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Abnormal magnetism and phase transformation of a Heisenberg-like model
with internal spin fluctuation
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Magnetic states of the system described by a Heisenberg-like model with on-site spin fluctuation are studied.
Two features are shown for such a system. One is that the system may reveal ferromagnetism or antiferro-
magnetism in the intermediate temperature range between zero and order-disorder transition temperature. The
other is that there may occur a first-order transformation below order-disorder transition temperature. These are
effects of on-site spin fluctuation.
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The Heisenberg exchange model is famous as it descr
magnetic systems very well. In this model, there is one s
on each lattice site with no more complex on-site structu
Recently, the spin fluctuation in lattice sites has been notic
For transition-metal elements, the 3d orbitals usually split
into two energy levels, i.e., double degenerationeg and triple
degenerationtg orbitals, under the interaction of crystal fiel
Xia et al.1 thought that this maybe suggested that the to
atom spin was composed of two spinsSd andSt contributed
by the double and the triple states. It was believed that s
fluctuation inside the atom was unavoidable. Based on
consideration, they suggested a model Hamiltonian to mi
the spin fluctuation inside an atom in transition-metal e
ment materials. This was an extended Heisenberg Ha
tonian in which there are two subspins in each lattice s
which, hereafter, will be called two-spin-per-site Heisenb
Hamiltonian~TSPSHH!. They studied the spontaneous ma
netization and susceptibility of ferromagnetism described
such a Hamiltonian as a comparison with the usual Heis
berg Hamiltonian. Jianget al.2 added a uniaxial anisotrop
term to study its effect on the system, especially the shif
the Curie point. Both of the works merely studied the fer
magnetic state. However, because of the existence of
subspins in one lattice site, the possible states can be
complicated and there may be some new physical behav

In usual Heisenberg Hamiltonian, the magnetic state
mainly determined by two factors: spin quantum numbeS
and the exchange interactionJ if only the nearest-
neighboring exchange is considered. In the case that the
quantum numberS on every site is the same, the phase d
gram is simple. The possible state is determined only by
relative orientation of neighboring spins, or the sign ofJ.
Below order-disorder transition temperature, it is either f
romagnetic~or antiferromagnetic! depending on theJ value
in a homogeneous bulk material. In the system described
TSPSHH, we have more factors to be considered: the
quantum number of the two subspins (Sd,St) in each site and
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four exchange interactions between them. The possible s
is determined not only by the relative orientation of neig
boring spins but also the relative orientation of the subsp
in one site.

In this report, we will see two properties according
TSPSHH. One is that the system can show magnetism
intermediate temperature range between zero and the o
disorder transition point. Another is that a transformation c
occur below the order-disorder transition point.

Our model assumes a simple cubic lattice. Because
discussion involves an antiferromagnetic case, the lattic
divided into two sublattices. Assuming thatSd and St are
subspin quantum numbers of the two states of one at
respectively, the TSPSHH reads

H52 (
( ia, jb)

~Sia
d Sja

t !S J1 J3

J3 J2
D S Sib

d

Sjb
t D 2

1

2 (
ia

~Sia
d Sia

t !

3S 0 J0

J0 0 D S Sia
d

Sia
t D 2

1

2 (
ib

~Sib
d Sib

t !S 0 J0

J0 0 D S Sib
d

Sib
t D .

~1!

The first term is the Heisenberg exchange between
nearest-neighboring sites. The next two terms means
intra-atom exchange interaction between the two subsp
For convenience of the discussion below, we nameJ1 andJ2
as the direct exchange between neighboring subspinsSd and
St, respectively,J3 as the cross exchange, andJ0 as the
on-site exchange. In Eq.~1!, the subscriptsa andb label the
two sublattices and the summation (ia, jb) means that the
summation is taken over all the nearest-neighbor pairs.
statistical averages of subspin operators are^Sa

dz&,
^Sb

dz&, ^Sa
tz&, and ^Sb

tz&, respectively. The magnetizations o
the two sublattices arêSa

z&5^Sa
dz&1^Sa

tz& and ^Sb
z&5^Sb

dz&
1^Sb

tz&. We let exchange parameters be dimensionless a
Refs. 1 and 2.
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The method we use is the many-body Green’s-funct
theory which has long been used to treat the Heisenb
model.1,3,4 The retarded Green’s functions are, according
Bogolyubov and Tyablikov,5 as follows:

Gi j ~ t2t8!5^^Ai ;Bj&&52 iu~ t2t8!^AiBj2BjAi&, ~2!

where the subscriptsi and j label lattice sites. There is
well-known spectral theorem3,6 to allow one to calculate the
statistical average of the product of the operators^BjAi&. In
this report the operatorA is taken asA5Sa

d1 , Sb
d1 , Sa

t1 ,
Sb

t1 , respectively. If we denote (Sa
d1 , Sb

d1 , Sa
t1 , Sb

t1)
5(S1

1 , S2
1 , S3

1 , S4
1), or simply A5Sa

1 , a51, 2, 3, 4,
then by the equation of motion of the Green’s function, t
statistical average of spin operators^Sa

z & can be evaluated by
the following formula:7,4

^Sa
z &5

~Sa2Ra!~11Ra!2Sa111~11Sa1Ra!Ra
2Sa11

~11Ra!2Sa112Ra
2Sa11 ,

a51, 2, 3, 4, ~3!

where we denote spin averages (^Sa
dz&, ^Sb

dz&, ^Sa
tz&, ^Sb

tz&)
5(^S1

z&, ^S2
z&, ^S3

z&, ^S4
z&) and the subspin quantum num

bers (Sa
d , Sb

d , Sa
t , Sb

t )5(S1 , S2 , S3 , S4), respectively. In
derivation, the operatorB in Eq. ~2! is chosen asBb

5(Sb
z )nSb

2 , b51,2,3,4. Because the lattice is infinitely larg
and has translational invariance, the Green’s function is F
rier transformed from real space tok space. Then, by stan
dard derivation procedure of the Green’s-function method
secular equation can be obtained:(m(vtdnm2Pnm)Umt
50. The order of matrixP is four, which is due to the fac
that every crystal cell contains two sitesa and b with each
havingSd andSt two subspins.vt andU are the eigenvalue
and eigenvectors of the matrixP. Thus, theRa in Eq. ~3! is
given by

Ra5
1

N (
k

(
t

UatUta
21

ebvt21
, a51, 2, 3, 4, ~4!

whereU21 is the inverse matrix ofU. The summation ofk
means to do integration in the first Brillouin zone. Equatio
~3! and~4! are self-consistent equations for the calculation
magnetizations. In this report, the subspin quantum num
for the two sublattices are taken as the same, that is to
Sa

d5Sb
d5Sd andSa

t 5Sb
t 5St.

By physical intuition, all the possible states are posted
Fig. 1. StatesA andB are ferromagnetic. StatesC andD are
antiferromagnetic. StatesE is called as mixed states. Her
the states mean the situations under order-disorder trans
temperature which is the Curie point or Ne´el point. The tran-
sition temperature is determined by spin values and
change parameters. Generally speaking, larger subspin
ues and stronger exchanges lead to higher order-diso
transition temperature.

If J1.0, J2.0, andJ35J050, thenSa
d is parallel toSb

d

andSa
t is parallel toSb

t . The system can be either stateA or
B. It will be stateA if both J3 andJ0 are positive, and it will
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be stateB if both J3 andJ0 are negative. Now suppose th
the signs ofJ3 and J0 are contrary, the state will be dete
mined by the competition of the strength of these two para
eters. This competition is also influenced by thermal moti

In stateB, the neighboring subspin is parallel, while th
on-site subspins are antiparallel. WhenSd5 St, J15 J2, the
total magnetization is zero and the system will not exhi
magnetism at any temperature, as shown by the solid line
Fig. 2. However, ifJ1Þ J2, the system will still be ferro-
magnetic, see the dashed lines in Fig. 2. At zero tempera
there is no thermal motion, the subspin orientations
uniquely determined by exchange interactions. As a res
the on-site subspins are antiparallel to each other and
system will not exhibit magnetism. As temperature ascen
the subspin with weaker direct exchange is more easily
fected by thermal motion so that the subspin with wea
direct exchange has smaller magnetization. Therefore,
net magnetization is not zero and the system manifests
romagnetism until the Curie point. Here we see a case
the system exhibits ferromagnetism in the intermediate ra
between zero temperature and the Curie point. Or in ot
words, the total magnetization decreases with decrea
temperature. This character is not possessed by the one-
per-site Heisenberg Hamiltonian system.

For statesA andB, both direct exchanges are positive
that they are ferromagnetic. The condition for the syst
to be antiferromagnetic is that at least one of the dir
exchanges must be negative. If bothJ1 andJ2 are negative
andJ35J050, thenSa

d is antiparallel toSb
d andSa

t is anti-
parallel toSb

t . The system can be either stateC or D. As the
cross exchange and on-site exchange become nonzero
competition of the two parameters determine the state of
system.

For stateD whenSd5 St, J15 J2, it is easily understood

FIG. 1. Possible states. In each state, one line represents su
Sd, and the other represents subspinSt. The length of the arrows
does not mean the dimension of the magnetization. The lettersa and
b label the two sublattices.
5-2
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that ^Sa
dz&52^Sa

tz& and ^Sb
tz&52^Sb

dz& so that ^Sa
z&5^Sb

z&
50. The total magnetization is zero and the system will
exhibit magnetism at any temperature. However, ifJ1Þ J2,
the system will still be antiferromagnetic, see Fig. 3. At ze
temperature, the two subspins are antiparallel to each o
and the total magnetism at each site is zero. As tempera
increases, due to the influence of thermal motion, the ab
lute values of the statistical averages of the two subspin
one site are not the same. Therefore, the net magnetizatio
each sublattice is not zero and the system manifests an
romagnetism until the Ne´el point. Thus, there can occur
case that the system exhibits antiferromagnetism in the in
mediate range between zero temperature and the Ne´el point.

If the two direct exchanges have contrast signs, the s
tem is of stateE. For instance, ifJ1.0, J2,0, and J3

5J050, thenSa
d is parallel toSb

d and Sa
t is antiparallel to

Sb
t . When cross exchange and on-site exchange become

zero, the situation become complicated, because any of t

FIG. 2. Spin averages vs temperature with parameters (Sd,St)
5(1/2,1/2),J151, J3520.2, andJ0520.6. The state isB so that
the two sublattices are identical.^Sdz&.0 and ^Stz&,0. For the
solid lines:J251. BecauseJ15J2, the two sublattices are identica
and the total magnetization̂Sz&50. While in the case presented b
dashed lines,J250.5. BecauseJ1ÞJ2, the system is ferromagneti
in the intermediate range.

FIG. 3. Spin averages vs temperature of stateD with parameters
(Sd,St)5(1/2,1/2), J1521, J2520.5, andJ350.2 andJ050.6.
BecauseJ1ÞJ2 , ^Sdz&Þ2^Stz& and the system is antiferromag
netic in the intermediate temperature range. IfJ2521, then be-
causeJ15J2 , ^Sdz&52^Stz& and the total magnetization of eac
sublattice is zero~not shown!.
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has a contrary effect at the configurations ofSd andSt. If J3
or J0 is beneficial for the configuration ofSd, then it will be
against the configuration of neighboringSt, and vice versa.
Therefore, the configuration of stateE may change unlessJ3
andJ0 are vanishing. In this sense, the stateE is not a stable
one. As the temperature departs from zero, all sta
A, B, C, D, andE are possible depending on the paramet
of the subspin quantum number and four exchanges.
some parameters, the state turns toA, B, C, or D even at
zero temperature although the signs ofJ1 and J2 are con-
trary. Hence, that the two direct exchanges hold contr
signs is the necessary but not sufficient condition of stateE.
Here we stress the cases that a transformation may o
below order-disorder transition temperature.

In Fig. 4, we showE2B transformation. The parameter
are (Sd,St)5(1,1), J151, J2520.5, J350, and J05
20.5. ThatJ151 keeps the subspinsSa

dz andSb
dz parallel to

each other and thatJ0520.5 tends to make the subspins
one site antiparallel to each other. IfJ250, it would be state
B. Now J2520.5, which makesSa

tz and Sb
tz antiparallel.

Supposing thatSa
dz andSb

dz point up andSb
tz points down, let

us see how the orientation ofSa
tz is determined. We can

qualitatively discuss it by means of the concept of the m
lecular field~MF!. It can be recognized thatSa

t is affected by
two MF’s: One is from its neighboringSb

t , 6J2^Sb
tz&, called

nearest-neighbor MF~NNMF! and the other is from the sub
spinSa

d at the same site,J0^Sb
tz&, called on-site MF~OSMF!.

Here we note that there are six nearest neighbors in sim
cubic andJ25J0. At zero temperature, all thez-component
averages of subspins are near to one, see Fig. 4. TheSa

t is
affected by six nearest-neighborSb

t and only oneSa
d . There-

fore, NNMF prevails andSa
tz should point up, i.e., it is the

state E. BecauseuJ2u,J1, the averageŝSa
tz& and u^Sb

tz&u
decrease with temperature more rapidly than^Sa

dz& and
^Sb

dz&, see dotted and dash-dotted lines in Fig. 4. At tempe
ture TE2B , ^Sb

tz& is weak enough whilêSa
dz& is still large

~about 0.86!. Therefore, the effect OSMF become domina
so that the subspin flip down. This is a transformation fro
stateE to stateB. At the transformation point, the average
the flipped subspin̂Sa

tz&, as well as its neighborinĝSb
tz&,

FIG. 4. Spin averages vs temperature to showE2B transforma-
tion with parameters (Sd,St)5(1,1), J151, J2520.5, J350, and
J0520.5. At E2B transformation temperature,TE2B51.34, the
magnetization has a drop, indicating a first-order transformation
5-3
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has a sudden drop, and after the transformation, the c
bined effect ofJ2 , J0, and thermal motion keeps them rath
weak. The averages of subspins^Sdz&, are not influenced by
the transformation. This is a first-order transformation b
cause the total magnetization is discontinuous.

If there are two contradictory factors acted on spins
transition may take place. The discussion above provide
example. Another example is the magnetization reorienta
transition of ferromagnetic ultrathin films.8–12 It is believed
that the transition occurs because of the competition betw
single-ion anisotropy and dipole interaction.13–15The former
tends to make spins perpendicular to, while the latter tend
make the spins parallel to, the film plane.

Calculation shows that all four kinds ofE2X transforma-
tion, whereX representsA, B, C, or D states, can occur if we
select appropriate parameters. The features are quite sim
to Fig. 4. They are outlined as follows. The spin average
subspin with stronger direct exchange is not influenced. O
the subspin with weaker direct exchange flips. At the tra
formation point, the average of the flipped subspin, as w
n-

te

m
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as its neighbor, has a sudden drop, and after the transfo
tion they are rather weak. The transformation belongs to
first-order one because the magnetization, as a order pa
eter, is discontinuous at transformation temperature. Calc
tion shows that the larger the subspin values or the stron
the exchanges, the higher the transformation tempera
TE2X will be. The reason is that the subspin has a stron
power against thermal motion if it has a larger direct e
change or a larger spin quantum number.

In summary, we have seen two features of the sys
described by TSPSHH. One is that the system may rev
ferromagnetism or antiferromagnetism in the intermedi
temperature range between zero and order-disorder trans
temperature. The other is that there may occur a first-or
transformation below order-disorder transition temperatu
These are two believed properties of magnetic systems
are effects of intra-atom spin fluctuation.
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