaCu2O81d ,3 with Tc
up to 90 K, have been found to show signatures of cha
ordering. In addition, a variety of compounds display stro
dynamic spin and charge fluctuations, which are enhance
the application of moderate magnetic fields.4–6 This empha-
sizes that even materials where no static order can be
served in the absence of an external field are in close p
imity to a critical point where spin and/or charge order
established in the superconducting state. Theories base
this assumption7–9 successfully explain a number of NMR
~Ref. 10! and neutron scattering5,6,11 experiments.

In this paper, we will focus on superconducting sta
with static charge order, but dynamic spin fluctuations—t
appears to be realized in the experiments of Ref. 2. S
states are found upon doping paramagnetic Mott insula
on a square lattice.12,13 The undoped quantum paramagn
has a broken translational symmetry associated with spo
neous bond charge~or spin-Peierls! order; at a small carrie
concentrationd, this order persists and coexists with anis
tropic superconductivity; ad-wave superconductor with
full square lattice symmetry appears above a criticald.
@‘‘Charge order’’ is defined very generally as spatial mod
lation in any SU~2!-invariant observables, such as the loc
density of states~LDOS! per site, or kinetic or exchange
energy per latticebond; the modulation in the total site
charge density can be small due to long-range Coulomb
teractions.# A particular feature of the superconductin
charge-ordered states, found in Refs. 12 and 13, is tha
modulation is bond centered and its real-space periodp al-
ways takes even integer values~in units of the Cu lattice
spacing!; this is in contrast to the continuous doping evo
tion of the ordering wave vector 1/p, usually assumed in the
so-called ‘‘Yamada plot.’’14 Interestingly, the experimenta
results of Refs. 2–4 appear to be remarkably well descri
by the states proposed in Refs. 12 and 13, as has also
0163-1829/2002/66~10!/104505~5!/$20.00 66 1045
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discussed in recent work15,16 which appeared while this pa
per was being completed: Neutron scattering on underdo
YBa2Cu3O6.35 ~Ref. 2! shows a charge order with a rea
space period of eight lattice sites, where
Bi2Sr2CaCu2O81d close to optimal doping displays ap54
modulation;3,4 furthermore the scanning tunneling micro
copy ~STM! data indicate an even-period modulation n
only in the site charge density, but also in the bond kine
energy and perhaps the bond pairing amplitude.15

We note that numerical studies of thet-J model17 have
observed bulk charge order with a periodp54 at a doping
level 1/8; and paired hole states with different types
charge order in both insulators and superconductors h
been discussed elsewhere.18–20 In the past, most theoretica
work has been focused on states with one-dimensional~1D!
charge modulation, often referred to as stripes. However,
cent STM experiments3,4 indicate LDOS modulations inboth
x andy directions in a single CuO2 plane~although a small
anisotropy is observed!. Theoretically, charge density wav
~CDW! fluctuations are expected in both directions13 on the
disorderedside of the charge ordering transition~if the sys-
tem has no intrinsic lattice anisotropy!. Moving to the or-
dered side, it depends on microscopics whether CDW or
in one or in two directions condenses, leading to stripelike
2D modulations, respectively.

The purpose of this paper is twofold: In Sec. II, we r
examine the mean-field theory of Refs. 12 and 13, to inv
tigate the possible existence of and the mechanism leadin
superconducting charge-ordered states with 2D cha
modulation. In Sec. III, we turn to a detailed discussion
the charge modulation pattern, by calculating the energy
pendence of the LDOS Fourier component at the order
wave vector and comparing it with the measureme
of Ref. 3.

II. MEAN-FIELD THEORY

We start by reanalyzing the large-N theory of Refs. 12 and
13, which provides a microscopic description of doping m
bile charge carriers into a paramagnetic Mott insulator.21 We
consider an extendedt-J Hamiltonian for fermions,cia , on
the sitesi of a square lattice with spina51 . . . 2N (N51 is
the physical value!:
©2002 The American Physical Society05-1
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HtJV5(
i . j

F2
t i j

N
cia

† cj a1H.c.1
Vi j

N
ninj

1
Ji j

N S Si•Sj2
ninj

4N D G . ~1!

Here ni5cia
† cia is the on-site charge density, and the sp

operatorsSi are fermion bilinears times the traceless gene
tors of Sp(2N). For most of the following, the fermion hop
ping t i j and exchangeJi j will be restricted to nearest
neighbor termst and J; for a detailed comparison with th
Ref. 3 we will introduce a second neighbor hoppingt8. The
electronic Coulomb interaction is represented by the on-
constraintni<N and the off-site repulsive interactionsVi j
5V/ur i j u. The average dopingd is fixed by ( i^ni&
5NNs(12d), whereNs is the number of lattice sites. T
proceed, we represent the spins by auxiliary fermionsf ia and
the holes by spinless bosonsbi , such that the physical elec
tronscia5bi

†f ia , and the necessary Hilbert space constra
is implemented by Lagrange multipliersl i . Via a Hubbard-
Stratonovich decoupling of the antiferromagnetic interact
we introduce link fieldsQi j , defined on the bonds of th
square lattice. After taking the limitN→`, the slave bosons
bi condense,̂bi&5ANbi , Qi j andl i take static saddle-poin
values, and we are left with a bilinear Hamiltonian which c
be diagonalized by a Bogoliubov transformation. At t
saddle point, the slave boson amplitudes fulfill( ibi

25Nsd,
and the link fields are given byNQi j 5^J ab f ia

† f j b
† &, where

J ab is the antisymmetric Sp(2N) tensor; for further details
see Ref. 13.

Various ground states obtained from the numerical so
tion of the above mean-field equations have been discu
in Refs. 12 and 13. Atd50 the ground state is a fully dimer
ized, insulating spin-Peierls state, i.e., it has period-2 b
charge order. At low dopingd, the bare large-N t-J model
tends to phase separate, and the inclusion of a moderate
lomb interactionV leads to the formation of bond-centere
superconducting stripes with a 1D charge modulation. La
doping destroys charge order and leads to a pured-wave
superconducting ground state; in this regime the large-N ap-
proach reduces to the usual BCS mean-field theory w
renormalized hopping matrix elements.

Motivated by the STM results of Refs. 3 and 4, we ha
searched for additional saddle-point solutions with
charge modulation; we have restricted our attention to st
in which the charge distribution respects the 90° rotat
symmetry of the lattice. Interestingly, there are several s
saddle points which were overlooked in Ref. 13. In most
the low and intermediate doping regions the states with
and 2D modulations are close in energy; at small doping
stripelike states are preferred, whereas 2D checkerboard
states are lower in energy in a certain interval of intermed
doping and Coulomb repulsion.

We have therefore concentrated on states with a r
space periodicityp54, leading to a unit cell of 434 sites.3

~Recall that bond-centered stripes with the spatial per
pinned to four sites were found over a rather large range
doping values in Refs. 12 and 13.! The most favorable mean
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field states with 2D charge modulation are characterized
holes arranged in intersecting bond-centered stripes, i.e.
hole concentration is large on 12 sites and zero on four s
see Fig. 1. The actual filling in the hole-rich regions
smaller than 1 and depends on microscopic parameters;
to the strong pairing correlations the 2D CDW states
good superconductors~with a d-wave-like pairing symme-
try!. Such 434 plaquette states occur as large-N ground
states of Hamiltonian~1! for doping levels between approx
mately 13% and 25%. A sample phase diagram for dop
d520% is shown in Fig. 1~also see Fig. 3 of Ref. 12!. For
small t/J phase separation tendencies do not occur, there
the ground state is a doped spin-Peierls state with a ho
geneous site charge distribution. At intermediatet/J, frus-
trated phase separation leads either to stripes or to plaq
states; at largert/J the kinetic energy becomes dominant a
weakens the phase separation tendencies, consequently
mogeneousd-wave state is reached. At very large Coulom
repulsion, the holes arrange into an insulating Wigner crys

The occurence of plaquette-modulated CDW states in
vor of stripes can be understood as an interplay of excha
kinetic, and Coulomb energies as follows: The exchan
term ‘‘prefers’’ dimerization between spins on neighborin
sites and tends to expel holes—this produces the ove
dimer structure of theQi j , and leads to a fraction of site
being undoped. The kinetic energy is lowered by possi
hopping processes, i.e., by neighboring sites with a nonz
hole density. Clearly, the exchange term prefers strip
whereas the kinetic term prefers plaquettes, where hopp
in two directions is possible. Now the Coulomb energy of t
2D modulated state is significantly lower than that of a str

FIG. 1. Ground state phase diagram of the extendedt-J model
in the large-N limit at dopingd520%. Thick ~thin! lines indicate
first- ~second-! order transitions. All states except for the Wign
crystal have superconducting order. The stripe and spin-Pe
phases show 1D charge modulation; the plaquette phase has c
modulations with a real-space period 4 in both directions. T
circles indicate the spatial distribution of hole density, the lin
symbolize the strength of the bond variablesQi j . ‘‘Full stripes’’
refers to states where the charge modulation in the large-N limit is
maximal, i.e., the hole density is zero in the hole-poor regio
whereas the ‘‘partial stripe’’ states have a finite hole density the
5-2
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SUPERCONDUCTING CHARGE-ORDERED STATES IN CUPRATES PHYSICAL REVIEW B66, 104505 ~2002!
state, because the charge inhomogeneity is smaller in
plaquette state~which is also closer to a crystalline arrang
ment of charges!. From this discussion it is clear that, at lo
doping, where the physics is dominated by the excha
term, stripe states are preferred. With increasing doping
kinetic energy becomes more and more important, wh
leads to 2D modulated CDW states at moderate values oV,
before a homogeneousd-wave superconductor becomes t
ground state.

In all CDW states superconductivity competes w
charge order. In the stripe states superconductivity is v
weak due to the strong anisotropy: bulk superconductivity
established only by Cooper pair tunneling between
stripes. In contrast, the plaquette CDW states are m
better superconductors, due to the full 2D character of
charge distribution. This trend is consistent with the lo
Tc in Nd-doped La22xSrxCuO4 ~Ref. 1! compared to much
higher Tc in apparently charge-ordered YBa2Cu3O6.35 ~Ref.
2! and Bi2Sr2CaCu2O81d samples.3

III. MODULATION IN THE LOCAL DENSITY OF STATES

After having established the possible occurence
plaquette CDW states in the large-N theory for the t-J
model, we turn to a detailed analysis of the correspond
STM signal. Hoffmanet al.4 introduced a STM technique o
atomically resolved spectroscopic mapping, which allow
one to detect LDOS modulations around vortex cores w
real-space period 4, i.e., at wave vectorsK x5(p/2,0) and
K y5(0,p/2). Howaldet al.3 used this technique to map th
energy dependencerK(v) of the spatial Fourier componen
of the LDOS at the ordering wave vectorsK x,y . This energy
dependence has recently been discussed within a mode
the pinning of spin density wave~SDW!/CDW fluctuations
by inhomegeneities,22 and in an analysis of different pattern
of translational symmetry breaking in d-wave
superconductors.15

For a comparison with the experimental situation3 we re-
strict ourselves again to states with period-4 modulation;
will employ hopping parameterst andt8 that yield a realistic
band structure. Furthermore we have to keep in mind
shortcomings of the large-N theory: the precise location o
the phase boundaries is not reliable, and the theory unde
timates fluctuations. Therefore we will work with superco
ducting gap values close to the experimentally obser
ones, and discuss both self-consistent mean-field solution
well as states where translational symmetry breaking is
posed by hand in the Hamiltonian.

To obtain initial information about the possible forms
rK(v) we start by consideringd-wave superconductors wit
additional modulation in one of the following quantities: s
charge density, bond charge density~kinetic energy!, and
pairing amplitude. Such an analysis has also been inde
dently performed by Podolskyet al.,15 but here we are inter
ested in 2D modulations and furthermore diagonalize
mean-field Hamiltonian exactly for the 434 unit cell. The
Hamiltonian thus has the formHBCS1Hmod, where
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† ck,s1(

k
Dk~ck,↑

† c2k,↓1H.c.! ~2!

in standard notation, withDk5D0(coskx2cosky)/2; HBCS is
equivalent to the Sp(2N) mean-field theory presented abov
in the region where the large-N ground state is a pured-wave
superconductor~with the correspondenceD i j 5Ji j Qi j where
D i j is the real-space Fourier transform of the energy g
Dk).

The modulation is introduced viaHmod: for a site CDW
we addHmod

site 5V0
site( i f (Ri)cis

† cis ; for a bond CDW we have
Hmod

kin 5V0
kin(^ i j & f @(Ri1Rj )/2#cis

† cj s , and a pairing modula-
tion is given by Hmod

pair5V0
pair(^ i j & f @(Ri1Rj )/2#(ci↑

† cj↓
†

1H.c.). The function f (R) describes the modulation
strength and pattern, and we will concentrate on 2D bo
centered period-4 modulations withf (R)5@cos(pRx/2
1p/4)1cos(pRy/21p/4)#/2.

Diagonalization ofHBCS1Hmod yields the local density
of states for each site of the unit cells, from which we fi
rK(v) by Fourier transformation@the real-space origin is
chosen such thatrK(v) is real#; note thatK5(p/2,0) and
(0,p/2) are equivalent with the above choice off (R). Re-
sults forrK(v) are shown in Fig. 2 for the three modulatio
cases listed above. If we compare the curves in Fig. 2 w
the STM result in Fig. 3 of Ref. 3, which shows a peak in t
magnitude ofrK(v) at subgap energiesuvu/D0'2/3, it is
clear that the experiments are not well described by a
charge modulation alone. In contrast, our result for a mo
lation in the pairing amplitude comes closest to the curves
Ref. 3. We note that our results in Fig. 2 are somewhat
ferent from the ones of Ref. 15, this may be due to the
character of the modulation considered here and due to
approximations employed in Ref. 15.

It is clear that the experimentally realized CDW state w
have modulations in all quantities invariant under spin ro
tion and time reversal. This can—at least in part—be c

FIG. 2. Energy dependencerK(v) of the Fourier component o
the LDOS at K5(p/2,0), obtained from diagonalizingHBCS

1Hmod on a 434 unit cell. Bulk parameter values aret
50.15 eV, t852t/4, doping d517%, and a gap sizeD0

540 meV. The curves correspond to modulations as follow
solid—site charge density; dashed—bond charge density, d
dotted—pairing amplitude. The amplitude of the LDOS modulati
is proportional to V0 in Hmod; here V0

site5V0
kin510 meV,

V0
pair54 meV.
5-3
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MATTHIAS VOJTA PHYSICAL REVIEW B 66, 104505 ~2002!
tured by a self-consistent solution of the mean-field eq
tions. A natural candidate is given by the plaquette st
found as large-N ground state above~Fig. 1!. Thus we em-
ploy the HamiltonianHBCS1Hmod

site , where the pair fieldD in
HBCS @Eq. ~2!# is determined self-consistently fromD i j

5Ji j ^J abcia
† cj b

† &, andHmod
site imposes a weak modulation o

the site charge density as shown in Fig. 3~the strong modu-
lation found in the large-N limit will certainly be weakened
by fluctuation corrections beyond the large-N theory!. Figure
3 displays a corresponding LDOS modulationrK(v). The
agreement with the available experimental data3 is not satis-
fying; in particular rK(v) does not show a large peak
energies below the bulk superconducting gap.

This fact and the results in Fig. 2 led us to consider
additional effect not captured in the mean-field calculatio
On general symmetry grounds, a static charge modula
will lead to a real-space modulation in the effectivepairing
interaction, because the CDW influences the local spin flu
tuation spectrum. On the mean-field level, this can be p
nomenologically accounted for by a modulation in the e
change interactionJ. Therefore, we have studied sel
consistent solutions of the mean-field theory,HBCS1Hmod

site ,
as above, but in addition to a weak site charge modulatio
Hmod

site we imposed a modulation of theJi j exchange interac
tion, Ji j 5J01V0

J f @(Ri1Rj )/2# for nearest neighbor sitesi

FIG. 3. As in Fig. 2, but for a state with plaquette site char
modulation as indicated in the inset (V0

site55 meV), and self-
consistently determined pair fieldsD i j , using J570 meV. Note
that LDOS modulations of similar magnitude occur at wave vect
6K x6K y .
, Y

,

H.

f-
.
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and j, which leads to corresponding modulations in both t
pair fieldsD i j and the bond charge density~kinetic energy!.
Results for the LDOS Fourier componentrK(v) are shown
in Fig. 4, with a rather good agreement with the experime
of Ref. 3.

IV. CONCLUSIONS

Summarizing, we have studied superconducting cha
ordered states of doped Mott insulators. Within a largeN
theory we have established that ground states with 2D ch
modulation can occur at intermediate doping where they
preferred over stripes. By analyzing the energy depende
of the LDOS modulation as observed in STM, we ha
found the data of Ref. 3 to be well described by combin
modulations in charge density as well as exchange and p
ing energy, caused by a modulation of the pairing interacti
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FIG. 4. As in Fig. 2, but for a model with plaquette modulatio
in both site charge density and exchange interaction, and s
consistently determined pair fieldsD i j , using V0

site510 meV, J0

570 meV, andV0
J53.5 meV. The dashed curve corresponds to

band structure witht852t/3 to demonstrate the robustness of t
result.
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