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Stabilization of half-skyrmions: Heisenberg spins on a non-simply connected manifold
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We show that the metastable skyrmion on a plane can be stabilized by removing a disk opgadiube
origin. This renders the plane non-simply connected but provides a characteristic length for stabilizing the
half-skyrmion which is centered at a radipg(1+ v2). We obtain exact solutions for the half-skyrmion and
half-skyrmion lattice and demonstrate that these solutions are a limiting case of Heisenberg sfijna on
truncated cone with half-angle— 7/2 and(ii) an annulus. We also discuss skyrmions in the presence of a
perpendicular external magnetic field which may have relevance for polarized electrons, especially in the
guantum Hall effect and quantum antidots.
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. INTRODUCTION field B. Taking this into consideration and the geometry of
the problem we look for cylindrically symmetric solutions
A variety of planar magnetic materials and magnetic suronly. We introduce a cylindrical coordinate system ¢).
faces may be modeled as a continuum of classical spins. Thene Hamiltonian is given by the nonlinear sigma model,
continuum limit of the Heisenberg Hamiltonian for classical
ferromagnets or antiferromagnets for isotropic spin—spin 5 S
coupling is the nonlinearr model. The latter model also szwf P0p+T
arises in the context of a two-dimensional electron gas A
(2DEGQ in a perpendicular magnetic field, specifically in the Heren= (sin §cos®,sindsin®,cosé), i.e., the spins lie on a
case of the quantum Hall effetThe nontrivial spin textures unit sphereS?, and we assume cylindrical symmetry for the
in these two cases are solitons and skyrmions, respectivelgpin configurationsg= 6(p) and® = ¢.
Recently, an exact correspondence between the quantum Hall Before discussing the technical details we first summarize
skyrmions (interacting by a delta repulsive potential with the main findings(i) The non-simply connected geometry of
filling fraction »=1) and the solitons of the nonlinear  the plane renders the skyrmion stable by introducing a length
model has been establishedfrom this perspective the re- scale and leads to a sine-Gordon equati@n.We obtain a
sults presented below apply to both the Heisenberg spin soliaovel half-skyrmionsolution which centers itself at a dis-
tons and quantum Hall skyrmions. tance\/2p, from the outer boundary of the holgii) We also
The skyrmions can also condense into a crystal latticefind an exact half-skyrmion lattice solution and asymptotic
i.e., a skyrmion lattice(as discussed belgwThe latter is interaction between the half-skyrmiofSec. I). (iv) These
observed in a 2DEG in GaAs/Gaglis; _, heterojunctions.  exact solutions can be used to perturb around when the Zee-
This periodic structure is also important in the context ofman and Coulomb interactions are systematically turned on.
dense nuclear matter and baryogerfesisere it is known as  (v) We show that this problem is topologically equivalent to
a Skyrme crystal. a truncated cone in the limit that the cone half-angle
Let us consider Heisenberg spins on a plane with homo-., /2. (vi) We obtain novel single and lattice skyrmion so-
geneous boundary conditions: spins tendﬁ@& constant at lutions on a truncated cone along with the asymptotic inter-
infinity. It is well knowr? that the spin configurations can be action (Sec. ll). (vii) For an annulugor a truncated finite
classified according tél, (S,) homotopy classes. Unfortu- cone we getfractional skyrmions with topological charge
nately, these skyrmion configurations are metastable sindess than half{Sec. I\). This geometry is relevant to recent
for a scale factoi the total energy is scale invariant, resonant tunneling experiments in the quantum Hall regime
measuring fractional charge in quantum antidotsiii) In

dp
Po

. 1)

np np the presence of a perpendicular axial in the case of the
HAZJ f (Mxt Ny d(Ax)d(ay)=H(\=1), cond magnetic field we discuss skyrmion solutions of a
double sine-Gordon equation with nonconstant coefficients
and thus the skyrmions can be shrunk to a pbint. (Sec. V.

In this paper we explore the effect of the support manifold \We note here that it isot possible to consider the usual
being not simply connected and focus on the simplest cas@elavin—Polyakov solution and apply it to the regiop
namely, the plan®?. Specifically, we consider the plaiR? =p, (even if we restrict ourselves only to the cylindrically
with a disk of radiuspy cut out from it. Later we will also  symmetric configurations For this region the Belavin—
consider the spins ORZ\Dﬁ0 in a perpendicular magnetic Polyakov configuration belongs to the Oth homotopy class
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Half-Skyrmion Texture

cos«9=nz=sn(%lnpﬁ,k>, pm=PoeXP(2mkK), (4)
0

where p,,, denotes the location ahth half-skyrmion(with

0= m/2) from the center of the plane. Here =rK) [and
cn(x,k), dn(x,k) below] are Jacobi elliptic functions with
modulus k and k’=\1—k? denotes the complementary
modulus.K (k) [and E(k) below] are the complete elliptic
integrals of the first and second kind, respectively. Equiva-
lently,

X 1 1
nx=—cn(—ln£,k>, ny=ch<—Inﬁ,k),
p Kk po p Kk po

and the topological charge density per half-skyrmion,

—In— k|dn| —-In— k|,
K" po K™ po

Non-Simply Connected Plane

FIG. 1. Cylindrically symmetricm/2— 7 sine-Gordon half-
skyrmion on an infinite plane with a hole of radipg.

1
a(p)= hcn

where the minimum in energy is given by the constant vector 7kp

field. The Belavin—Polyakov minimum energy conflguratlon_which is smaller than that for a single half-skyrmion. In the

is based on topological considerations which are not appli=. . )
; polog bp limit k—1 these results reduce to those for a single half-
cable in our case. . .
skyrmion given above.
The formation energy of the half-skyrmion lattice per
Il NON-SIMPLY CONNECTED PLANE half-skyrmion over an “exponential period” is

The configurations with the lowest energy are given by

X _ ) A 12
the solutions of the Euler—LagrangEL) equation, ES:T E(k)— TK(k)} (5)
sin# cosé . . ;
O, tpb,,=—. The asymptotic interaction between two half-skyrmions
P (separated by a large distangg) is obtained as
Here we consider tha#(pg) =constant. We define a new )
radius coordinate =In(p/py) which allows us to reduce the U(py)=7k'"=16mpo/p; .
EL equation to a sine-Gordon equation, Unlike the exponentially decaying asymptotic interaction be-
sin 26 tween the two solitons on an infinite cylindetthis interac-
0= ) 2) tion decays inversely with the distance between two half-
2 skyrmions.
We find a novel exact half-skyrmion solutidgon a nonsim- Some comments on skyrmion lattices are in order. The
ply connected plane depicted in Fig. 1 existence of(“ferromagnetic”) triangular and(“antiferro-
magnetic’) square skyrmion lattices for a 2DEG in the quan-
_ P tum Hall regime at Landau level filling factors near= 1 has
0(p,po)=2tan pys (3 been shown theoretical§'! and structural transitions be-

) . . tween these two lattices have been recently stutfied.
Clearly, this solution depends gry and does not shrink to a  Anomalies in specific heat measureménis GaAs hetero-

point like the usual Belavin—Polyakov skyrmidrit is lo-  jynctions are also indicative of condensation of skyrmions

cated atp,=poCot(m/8)= po(1+2) with energy 4r (in-  into a crystal lattice. We note, however, that due to circular
stead of 8r) and topological charge density, symmetry our skyrmion lattice solution is a radially stretched
_ 5 triangular lattice. It is also interesting to note that using a

_0,8In0 i Po complex parameterization of the nonlinearmodeP Green
alp)= 4mp (p2+p(2))2' et al!! used elliptic functions to represent the square lattice

] ) . with w(z)=h cn(z,k=1/\/2) and the triangular lattice with
Note that the vector field in Eg3) covers a unit sphere w(z) =h cn(z,k=exp(2/3)), whereh is a constant.
exactly half times and thus it i; a half-skyrmion. Equiva-  \We also point out that analogous Skyrme crystal states
lently, the components of the unit vector field are arise in the study of dense nuclear matter using Skyrme’s
. topological excitation modef Specifically, ahalf-skyrmion
= 2Xpg Yo 2ypo ._P" " Po picture of baryon matter at high densityurns out to be very
p?+pd’ p?+p2’ p2+ps useful in describing a simple cubic to body-centered-cubic
half-skyrmion latticestructural transition as a function of
The corresponding half-skyrmiofmadia) lattice solution pressure and densityRecently, based on an analogy with
is given by fullerene chemistry and concepts from rational maps be-
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also covers a unit sphere exactly half times, thus it also is a
half-skyrmion. The associated topological charge density is

sinad,sing 1 (ppo)?/sn«

47p 71.pz (pzlsina+p(2)/sina)2’

q(p,a)=

and the components of the unit vector field are

,_ 2C0S¢(ppo) " y_2sin B(ppo) s

2/sina 2/sina
+po

p p2/sina+pg/sina !
Truncated Cone: half-skyrmion
p2/sina_pglsina
FIG. 2. Cylindrically symmetricm/2— 7 sine-Gordon half- nNf=———.
. . . 2/sina 2/sina
skyrmion on a truncated right circular cofieqg. (8)]. p +po

tween Riemann spheres, baryon density isosurfaces have 1he corresponding half-skyrmion lattice solution is
been studied using a Skyrme crystal with hexagonal

1
symmetry* cos&=n2=sr< ksinalnpﬁ’k)’ €©)
0
[ll. TRUNCATED CONE with periodicity p,,= poexp(dnkKsina). The creation en-

. L . ergy per half-skyrmion over an “exponential period” is the
It is quite instructive to understand these results as a spe-, . S
. : . . “same as that for the non-simply connected plane. It is inde-
cial case of Heisenberg spins on a truncated cone. Consider a

right circular cone with apex at=0 and the open angle pendent of botip, and a. Equivalently,

=2a, with the cone opening along the positizexis. The p

cone is truncated at a distanpg from the apex along the nx=cn(ksin In—,k)cos¢>,
surface (Fig. 2). In this case in cylindrical coordinates @ Po
=p(2)cose, y=p(z)sin¢, andz=p(z)cota. Note that the

distance on the cone surface from apgxyvaries withz (p nyzcn( i Inﬁ,k)simj;,
=ztana). The induced metric on a cone, ksina ™ po

and the topological charge density is
9,,=1+cofa, gy4,=p% 0,4,=0.

Therefore\g=p\1+cofa=pisina, Vg g,,=p/sire, and a(p)=

\/6 g¢¢=p3/sina.
If we again consider cylindrically symmetric solutions,
the Hamiltonian is

1 1 p 1 p
cn c——In— k|dnl ———In— k]|.
4mp’k \ksina pg ksina  pg

In the limit k—1 these results reduce to the single half-
skyrmion results on a cone and far— /2 we recover re-

m Sinte sults on a non-simply connected plane.
H=277J dp|p sina0ﬁ+ — . (6) The asymptotic interaction between the two half-
pSina f .
Po skyrmions on a truncated cone is
The corresponding Euler—Lagrange equation is Usina
12 Po
U(py)=mkK —1677(—)
d sin 260 P1
—(pcoxf,)= ———. . o . . .
ap ” 2pcosatarfa Again, this interaction decays with the separation between

. two half-skyrmions as a power law with am-dependent
If we make the coordinate transformatipm= seca In(p/py),  €xponent. Whenw= /2, this corresponds to the case of
we again get the sine-Gordon equation, R2\ Df,o already considered above. The truncated cone inter-

polates between the plane with the dBK taken out and a

gm0 20 (7)  semi-infinite cylinder. The transformatigu=In(p/po) topo-
P 2tarfa’ logically mapsR*\D; onto an infinite cylinder sending the
with the single half-skyrmion solutiotshown in Fig. 2 radiuspo— —2 andp=2> t0 p—. Similarly, the transfor-
mation p=seca In(p/py) topologically maps a truncated
[ p e cone onto an infinite cylinder.
6(p)=2tan P_o) ®) The basic philosophy is that when considering sine-

Gordon solitons, the underlying geometry may introduce a
and the creation enerdys=4 which is independent gj, length in the problem which is picked out by the soliton
as well as the cone half-angte The vector field in Eq(8)  solutions®® This is highlighted by the topological equiva-
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5 2 . . _
lence betweerR“\D< and the infinite cylinder. Note that a g Using the transformatiqe= seca In(p/pg) we again ob-

cylinder and the sine-Gordon equation are intimatelyiyin 5 (different double sine-Gordon equation with noncon-
related—the cylinder has a constant curvatuke=(/pg) stant coefficients

while the sine-Gordon equation corresponds to a surface of

constant (negative Gaussiancurvature!® Note also that sin20  1(po\? —
shrinking the plane to a finite diSkdoes not stabilize the e 5(_) e?r cosegin g, (12
skyrmion simply because the disk remains topologically 2tarfa Ps

equivalent to the infinite planend to a finite cone Note that in the case of an infinite cylinder in an axial mag-

netic field one obtains a double sine-Gordon equation with
IV. FRACTIONAL SKYRMIONS: constantcoefficients which has exact soliton and soliton lat-
ANNULUS AND A FINITE TRUNCATED CONE tice solutionst® However, in the case of a non-simply con-
nected plangor a truncated conet must be solved numeri-
cally. The topological solutions in this case would be
skyrmions instead of half-skyrmions.

If we consider an annuluéor equivalently a cone trun-
cated on both sidesvith inner radiuspy and the outer radius
p, then we get thesameform of the solution as for the
non-simply connected plan@r the truncated cone in Sec.
lIl). However, now we get &actional skyrmion with topo- VI. CONCLUSION

logical charge varying between zero and half and the energy o ,; main finding is that the metastable skyrmion on a

varying_l between zero and 7 Since w/2<6(p)  plane can be stabilized by removal of a disk at the origin thus

<2tan “(p1/po), the skyrmion is located on the plane at  jnoducing a characteristic length scale in the system. By
_ 4 way of specific transformations of the radius coordinate

pe=potarl w/8-+(1/2)tan “(p1/po)], that underscore the topological equivalence of Heisenberg

with a similar («-dependentexpression for the finite cone. Spins (with cylindrically symmetric configurationson a
Clearly, asp,— 0, the skyrmion becomes unstable sipge  Plane with a disk cut out from it, a truncated cone and an
—0 as in the case of a finite diskThe two limiting cases infinite cylinder, we obtained a sine-Gordon equation as the
for the annulus are the finite disky¢—0) and the non- Euler—Lagrange equation. The latter provides exact half-
simply connected planep(—=). In the former case the skyrmion solupons for the non-simply connected plane and
annulus fractional skyrmion becomes unstable whereas in tHePn€ geometries. o

latter case it is the stable half-skyrmion. Note that an annular Above, we consideredgid truncated cone and the half-
geometry has been used recently to mitighe observed Skyrmion lattice energyEq. (5)] was more than 4 due to

: S Alati : i 500 :
resonant tunneling through a quantum antidot in the quanturiiolation of the self-duality conditidt’® resulting from the
Hall regime’ interaction between the skyrmions. For azimuthally symmet-

ric quasi-one-dimensional solutions, if the cone were de-
formable (i.e., elastig and if we included a magnetoelastic
coupling, then the cone would shrink periodically away from
Next, we consider a magnetic field perpendicular to thehe apex to relieve geometric frustratfohand lower its
plane. In this case the Hamiltonian is given by magnetic energy to #. These ideas can be directly general-
ized to both the moving half-skyrmions and other non-
5 p simply connected manifolds, e.g., truncated paraboloids and
pt+——+ —(1-cosd)|, (10  hyperboloids, with the physics of the half-skyrmions remain-
P P8 ing essentially quite similar.

where the magnetic Iengﬁﬁz 1/guB. HereB is the applied Our results may also have some significance for quaptum
magnetic field is the magnetic moment, angdenotes the Hall ferromagnets since the skyrmions are already stabilized

g factor of the electrons in the material. The correspondind?y the (non-simply connectgdgeometry—the Zeeman and
Euler—Lagrange equation is oulomb energies would simply modify the radius where the

skyrmion is located. However, it would be experimentally
singcosd  p very _important to probe the predicted properties of skyrmi-
0,+p0,,= + —sing. ons in a 2D elec_tron ga_éa.g., GaAs/GaAlAs; hetero-
p 2pg structuré with a circular disk cut out, or even polaréhsn
_ 2D on a non-simply connected manifold. In the former case
Using the transformatiorp=In(p/p;) we obtain a double we do not expect the charge density fluctuations to signifi-
sine-Gordon equation withonconstantoefficients cantly modify the location of the half-skyrmions because the
intrinsic length scaledg) provides a more dominant effect.
We note, however, that in experimental situations involving
small scalege.g., a small disk radigghe application of the
nonlinear sigma modeli.e., a long wavelength theory
Similarly, if we apply a magnetic field along the axis of should be viewed with caution.
the truncated cone then the Hamiltonian is the same as Eq. Similarly, our results may in general be insightful for
(10) except thap is replaced by sina in the square brack- quantum mechanical problems in non-simply connected

V. EFFECT OF EXTERNAL MAGNETIC FIELD

)

H=27Tf dp
Po

_sin 20 1

Po 2
b=+ 5

PB

e27sin 6., (11
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space$? Finally, we remark that in contrast to a meron,
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