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Tunneling current through a quantum dot with strong electron-phonon interaction
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The tunneling current through a quantum dot~QD! in the presence of local electron-phonon interaction~EPI!
and intradot Coulomb repulsion is studied theoretically for arbitrary strength of EPI. It is found that the
renormalization of the intradot Coulomb repulsion and QD level position leads to intriguing effects on the
tunneling current. The interplay of Coulomb blockade and phonon-assisted tunneling processes gives rise to a
rich variety of tunneling current behavior.
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I. INTRODUCTION

Transport properties of quantum dot nanostructures h
been extensively studied both experimentally1–5 and
theoretically.6–8 It was shown that electron-electron intera
tion in single electron transistors~SET! made of quantum do
tunneling junctions can lead to interesting effects such as
Kondo resonance, Coulomb blockade, and parity effect.1–5A
SET is composed of two leads~reservoirs! and one or more
quantum dots~QD’s!, which can be a normal metal, supe
conductor, ferromagnetic material, or semiconductor. The
havior of the tunneling current is sensitive to the propert
of the QD’s.

Today’s advanced nanostructure techniques such
molecular-beam epitaxy and metal-organic chemical-va
deposition coupled withe-beam lithography can provide
good control on the size and shape of semiconductor qu
tum dots. Quantum dots have potential application in op
electronic devices, such as infrared detectors,9,10 and semi-
conductor lasers.11 In these optoelectronic devices th
materials used are the III-V semiconductors such as GaIn
GaAs, GaInP/GaP, and GaInN/GaN. The strength of
electron-phonon interaction~EPI! for longitudinal optical
~LO! phonons in polar semiconductor QD’s by itself is
interesting topic.12–14 Recently, it was found that the
electron-LO phonon interaction~ELOPI! in semiconductor
quantum dots can be substantially enhanced due to the q
tum confinement effect with an effective coupling streng
exceeding 1.12–14 For InGaN/GaN systems, the ELOPI
strong even in the bulk material~due to the strong
polarity!;15,16 thus, we expect that the InGaN/GaN QD sy
tem to display very significant ELOPI effect on the tunneli
current.

In this paper, we study the effect of ELOPI on the tunn
ing current of semiconductor QD’s. In the heterostructu
consisting of quantum wells the EPI on the tunneling curr
have been extensively studied by many authors.17–21Because
of the small strength of EPI in quantum wells, the effect
EPI on the tunneling current was studied with a perturba
method. Only a few literatures discussed the tunneling c
rent through QD’s including the electron-phono
interaction.22,23 In Ref. 22, Koniget al. have discussed th
effect of EPI on the Kondo resonance in the limit of infini
intradot Coulomb repulsion. In the infiniteU limit consid-
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ered in Ref. 22, the effect from the renormalization of Co
lomb potential on the tunneling current is missing. In Ref.
Li et al. have studied the differential conductance of Q
with weak EPI and finiteU by a perturbative method. Con
sequently their results show only one-phonon sideband
no significant effect from the Coulomb potential.

Here we study the tunneling current in the regime of fin
intradot Coulomb potential and strong ELOPI. We find th
the strong ELOPI not only significantly renormalizes t
Coulomb repulsion~can make it negative!, but also produces
pronounced features in the tunneling current due
multiphonon-assisted tunneling. Our theoretical analysis p
vides a guide to future experimental studies on the tunne
current of QD systems with strong ELOPI, which can
used as an alternative means to evaluate the strengt
ELOPI in QD’s.

We start with the following HamiltonianH5H01H1 . H0
is the Hamiltonian of an electron in a SET system

H05(
k,s

ekCk,s
† Ck,s1(

p,s
epCp,s

† Cp,s1(
k,s

VkCk,s
† ds

1(
p,s

VpCp,s
† ds1H.c.1(

s
E0ds

†ds1Ud↓
†d↓d↑

†d↑ ,

~1!

where the first two terms describe the electron kinetic en
gies in the left lead~emitter! and right lead~collector!, re-
spectively, the third and fourth term describe the coupl
between the QD and the two leads. Electrons in the two le
form a Fermi liquid and they are described by a fre
electrons model. The last two terms describe the on-site
ergy and Coulomb repulsion for electrons in the QD. W
only consider the ground state of the QD, because the en
difference between the ground state and the first excited s
is much larger than the Coulomb charging energyU for
small QD’s

H15v0b†b1l(
a

da
†da~b†1b!,

in which the first term describes a nondispersive longitudi
optical phonon with frequencyv0 and the second term de
©2002 The American Physical Society11-1
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scribes the interaction between the LO phonon and the e
trons of the QD with coupling strengthl.

II. TUNNELING CURRENT

Using Keldysh’s Green function,24 Meir, Wingreen, and
Lee7 have proved that the tunneling current density is

J5
2e

h (
a

E dv@ f L~v2mL!2 f R~v2mR!#

3
GL~v!GR~v!

GL~v!1GR~v!
ImGda~v!, ~2!

wheref L(v2mL) and f R(v2mR) are the Fermi distribution
function for the left lead and right lead, respectively. T
chemical potential difference between these two leads is
lated to the applied bias~V! between leads and QD bymL
2mR52V. Throughout the paper, the bias is measured
units of eV instead of volts.GL andGR denote the tunneling
rate from QD to the left lead and right lead, respective
Gda(v) denotes the retarded Green function for an elect
in the QD with spina. Because it is very difficult to fully
include the tunneling rate as a function of energy and b
we assume that these tunneling rates are energy and
independent, even thoughGL(R) can be determined with a
numerical method.9

Because we are interested in the case with strong stre
of ELOPI (g5l/v0), a perturbative method will not work
well. We introduce a unitary transformation25

S5expF2
l

v0
(
a

da
†da~b†2b!G ~3!

and the transformed Hamiltonian can be written as

H085(
k,s

ekCk,s
† Ck,s1(

p,s
epCp,s

† Cp,s1U8d8↓
†d↓8d8↑

†d↑8

1(
k,s

VkSbCk,s
† ds81(

p,s
VpSbCp,s

† ds8 ~4!

and H185v0b8†b8, where the new operators areda8

5dae2(l/v0)(b†2b), b85b2(l/v0)(ada
†da , and Sb

5e2(l/v0)(b†2b).
Due to the electron-phonon interaction, the energy of

ground state in the QD and the Coulomb charging energy
renormalized toE085E02l2/v0 andU85U22l2/v0. The
hopping terms between the QD and the leads@the last two
terms in Eq.~4!# are also renormalized by a factorSb , which
describes the fact that the electron hopping will be accom
nied by a phonon cloud. Note that although the electr
phonon coupling term (H1) is only included for the localized
electron in the quantum dot, it leads to an effective phon
mediated coupling between the localized electron and
lead electrons. Therefore, even though the electron-pho
scattering rate can be small or vanishing in QD’s due to
phonon bottleneck effect~inability to satisfy the energy con
servation between discrete QD levels!,26 it can still give rise
to significant contribution to the phonon-assisted tunneli
08531
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since the energy conservation can be met by electron ju
ing between the QD and the leads.

In order to decouple the electrons from the phonon s
tem, we replaceSb by its expectation value in the groun
state at zero temperature,^Sb&5e2(1/2)(l/v0)2

. This proce-
dure is valid when one is dealing with a localized polaron27

as is our case here. In order to make the above approxima
more transparent, we compare our derivation with the re
of Ref. 28, which corresponds to our case withU50. In Ref.
28 the exact Green function of a localized polaron coupled
a band is obtained, and it is shown that replacingSb by ^Sb&
is a very good approximation whenv0 is larger than the
width of filled band in the leads.

We now calculate the Green function at zero temperatu
Gda(v)5^da ;da

†&v . Relating it to the correlation function
of the new operators

^da ;da
†&v5~^da8 ;d8a

†&^e2(l/v0)(b†2b);e(l/v0)(b†2b)&!v ,
~5!

we obtain

Gda~v!5e2(l/v0)2

(
n

S l

v0
D 2n 1

n!
@~12^nd,a&!

3Gda8 ~v2nv0!1^nd,a&Gda8 ~v1nv0!#, ~6!

whereGda8 (v) is the retarded Green function of a dress
electron~with a given spina) described by the new Hamil
tonian of Eq.~4!, and the indexn corresponds to the numbe
of phonons involved. The Green function for the dress
electrons is

Gda8 ~v!5F 12^nd,2a&

v2e081 iG8
1

^nd,2a&

v2e082U81 iG8
G , ~7!

where G8(v)5e2(l/v0)2
@GL(v)1GR(v)# and e085E08

2L8(v). L8(v) and G8(v) are, respectively, the real an
imaginary parts of the self-energy (^Sb&

2@(kuVku2/(v2«k)
1(puVpu2/(v2«p)#). For simplicity, we have ignored the
frequency dependence ofL8 andG8. For the Kondo problem
the self energy as a function ofv is important. However, we
are only interested in the Coulomb blockade regime he
and this effect does not have qualitative change in the t
neling behavior. The derivation of Eq.~7! is based on the
scheme described in Ref. 29.

The number of the electrons in the QD is solved in
self-consistent way

^nd,2a&5^nd,a&

5
1

pE2`

` GL8~v!f L~v2mL!1GR8 ~v! f R~v2mR!

GL8~v!1GR8 ~v!

3ImGda8 ~v!dv. ~8!

In the absence of ELOPI,Gda reduces toGda8 . When the
Coulomb interaction is zero,Gda in Eq. ~6! becomes
1-2
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Gda~v!5e2(l/v0)2

(
n

S l

v0
D 2n 1

n! F 12^nd,a&

v2e082nv01 iG8

1
^nd,a&

v2e081nv01 iG8
G . ~9!

There are two types of poles in Eq.~9!: v5e081nv0 and
v5e082nv0. If ^nd,a&50 ~an empty QD!, only the first type
of poles contributes. This implies that electrons in the l
lead with energies higher thane08 can enter the QD via the
phonon-emission process. On the other hand, when^nd,a&
51 ~a singly occupied QD!, only the second type of pole
exist. This implies that an electron in the QD with energye08
can leave the QD via the phonon-emission process. It is
easy to check that ImGda(v) satisfies the following sum
rule:
r-

nc
r-

08531
t

so

15E
2`

` dv

2p
ImGda~v!. ~10!

III. RESULTS

Substituting Eq.~6! into Eq. ~2!, we obtain the tunneling
currentJ5J11J2 with

J65J0e2(l/v0)2

(
n

S l

v0
D 2n ~N!6

n!
$~12^nd,2a&!

3@F~V6nv0!2F~2V6nv0!#1^nd,2a&

3@F~V6nv02U8!2F~2V6nv02U8!#%,

~11!

whereJ05(4e/h)(GLGR)/(GL1GR), N 15^nd,a&, N 251
2^nd,a&, F(x)5tan21(x1EF2e08/G8)2tan21(x2e08/G8),
and
^nd,a&5
GLF~V!1GRF~2V!

pG1GL@F~V!2F~V2U8!#1GR@F~2V!2F~2V2U8!#
.

t

nc-
r-
Using Eq.~11!, we show the tunneling current and diffe
ential conductance (G05dJ/dV) as a function of bias for
various ELOPI strengths (g5l/v050,0.3,0.5,0.6) in Figs. 1
and 2 for a low filling ~narrow band! case (EF<U) and a

FIG. 1. Current density and differential conductance as a fu
tion of bias for different electron longitudinal optical phonon inte
actions shown by~a! and ~b!, respectively;g50 ~solid line!, g
50.3 ~dashed line!, g50.5 ~dotted line!, and g50.6 ~dash-dotted
line!, whereJ05(4e/h)(GLGR)/(GL1GR) andEFL5EFR50.5.
high filling ~wideband! case (EF.U), respectively. The
common parameters used in both Figs. 1 and 2 are~in units
of v0) E052, GL5GR50.02, andU50.5. In a typical QD,
U;e2/e(0)D, where e(0) is the static dielectric constan

- FIG. 2. Current density and differential conductance as a fu
tion of bias for different electron longitudinal optical phonon inte
actions shown by~a! and ~b!, respectively;g50.0 ~solid line!, g
50.3 ~dashed line!, g50.5 ~dotted line!, and g50.6 ~dash-dotted
line!, whereEFL5EFR51.
1-3
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and D is the diameter of the QD. For InAs,e(0);13 and
v0;29 meV, soU50.5v0 corresponds to a QD with diam
eter around 80 Å. Here we are in the regime of strong in
dot Coulomb repulsion, sinceU is much larger than the tun
neling strengthG and the Coulomb blockade effect in th
tunneling current will be prominent.

We first discuss Fig. 1, the narrow-band case~with EF

50.5). For g50 ~solid line! the tunneling current has
simple one-bump structure. Its corresponding conducta
curve shows a peak at a biasV;1.5v0 when the Fermi level
is aligned with the QD level (E0) and a negative peak atV
;2.1v0 when the bottom of the band in the left lead
aligned with QD level. In this case, theI-V characteristic is
similar to a double-barrier tunneling junction, and it does n
display any ‘‘Coulomb blockade’’ behavior. This is becau
the width of the filled band in the lead is not large enough
have occupied band states aligned simultaneously with b
the one-electron QD level~at E0) and the two-electron QD
level ~at E01U). For g50.3 ~dashed line!, we haveE08
51.91 andU850.32. Note thatU8 is reduced~due to pho-
non renormalization! to a value less than the width of th
filled band. This allows the ‘‘Coulomb blockade’’ effect t
become apparent. As a result, the tunneling current displa
main structure of two bumps with the second bump occur
when the Fermi level passes the two-electron QD level~at
E081U8). The corresponding conductance curve shows
peaks atV5E082EF andV5E081U82EF followed by a dip
at V5E08 . In addition, there is a secondary structure, wh
is caused by one-phonon-assisted tunneling process. Fg
50.5 ~dotted line!, U8 happens to be zero~due to the exact
cancellation ofU with the phonon renormalization term
2l2/v0). In this case the Coulomb blockade effect is elim
nated. Thus, the tunneling current only displays a sin
bump with enhanced strength and a line shape similar to
g50 case. Two secondary structures appear in the tunne
current curve at the high bias side. They are caused by
one-phonon- and two-phonon-assisted tunneling process
spectively. Forg50.6 ~dash-dotted line!, the phonon renor-
malization effect surpasses the Coulomb repulsion, and
have a negativeU8 situation ~here U8520.22). The
negative-U8 effect leads to a two-bump structure in the tu
neling current with an ‘‘inverted’’ line shape~as compared to
the positive-U8 case!. This line shape is caused by a redu
tion in tunneling current when the one-electron QD level
nearly half filled~for a given spin component! and the two-
electron QD level (E081U8) is below the bottom of the ban
in the left lead@see Eq.~11!#. This occurs atV5E081U8
;1.42, where the corresponding conductance curve sho
dip. The conductance curve for the negative-U8 case is char-
acterized by a peak atV5E082EF followed by two dips at
V5E081U8 and V5E08 . Again, the one-phonon- and two
phonon-assisted tunneling processes lead to additional
ondary structures at the high bias side. Note that the b
widths of the main bump and the secondary bumps are e
to the width of the filled band in the left lead. As expecte
the strength of the secondary bumps increases with incr
ing strength of EPI.
08531
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The conductance curves shown in Fig. 1~b! display sharp
positive and negative peaks, which mark precisely the on
~when the Fermi level is aligned with an allowed discre
level in QD! and ending~when the bottom of the band in th
left lead is aligned with an allowed discrete level in QD! of
each tunneling process. The tunneling process can be eit
direct tunneling or phonon-assisted tunneling and the
lowed discrete level can be eitherE08 ~one-electron level! or
E081U8 ~two-electron level!. Here for the narrow-band case
the phonon-assisted tunneling process is always of the
type ~an electron in the left lead tunnel through a QD lev
while emitting phonons!, and their peak positions are marke
by V5E082EF1nv0 or V5E081U82EF1nv0.

We now discuss Fig. 2, the wideband case withEF51.
For g50 ~solid line!, the tunneling current displays a typica
‘‘Coulomb blockade’’ behavior with a second plateau appe
ing at a bias greater than (E02EF)1U. For g50.3 ~dashed
curve!, the main structure is similar in shape, but shifted
lower bias side due to the phonon renormalization term.
g50.5 ~dotted curve! ~theU850 case!, the tunneling current
displays a single plateau in the main band~due to the ab-
sence of Coulomb blockade! followed by a sideband a
higher bias side~due to the phonon-assisted tunneling!. For
g50.6 ~dash-dotted curve! ~the negative-U8 case!, the tun-
neling current displays a two-plateau structure with ‘‘i
verted’’ line shape~with a reduction in current when th
bottom of the band in the left lead moves above the tw
electron QD level! followed by the phonon side bands.

The phonon-assisted tunneling process for the wideb
case can be either of type I or type II. This leads to some
structures that can only be distinguished in the conducta
plot as shown in Fig. 2~b!. For example, withg50.5 ~dotted
curve! there are small peaks at biasV50.25 andV51.25
due to the one-phonon- and two-phonon-emission proce
of the second type~an electron tunnels from the QD to th
right lead while emitting phonons! via the one-electron QD
level (E08). Here the peak strength atV50.25 ~due to one-
phonon emission! is smaller than that atV51.25 ~due to
two-phonon emission!. This is because the strength for th
type-II phonon-assisted tunneling is proportional to^nd,a&,
which is very small at low bias (V50.25). The small peak o
dash-dotted line~for g50.6) atV50.49 is due to a type-II
one-phonon-emission process via a two-electron QD le
(V5v01E081U82EF). The type-II phonon-emission pro
cesses become pronounced as the width of filled band in
leads increases, and it should be detectable for the he
doping case.

Recently, the strength of ELOPI in QD’s has been
ported to be in the range 0.5–1.25,12–14 which is strong
enough to give rise to observable effect in the tunneling c
rent. Here we consider the ELOPI to be ‘‘strong’’ when th
phonon-induced renormalization in the Coulomb charg
energy, 2l2/v0 is comparable to the bare intradot Coulom
repulsion U, i.e., g;AU/2v0. These experimental result
can be illuminated by the theory of Ipatova, Maslov, a
Proshina.30 In QD’s ELOPI is given approximately by

g5
l

v0
5a

a0

R
5

e2

2\v0
S 2m* v0

\ D 1/2S 1

«`
2

1

«0
D a0

R
,

1-4
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wherea is the Fröhlich parameter,a0 is the radius of the
polaron, andR is the radius of QD. The polaron effect be
comes more pronounced as the dot size decreases. Ifa0 /R
@1, the enhancement of ELOPI is very large. If the stron
coupling criteriong.0.5 ~for U50.5v0) is met, the prob-
ability of multiphonon assisted tunneling is large. Therefo
we expect that multiphonon sidebands can be observed
perimentally, and their strength can be used to estimate
enhancement of ELOPI in QD’s.

IV. CONCLUSION

In this paper we have theoretically studied the tunnel
current through quantum dots in which the EPI and intra
Coulomb repulsion~U! are strong. Using a unitary transfo
mation allows us to obtain the tunneling current for the ar
trary strength of EPI. The closed-form expression@Eq. ~11!#
provides a convenient tool to analyze the tunneling curr
including both Coulomb blockade and phonon-assisted
fects. For small QD’s the electron-phonon interaction can
enhanced substantially and our study shows that it will le
to pronounced sidebands in tunneling current caused by m
tiphonon emissions. Two types of phonon emission proce
are identified. One corresponds to electrons from the left l
tunneling to the QD while emitting phonons; the other c
h-

c

tt.

ic

D

.

v

B
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responds to electrons in the QD tunneling to the right le
while emitting phonons.

We have shown that the effective Coulomb repulsionU8
can be reduced substantially due to EPI and it can even
come negative for a strong EPI. We have also shown that
the narrow-band case the Coulomb blockade effect is
apparent without EPI, but the reduction ofU8 due to EPI can
make the Coulomb blockade effect apparent. Furthermor
negativeU8 due to strong EPI effect can lead to ‘‘inverted
line shape in the tunneling current. The renormalization
the Coulomb interaction due to electron-phonon interact
has been noted in Refs. 22 and 25, while Anderson was
first to point out the importance of negativeU in amorphous
semiconductors.31 We note that the negative effective Co
lomb interaction for electrons in QD’s could lead to intere
ing collective phenomena such as the superconducting s
or spontaneous magnetic ordering in two-dimensional qu
tum dot arrays,32 where a narrow band is formed due to th
weak interdot coupling.
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