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Spin-wave spectrum in La2CuO4: Double occupancy and competing interaction effects
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The recently observed spin-wave energy dispersion along the antiferromagnetic zone boundary in La2CuO4

is discussed in terms of double occupancy and competing interaction effects in thet-t8 Hubbard model on a
square lattice.
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I. INTRODUCTION

Recently high resolution inelastic neutron scattering st
ies of the spin-wave spectrum have been carried out in
square-lattice spin-1/2 antiferromagnet La2CuO4.1 Spin-
wave energies were obtained along high symmetry direct
in the two-dimensional~2D! Brillouin zone. With wave vec-
tors identified by their coordinates (h,k) in the 2D reciprocal
space of the square lattice, these studies reveal a notice
spin-wave dispersion along the antiferromagnetic~AF! zone
boundary, with a maximum of 335 meV near the pointX
having Q5(1/2,0) and a minimum of 285 meV nearQ
5(3/4,1/4) atT510 K.

The spin-wave spectrum for the quantum Heisenberg
tiferromagnet~QHAF! with only nearest-neighbor~NN! ex-
change couplingJ, conventionally obtained using the linea
spin-wave theory, shows no dispersion along the AF z
boundary. The simplest explanation for the observed s
wave dispersion involves a next-nearest-neighbor~NNN! fer-
romagnetic exchange couplingJ8 between Cu spins, and be
fit was found with J5104.164 meV and J85218
63 meV atT510 K.1

It was pointed out1 that a more natural explanation of th
data can be obtained in terms of the one-band Hubb
model, for which the strong coupling expansion in powers
the NN hopping termt up to fourth order O(t4) yields an
effective spin Hamiltonian with antiferromagnetic exchan
interactions between NN, NNN, and NNNN pairs of spins,
well as a cyclic ring exchange interaction coupling four sp
at the corners of a square plaquette.2–4 The quantitative de-
scription within linear spin-wave theory of both the spi
wave energies and intensities was taken as a strong de
stration that the one-band Hubbard model is an excel
starting point for describing the magnetic interactions in
prates. Fits were found to be indistinguishable from those
variablesJ and J8, and yieldedt50.3060.02 eV andU
52.260.4 eV at T510 K, so that the characteristic rati
U/t57.3. Recently, excellent fit has also been obtained w
the spin-wave energy for the square-lattice Hubbard mo
evaluated numerically in the random phase approxima
~RPA!.5

The one-band Hubbard model with only NN hopping po
sesses particle-hole symmetry, implying identical behav
for hole and electron doping. However, there exist signific
differences in the magnetic properties of hole-doped
electron-doped cuprates. In particular, AF order persists
the electron-doped cuprate Nd22xCexCuO4 up to a doping
concentration of about 15%,6,7 whereas only 2% hole con
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centration destroys AF order in La22xSrxCuO4. Thus, the
Hubbard model with only NN hopping is unable to descri
the magnetic properties of doped cuprates.

Recently, the magnetic phase diagram of thet-t8 Hubbard
model has been obtained in thet8-U space,8 for electron and
hole doping and both signs of the NNN hopping termt8. The
phase diagram shows that for an appropriate sign oft8, the
AF state survives electron doping~up to x'20% for ut8/tu
50.25 andU/t'8), whereas for any finite hole doping th
AF state is destroyed. Thus thet-t8 Hubbard model appear
to be the simplest correlated electron model capable of
scribing the magnetic correlations in cuprates, even at
doped level.

The need for more realistic microscopic models, whi
include NNN hopping, etc., has also been acknowledged
cently from band structure studies, photoemission data
neutron-scattering measurements of high-Tc and related
materials.9–12 Estimates forut8/tu range from 0.15 to 0.5.

Now, the NNN hopping termt8 generates antiferromag
netic NNN interaction of comparable magnitude (t82/t2 is of
the order ofJ8/J). The resulting competition between th
exchange interactions will modify the values oft andU ob-
tained earlier.1 In this Brief Report we obtain the modifie
one-band Hubbard model parameters by fitting the spin-w
spectrum for La2CuO4 with that for thet-t8 Hubbard model.
We have used the RPA approach to directly obtain the s
wave propagator in the AF state of thet2t8 Hubbard model.
This approach has the advantage of being applicable in
intermediate- and weak-coupling regimes as well, as it eli
nates the need for going through the strong coupling exp
sion to obtain the effective spin model.

Finite-U effects of double occupancy on the spin-wa
dispersion in the half-filled Hubbard model on a square
tice have been studied earlier at the RPA level, both ana
cally by systematically expanding in powers oft/U,13 and
also numerically through an exact computation.14 This latter
approach, desirable in view of the slow, asymptotic conv
gence of thet/U expansion, was employed to study the sp
wave properties in the weak coupling limit, where it w
found that the spin-wave energy scale gets compresse
the decreasing charge gap.

In Ref. 13, the spin-wave propagator at the RPA le
x21(q,v)5x0(q,v)/12Ux0(q,v), was obtained by keep
ing all terms up to O(t4/U4) @and some terms even up t
O(t6/U6)] in the zeroth-order particle-hole propagat
x0(q,v). The terms causing spin-wave dispersion along
AF zone boundary are of ordert2/U2, showing the impor-
©2002 The American Physical Society02-1
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tance of charge fluctuations, as the double occupancy t
^ni↑ni↓& is of the same order. This RPA approach is isom
phous to the linear spin-wave analysis4,15 of the effective
spin-1/2 Heisenberg model obtained from the stro
coupling expansion up to ordert4, where the higher orde
exchange terms arise from the coherent motion of electr
beyond the NN sites.2–4

II. SPIN-WAVE SPECTRUM

Including the contribution inx0(q,v) of the NNN hop-
ping term t8 up to the leading order (t82/U2) only,16 and
neglecting terms of ordert2t82/U4, andt84/U4 which are an
order of magnitude smaller thant4/U4, we obtain the spin-
wave propagator

x21~q,v!52
1

2
MF a2

v

2J
2bgq

2bgq a1
v

2J

G
3

2J

vq
S 1

v2vq
2

1

v1vq
D ~1!

and the spin-wave energy

S vq

2JD 2

5~12gq
2!2

4t2

U2
~613gq829gq

2!2
2t82

t2
~12gq8!,

~2!

where gq5(cosqx1cosqy)/2 and gq85cosqx cosqy , and M
5128t2/U2 is the HF-level sublattice magnetization. He
q5Q2(p,p) is the wave vector measured from the zo
center. The exchange energy scaleJ54t2/U, and the matrix
elementsa andb in Eq. ~1! are given by

a512
4t2

U2 S 31
3

2
gq81gq

2D2
t82

t2
~12gq8!

b512
4t2

U2 S 11

2 D . ~3!

The form of Eq.~1! ensures that the spin susceptibility su
rule *(dv/2p i )@x12(v)2x21(v)#5Msz , is obeyed.17

This feature of the spin-wave propagator was also no
when quantum corrections were included,18 where it is the
one-loop-level sublattice magnetization, reduced by quan
spin fluctuations, which appears as the overall factor.

In Eq. ~2! for the spin-wave energy, the double-occupan
term of ordert2/U2 and the competing-interaction term o
order t82/t2 are of similar magnitude. While both terms r
move the degeneracy in the spin-wave spectrum along
AF zone boundary (gq50), they give rise tooppositedis-
persion along the AF zone boundary. Thus, while dou
occupancy leads to maximum and minimum spin-wave
ergies at pointsq5(6p,0), (0,6p), and (6p/2,6p/2) re-
spectively, the competing interaction favors an exactly op
site trend.
09240
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III. DETERMINATION OF t AND U

From Eq.~2!, the spin-wave velocityc5 lim
q→0

(vq /q),

and the spin-wave energies at points (p,0) and (p/2,p/2)
are obtained as

c5A2JZcS 12
24t2

U2
2

2t82

t2 D 1/2

, ~4!

v~p,0!52JZcS 12
12t2

U2
2

4t82

t2 D 1/2

, ~5!

v~p/2,p/2!52JZcS 12
24t2

U2
2

2t82

t2 D 1/2

. ~6!

A momentum-independent multiplicative renormalizati
factor Zc51.18, arising from quantum spin fluctuations,19

has been included. Equations~4!–~6! clearly show that for
U/t;8 and t8/t;1/4 ~as appropriate for the cuprates!, the
double occupancy and competing interaction terms are of
same order of magnitude. It is also interesting to note thac
and v(p/2,p/2) are directly proportional to each other. In
deed, the spin-wave spectrum for La2CuO4 shows that bothc
andv(p/2,p/2) are nearly unchanged with temperature.1 In-
terestingly, from Eqs.~4! and ~6! we find that c and
v(p/2,p/2) have a vanishing derivative with respect tot/U
~which should change with temperature! at U/t;6, which is
very close to theU/t value obtained from our fit.

As the maximum in the spin-wave energy spectrum
La2CuO4 is clearly seen to occur at (p,0), the double occu-
pancy term is actually dominant, showing the importance
charge fluctuations in cuprates. From this information,
upper limit for the ratiout8/tu can be deduced by comparin
the spin-wave energiesv(p,0) andv(p/2,p/2). From Eqs.
~5! and~6!, we obtain the conditiont82/t2,6t2/U2, which is
shown in Fig. 1. ForU/t;8, the ratiout8/tu must be smaller
than;0.3.

Taking the key values of the maximum spin-wave ene
v(p,0) and the spin-wave velocityc from the spin-wave
spectrum, we solve fort/U andJ from Eqs.~4! and~5!, and
thus obtain t and U. With v(p,0)5335 meV and c

FIG. 1. Theut8/tu value below whichv(p,0).v(p/2,p/2), as
seen for La2CuO4 in the neutron-scattering studies.
2-2
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5200 meV atT510 K, and takingut8/tu50.25, we obtain
t2/U250.022, U/t56.7, t50.34 eV, andU52.3 eV. Fig-
ure 2 shows the spin-wave spectrum calculated from Eq.~2!
with theset and U values, and the experimental points fo
La2CuO4 at 10 K. Withoutt8, the corresponding values ar
t2/U25.019, U/t57.3, t50.29 eV, and U52.2 eV in
agreement with the results of Ref. 1, and showing a nea
20% enhancement in the double occupancy factort2/U2 due
to the competing effect oft8. With v(p,0)5320 meV and
c5200 meV at T5295 K, we obtain U/t57.1, t
50.34 eV, andU52.4 eV.

FIG. 2. The calculated spin-wave energy spectrumvq from Eq.
~2! ~line! and spin-wave energies for La2CuO4 at T510 K ~tri-
angles! from Ref. 1.
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In the approach adopted in Ref. 1, the effective spinS
51/2 quantum Heisenberg Hamiltonian obtained by
strong-coupling expansion of the Hubbard model contains
physical processes up to the ordert4 level, and the subse
quent use of the linear spin-wave approximation to obtain
spin-wave spectrum neglects the quantum corrections o
der 1/S. In our approach these two steps are carried ou
exactly reverse order. The evaluation of the spin-wave pro
gator in the random phase approximation neglects the q
tum corrections~of equivalent order 1/N51/2S within the
inverse-degeneracy expansion of the generalizedN-orbital
Hubbard model!.18 The evaluation ofx0(q,v) is next carried
out, either analytically via a systematic expansion in pow
of t/U, or numerically through an exact computation.

The spin-wave dispersion along the AF zone bounda
caused by the double occupancy effect at finiteU and par-
tially neutralized by the competing interaction effect oft8,
results in a broadening of the spin-wave spectrum at
high-energy end, resembling a spin-wave damping eff
Implication of this broadening to the two-magnon Ram
scattering in La2CuO4 ~Refs. 20,21! has been discusse
earlier.13,22 The importance of charge fluctuation effects~in
terms of the cyclic exchange terms! have also been pointe
out in infrared absorption experiments,23,24 and magnetic
properties of the related compound Sr14 Cu24 O41.

25

In conclusion, the competing interaction effect of t
NNN hopping termt8, which renders the Hubbard mod
more realistic for describing the magnetic properties of
doped cuprates, partially neutralizes the spin-wave dis
sion along the AF zone boundary caused by the double
cupancy effect. Due to this competition the double oc
pancy factort2/U2 must be significantly enhanced by near
20% in order to fit the observed spin-wave spectrum
La2CuO4.
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