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Interaction between Kondo impurities in a quantum corral
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We calculate the spectral densities for two impurities inside an elliptical quantum corral, using exact diago-
nalization in the relevant Hilbert subspace and embedding into the rest of the system. For one impurity, the
space and energy dependence of the change in differential conductanceDdI/dV observed in the quantum
mirage experiment is reproduced. In presence of another impurityDdI/dV is very sensitive to the hybridiza-
tion between impurity and bulk. The impurities are correlated ferromagnetically between them. A hopping
*0.15 eV between impurities destroys the Kondo resonance.
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I. INTRODUCTION

In recent years, the manipulation of single atoms on top
a surface using scanning tunneling microscopy~STM! was
made possible,1 and quantum corrals have been assemb
by depositing a closed line of atoms or molecules on no
metal surfaces.2–4 The local conduction spectral density
statesrc(r ,v), measured by differential conductancedI/dV
reveals patterns that remind us of the wave functions of t
dimensional noninteracting electrons under the correspo
ing confinement potential. In a recent experiment, a Co a
has been placed at a focus of an elliptic quantum corral,
the corresponding Kondo feature is observed not only at
position, but also at the other focus, where a ‘‘mirage’’
formed as a consequence of the quantum interference.4 Vari-
ants of this experiment involving several impurities~Co at-
oms! and eventually mirages inside the corral are being p
formed, opening new possibilities in nanotechnology.5 For
example, for two impurities at given positions inside a c
cular corral of adequate radius, two independent mirages
observed, suggesting the possibility of a simultaneous tra
mission of information to remote places. Also, when tw
impurities are placed next to each other, the signature of
Kondo effect disappears and reappears again for a clust
three impurities. For one impurity, the main features of
observed space and voltage dependence ofdI/dV have been
reproduced by several theories.6–11 However, they have se
vere limitations. Since in Refs. 6–8 the density of states
spin at the impurityrd(v) is assumed rather than calculate
these theories cannot account for the interaction between
purities. In Ref. 9 the Kondo effect is absent, and pertur
tion theory in the Coulomb repulsionU ~Refs. 10 and 11! is
restricted to small values ofU.

The aim of the present work is to present a many-bo
theory of the quantum mirage which reproduces the exp
mental results for the case of one impurity and gives relia
predictions when more than one impurity is inside the cor
We calculatedI/dV and several correlation functions. In a
dition, we show that experiments with two impurities c
elucidate the role of the direct hybridization between the
purity and the bulkVb . Scattering theories3,6,7 obtained
agreement with experiment assuming that the resonant l
0163-1829/2002/66~7!/075421~5!/$20.00 66 0754
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width due to hybridization with bulk statesdb is as large as
that due to the surfaceds . On the other hand, the rapid deca
of the hybridization matrix elements with distance and sim
lar or larger density ofs andp states at the surface12 suggests
thatdb is negligible and the experiment for one impurity ca
also be explained ifVb50.10,11 A calculation ofdb has not
been made yet. A recent experiment suggests thatVb is more
important thanVs based on the rapid decay in the amplitu
of the dip indI/dV as the STM tip is moved away from a C
impurity.13 However, the interpretation, based on a mod
developed by Plihal and Gadzuk,14 assumes a flat jellium
model for the conduction states at the surface. If thes andp
electrons of Co were included in the model, one would e
pect a bump in the local conduction density of states at
impurity site which should increase the amplitude of t
resonance there. The role ofVb is not only crucial for a
correct theory of the mirage experiment, but also for a g
eral understanding of the interaction between metallic s
faces and adsorbates. Since actuallydb was introduced as a
phenomenological parameter which takes into account
electrons lost in the scattering process,3,6,7one expects that if
db5ds , the interaction between impurities is roughly
fourth of that for Vb50 if the same total widthdb1ds is
kept.

We obtain the ground state of the Anderson model in
cluster which contains one or two impurities and the relev
conduction states inside a hard wall ellipse using the Lanc
method. These states are then mixed with bulk states u
an embedding method.15 This embedding is essential to de
scribe the low-energy physics.16 Since the average separatio
between the relevant conduction statesd;100 meV~Refs.
8 and 10! is much larger than the Kondo temperatureTK
;5 meV,4 a Kondo peak at the Fermi leveleF is absent in
the finite system.10,11,17This is confirmed by our calculations
In addition, if the energy scale for embeddingt is much
smaller thand, a Kondo peak is present ateF , but with
an exponentially small width;2TK . In any case the
experimental line shape fordI/dV cannot be reproduced fo
small t.

The model and the embedding approximation are
scribed in Sec. II. Section III contains the results. Section
is a summary.
©2002 The American Physical Society21-1
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II. MODEL AND APPROXIMATION

The Hamiltonian can be written as

H5(
j s

« j cj s
† cj s1Ed(

is
dis

† dis1U(
i

di↑
† di↑di↓

† di↓

1(
i j s

V@w j~Ri !dis
† cj s1H.c.#1H8. ~1!

Herecj s
† creates an electron on thej th conduction eigenstat

~in order of increasing energy! of a hard-wall elliptic corral
with wave functionw j (r ) ~Ref. 18! and dis

† is the corre-
sponding operator for the impurity at siteRi . The hybridiza-
tion of these states with bulk states of the same symmetr
described byH8. We assume that each of the impurity a
conduction states mixes with a different continuum of bu
states:

H8>t(
j s

~cj s
† bj s1H.c.!1Vb(

is
~dis

† bis1H.c.!. ~2!

The bls represent bulk states for which we take a const
unperturbed density of 0.05 states/eV, similar to the den
of bulk s andp states ateF .12 Approximation~2! is justified
by a comparison of the noninteracting Green functions
hard-wall corrals and more realistic boundary potentials.11,19

The dressed matrixG describing the one-particle Gree
function is calculated by solving the Dyson equationG5g
1gH8G, whereg is the corresponding matrix forH850.15

This equation represents an infinite sum of particular d
grams in perturbation theory in H8 ~the chain
approximation20!. The diagonal matrix elements ofg are cal-
culated using the recursion technique combined with
Lanczos method. Off-diagonal matrix elements are cal
lated from diagonal elements of hybrid states, involving s
and difference of basis states. The resultingG is exact not
only for H850 ~isolated corral!, but also for the infinite
system in the uncorrelated caseU50. This shows that the
method is able to take into account adequately both str
interactions at short distances and itineracy at small ene
scales. The interplay between both is essential to the phy
of the Kondo effect. A similar approximate Dyson equati
in systems out of equilibrium has been used by Meir a
Wingreen to extend the Landauer formula to interact
systems.21 However, they do not attempt to solve the man
body problem.

Previous studies suggest that the approximation is g
when the matrix elements of the many-body self-energy
tween states of the bath is small. This is the case here,
cause the bath is far from the impurities, and experiment
it is clear that the spectral density of the conduction sta
out of the corral is practically not altered by the addition
one impurity. One would expect that a rough criterium f
the validity of the approximation in the description of th
Kondo effect is that the size of the exactly solved part sho
be smaller or of the order of the screening lengthj
;\vF /TK , whereTK is the Kondo temperature andvF is
the Fermi velocity. In practice, even whenj is 10 times
larger than the size of the system, the resulting value of
07542
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impurity spectral density at the Fermi energyrd(eF) practi-
cally coincides with the exact value, known from Friede
sum rule in cases in which the unperturbed conduction d
sity of states is nearly a constant aroundeF .22,23 We have
verified this for the whole functional dependence ofrd(eF)
with the occupation at an impurity site, embedded in a lin
chain. For much largerj, the approximation loses its quan
titative validity. In the mirage experimentj;800 Å and the
size of the ellipse is;140 Å. These arguments and com
parison of our results with those of other approximations10,11

indicate that the approximation is quantitatively valid for t
parameters relevant for the experiment.

The w j (r ) are obtained as described elsewhere.10 We
choose the ellipse with eccentricitye51/2 and size such tha
the statej 542 lies ateF .4 The change indI/dV (DdI/dV)
after an impurity is placed inside the corral is determined
the conduction states which lie neareF and have a strong
amplitude uw j (Ri)u at the impurity position. ForRi at one
focus they arej 532, 35, 42, and 51.10 We have also included
j 524 and 62, although this inclusion leads to negligib
changes in the results. We took the impurity parametersEd
521 eV andU53 eV used before by U´ jsághy et al.24 We
first consider the caseVb50 and one impurity at the lef
focus @Ri5(20.5a,0)#. The valueV50.04 eV was chosen
to lead to the observed width ofDdI/dV. This corresponds
to a hoppingVs51.12 eV between an impurity and a su
face atom below it, if a tight-binding model were used
describe the surface.9,11 The remaining parametert controls
the amplitude of the mirage at the right focus.

III. RESULTS

In Fig. 1~a! we represent the resulting impurity spectr
density rd(v) for two values oft. A clear Kondo peak is
obtained and fort*0.3 eV its width is very weakly depen
dent on t. Instead, fort→0, the peak splits into two very
narrow peaks out ofeF , in agreement with previous
studies.10,11,17We note that in this limit there is also a peak
eF with very small spectral weight which corresponds to
depressed Kondo effect: as long as there is a finite densit
unperturded conduction states at the Fermi energyr0, one
expects a Kondo peak at the Fermi energy. However, s
the relevant energy scaleTK decreases exponentially wit
decreasingr0, the spectral weight of this peak also vanish
when t→0 or if the temperature is increased aboveTK .
Since, forTK→0, j diverges, our approximation~as well as
previous ones10,11,17! are unable to describe this central pea
Instead, recent results using Wilson’s renormalization gro
were able to describe correctly the structure with three pe
in a system with rotational symmetry in two dimensions.25 In
any case, the regime with split peaks does not correspon
the mirage experiments.

In contrast tord(v), the magnitude of the change in th
conduction densityDrc(r ,v) at the empty focus (r 52Ri)
is quite sensitive tot*0.3 eV: ast increases, the width o
the conduction states increases, the weight of the states
35, and 51~odd under the reflection through the minor ax
of the ellipses) at eF increases and the depression ofrc
(2Ri ,v) decreases as a consequence of the negative i
1-2
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INTERACTION BETWEEN KONDO IMPURITIES IN A . . . PHYSICAL REVIEW B66, 075421 ~2002!
ference of these states with the even state 42.10 The differen-
tial conductancedI/dV at zero temperature is proportional
the densityr f of the state26

f s~r !5(
j

w j~r !cj s1qdj s . ~3!

Hereq is related to Fano’s interference parameter and re
sents the effect of a direct tunneling from the tip to the i
purity. Therefore, it is relevant only very near the impuri
For q50, r f(r ,v)5rc(r ,v). In Fig. 1~b! we represent the
effect of adding the impurity onr f(6Ri ,v) (Dr f
;DdI/dV). At the impurity siteRi , Drc(r ,v) is asymmet-
ric and smaller at the right of the valley. This is a cons
quence of the asymmetry of the hybridization aroundeF

@ uw51(Ri)u.uw35(Ri)u#. A symmetric line shape, as observe
in the experimentalDdI/dV, is restored forq;1. The effect
of this q is consistent with the fact that on a clean surfa
DdI/dV is larger at the right of the peak. Another nice fact
that the minimum ofDr f for q51 lies at the experimenta
position 1 meV. At the right focus (r 52Ri) we obtain a
similar valley, although slightly asymmetric and shifted
the left. Increasingt from 0.4 to 0.5, the magnitude of thi
valley is strongly reduced~its minimum is shifted above
25/eV) but its shape and width is retained. At the impur
position there are no significant changes.

The space dependence ofDr f for q50 is represented in
Fig. 2. As in the experimentalDdI/dV, the main features o
uw42(r )u2, attenuated at the right focus, are displayed. Th

FIG. 1. ~a! Impurity spectral density as a function of energy f
two values oft. ~b! Change in the density of the mixed statef s @Eq.
~3!# at the impurity site~left focus! for two values ofq and at the
other focus fort50.4 eV.
07542
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the theory reproduces the space and energy dependen
DdI/dV observed in the experiment.4 All results so far agree
semiquantitatively with perturbative calculations.10,11 To see
how the results change ifdb>ds is assumed, we have re
ducedV by a factorA2. This should reduceds by a factor 2.
IncreasingVb from zero to 1.2 eV, the original width ofrd is
restored. The intensity is reduced by a factor;2 ~due to the
strong energy dependence ofds). Drc turns out to be;4
times smaller. The additional factor 2 can be understo
from the fact that the change in conduction electron Gre
function is proportional toV2Gd(v), where Gd(v) is the
impurity Green function.10 Except for these factors, the re
sults are surprisingly similar to the previous ones. Some
them will be displayed in Fig. 4.

We now turn to the case of two impurities, one at ea
focus, forVb50. The spectral density for one of these im
purities is represented in Fig. 3~a!. Comparison with the pre-
vious case~Fig. 1! shows that the peak aroundeF broadens
~by a factor;1.5), loses intensity, and shifts to lower ene
gies. In addition, another very narrow peak appe
;13 meV beloweF . An analysis of the energy dependen
of the density of the individual conduction states shows t
the broad peak aroundeF is due to hybridization with state
even unders ~mainly 42!, while the narrow peak reflects th
hybridization of the impurity states with odd states~mainly
51!. The effect of the second impurity onrd is stronger than
that ondI/dV. This is due to the effect of the unperturbe
Green functions of the conduction states and is also pre
in the one impurity case.10 Nevertheless, a broadening of th
depression should be observed inDdI/dV and seems in
qualitative agreement with recent experiments.5 The space
dependence is similar to that for one impurity~Fig. 2! but it
is, of course, even unders and not attenuated at the righ
focus.

Qualitatively, the shape ofrd can be understood looking
at the noninteracting caseU50, Ed;eF . In this case, for
one impurity, the Kondo peak is replaced by a Lorentz

FIG. 2. Contour plot of Drc(r ,v) for t50.4 eV and v
510 meV.
1-3
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G. CHIAPPE AND A. A. ALIGIA PHYSICAL REVIEW B 66, 075421 ~2002!
neareF . For two impurities, a change of basis of thed or-
bitals to es5(d1s1d2s)/A2, os5(d1s2d2s)/A2, sepa-
rates the problem into those corresponding to even and
states unders. The even state hybridizes mainly with co
duction state 42 to form a resonance neareF , roughly twice
wider than for one impurity due to the larger effective h
bridization. Instead, the odd stateos is displaced towards
lower energies due to hybridization with state 51 that l
aboveeF ~the hybridization with other odd states like 32 a
35 is smaller!. The interactions modify the quantitative d
tails of this picture. However, it remains qualitatively vali
as indicated by the above-mentioned energy distribution
the different conduction states.

To gain insight into the nature of the ground state,
have also calculated spin-spin correlation functions fot
50. A reliable method to includeH8 in these calculations
has not been developed yet. For one impurity we obtain^Si
•s42&520.73, whereSi is the spin of the impurityi andsj is
the spin of the conduction statej. This value is close to the
minimum possible one23/4. For j Þ42, ^Si•sj& are very
small. Inclusion ofH8 should increase these correlations a
decreasêSi•s42& by a few percent. The space dependence
^Si•s(r )&, wheres(r ) the conduction spin at positionr fol-
lows closelyuw42(r )u2. For two impurities we find̂ Si•s42&
520.47 and^S1•S2&50.21. In the limit of largeU, one
expects that the main features of the spin dynamics forVb
50 are described by the HamiltonianH05J(S11S2)•s42,
whereJ.0 is the Kondo coupling. The ground state of th

FIG. 3. ~a! Impurity spectral density for one impurity at eac
focus and two values oft. ~b! Change in the density of the mixe
statef s after addition of both impurities@Eq. ~3!#, at one impurity
site for two values ofq. Parameters areV50.04 eV, Vb50, and
t50.4 eV.
07542
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Hamiltonian is a doublet in which the impurity spins a
correlated ferromagnetically between them (^S1•S2&51/4)
and antiferromagnetically with state 42 (^Si•s42&521/2).
These values are near to those we find. The effect of
hybridization of state 42 with bulk states can be modeled
a tight-binding Hamiltonian in terms of Wilson’s orbitals.H0
is the strong-coupling fixed point of Wilson’s renormaliz
tion group. An analysis of the stability of this fixed poin
using perturbation theory as in Ref. 27 leads to the conc
sion that the ground state is a doublet forVb50. However,
we expect that as soon asVbÞ0, the doublet is screened at
very low temperature. The RKKY interaction between imp
rities is several orders of magnitude smaller thanJ and can
be neglected.

For the set of parameters corresponding todb>ds , rd(v)
is much more similar to the one-impurity case, although
structure reminiscent of a splitting is also present near
maximum. In contrast to the case ofVb50, when a second
impurity is added, the depression inDdI/dV at one impurity
site Ri increases and its width is roughly the same~see Fig.
4!. Comparison with results whent is increased from 0.4 eV
to t50.5 eV ~not shown! suggests that whendb>ds ,
DdI/dV at 6Ri for two impurities is roughly the sum of the
results atRi and 2Ri for one impurity. This is what one
would expect if the interaction is small enough.

Coming back to the caseVb50, we have also verified tha
qualitatively similar features inDdI/dV are obtained at one
focus, if one impurity is placed there and the second impu
is put at another extremum ofw42(r ), like (0.22a,0) in Car-
tesian coordinates with the origin at the center of the ellip
~instead of placing it at the other focus!. In this case, the
spectral densities at (0.22a,0) have some additional structur
due to an important admixture of the state 41.28 In contrast, if
both impurities are placed close to the same focus and
each other, a moderate hoppingt;0.15 eV or larger be-
tween them is sufficient to destroy the Kondo resonance
particular DdI/dV becomes flat and featureless neareF .
This has been experimentally observed.5 The phenomeno-
logical theories6,7 would predict approximately an additiv
effect.

FIG. 4. Drc(r ,v) as a function ofv for the case of one impu-
rity at the left focus~solid and dashed lines! or one impurity at each
focus ~dash–double-dotted line!. Parameters areV50.04 eV/A2,
Vb51.2 eV, andt50.4 eV.
1-4
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IV. SUMMARY

We have studied the spectral density for impurities ins
a quantum corral, using a many-body approach which tre
exactly the correlations in the impurities and their hybridiz
tion with the relevant conduction states at the surface
treats approximately the hybridization with bulk states. T
method gives also the exact result in absence of interacti
We have reproduced the main features of the mirage exp
ment for one impurity inside the corral. For two impuritie
inside the corral, the differential conductance is very sen
tive to the ratioVs /Vb . For the parameters of the exper
ment, the spins of both impurities are antiferromagnetica
coupled with the conduction electrons and ferromagnetic
correlated between them, provided they are placed s
ciently far apart, so that the hopping between them can
re

utz

s.

07542
e
ts
-
d

e
s.
ri-

i-

y
ly
fi-
e

neglected. If this hopping is larger than 0.15 eV, there i
tendency to form a singlet state between both impurity sp
and the Kondo resonance disappears. To our knowledge,
is the first theory which is able to describe the line shape
the differential conductance when more than one Kondo
purity is inside the quantum corral. The theory with the sa
set of parameters should describe the differential cond
tance for other corral shapes or positions of the Fe
energy.
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