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Single and vertically coupled type-II quantum dots in a perpendicular magnetic field:
Exciton ground-state properties

K. L. Janssens,* B. Partoens,† and F. M. Peeters‡

Departement Natuurkunde, Universiteit Antwerpen (UIA), Universiteitsplein 1, B-2610 Antwerpen, Belgium
~Received 21 December 2001; revised manuscript received 5 April 2002; published 6 August 2002!

The properties of an exciton in a type-II quantum dot are studied under the influence of a perpendicular
applied magnetic field. The dot is modeled by a quantum disk with radiusR, thicknessd and the electron is
confined in the disk, whereas the hole is located in the barrier. The exciton energy and wave functions are
calculated applying a self-consistent mean-field theory in the Hartree approximation using a finite difference
mesh method. We distinguish two different regimes, namely,d!2R ~the hole is located above and below the
disk! and d@2R ~the hole is located at the radial boundary of the disk!, for which angular momentum~l!
transitions are predicted with increasing magnetic field. We also considered a system of two vertically coupled
dots where now an extra parameter is introduced, namely, the interdot distancedz . For a sufficient large
magnetic field, eachl h state becomesspontaneous symmetry brokenwith the electron and the hole moving
towards one of the dots. This transition is induced by the Coulomb interaction and leads to amagnetic-field-
induced dipole moment. No such symmetry-broken ground states are found for a single dot~and for three
vertically coupled symmetric quantum disks!. For a system of two vertically coupled truncated cones, which is
asymmetric from the start, we still find angular momentum transitions. For a symmetric system of three
vertically coupled quantum disks, the system resembles for smalldz the pillarlike regime of a single dot, where
the hole tends to stay at the radial boundary, which induces angular momentum transitions with increasing
magnetic field. For largerdz the hole can sit between the disks and thel h50 state remains the ground state for
the wholeB region.

DOI: 10.1103/PhysRevB.66.075314 PACS number~s!: 73.21.La, 71.35.Ji, 85.35.Be
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I. INTRODUCTION

The study of self-assembled quantum dots,1 as realized by
the Stranski-Krastanow growth mode, has been a fascina
research area during the last decade. The possibility to
cover new physics in these zero-dimensional structures
gether with possible applications in optoelectronics has
to many experimental and theoretical results. Most stud
were devoted to type-I quantum dots,2–9 where both electron
and hole are spatially located inside the quantum dots. R
tively few works, however, were done for type-II quantu
dots, where electrons and holes are spatially separated.
expects from this type of dots interesting properties, such
large tunability of the emission energy and radiative lifetim
that are considerably longer than for their type-I count
parts.10

Within the group of type-II quantum dots, one can s
distinguish between two systems. Namely, the system
confines the electrons inside the quantum dot, and form
antidot for the hole, like, e.g., the InP/GaInP dots~if strain is
neglected!. Besides this, there are the systems, such as G
GaAs ~Ref. 11! and InAs/Si,12 where the holes are confine
within the dot, but where the electrons are located outs
Experimental studies on this type of quantum dots have b
performed in Refs. 13–15 for the InP/GaInP system a
in Refs. 11,16 for the GaSb/GaAs system. Theoretical
vestigations on InP/GaInP type-II dots were performed
Pryoret al.17 and Tadicet al.,18 who used a strain-depende
k•p Hamiltonian to calculate the electronic structure. N
muraet al.19 calculated the Landau levels in a high magne
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field, solving the Hartree equations self-consistently, wh
the present authors studied an exciton in a planar quan
dot using a self-consistent mean-field theory in the Hart
approximation.20 Lelong et al.21 calculated the binding en
ergy of excitons, charged excitons, and biexcitons in Ga
GaAs dots using the Hartree-Fock~HF! approximation. The
magnetoexciton in a flat GaSb/GaAs dot was investiga
by Kalameitsevet al.22 Strain effects are very importan
when studying self-assembled quantum dots: in Ref. 1
was shown~in the absence of a magnetic field! that strain
can invert the hole confinement potential in InP quant
dots, confining the hole inside the dot. Experimental res
by M. Hayne et al.,14 however, led to the conclusion tha
the hole can also be located in the barrier material for
quantum dots. The aim of the present study is to use a m
as simple as possible to investigate the latter system
is not our intention to obtain exact quantitative results, d
scribing the real system, but to explore qualitatively t
physics that is present in single and vertically coupled type
systems.

In the present paper we study a single electron-hole
bound by the Coulomb interaction, i.e., an exciton, in
modeltype-II quantum dot. The quantum dot is modeled
a quantum disk of finite height, which is an extension of o
previous work20 where we did not take into account thez
direction. As an example, we consider the electron in the
and the hole in the barrier material. The conclusions of
paper are also valid for the reverse situation where the ho
inside the dot and the electron is outside the dot. In
present work, we neglect strain effects and for the confi
ment potential we use a hard wall of finite height, confini
©2002 The American Physical Society14-1
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the electron inside the dot and repelling the hole to the b
rier region. Furthermore, a magnetic field was applied in
growth direction, i.e.,B5Bez .

The first part of this paper deals with the study of t
exciton in a single dot. Investigation of the influence of t
disk parameters, namely, the radiusR and thicknessd,
showed that one can distinguish between two regimes:
disklike regime and the pillarlike regime. For the first on
the disk thicknessd is much smaller than its diameter, i.e
d!2R, whereas the latter one describes the system witd
@2R. Although the magnetic field couples only with th
in-plane electron and hole coordinates, we will show t
these systems, with differentz extension, behave very differ
ently under an applied magnetic field.

In the second part of the paper, we study the propertie
vertically coupled quantum dots. The interest of this stu
lies in the following. It is generally known that in realit
self-assembled quantum dots resemble more our disk
system than our pillarlike system. However, it is also kno
that it is not too difficult to form vertical stacks of thes
disklike dots and thereby create a system that could beh
like a pillarlike system.

The paper is organized as follows. In Sec. II, we give
brief discussion of our theoretical model. The numerical
sults in the absence of a magnetic field are presented in
III. Section IV deals with the result for a perpendicular a
plied magnetic field. Section IV A discusses the results
the single dot disklike system, whereas Sec. IV B is de
cated to the pillarlike system. Sections IV C and IV D de
with two vertically coupled dots, respectively, disks and tru
cated cones. Sections IV E and IV F deal with three vertica
coupled dots, respectively, for small and large interdot d
tances. Finally, we make a small revision of the results
the single disk in Sec. IV G. Our results are summarized
Sec. V.

II. THEORETICAL MODEL

We extended our previous approach,20 which was valid
for planar dots, and include thez direction. The energies an
wave functions are solved within the effective-mass appro
mation ~with me and mh the effective electron and hol
masses, respectively,r e,h5Axe,h

2 1ye,h
2 , vc,e5eB/me and

vc,h5eB/mh) and the single-particle equations can be w
ten as

F2
\2

2me

1

r e

]

]r e
S r e

]

]r e
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2me

]2
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l e
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4peE rh~r 8,z8!

ur2r 8u
dr 8Gce~r e ,ze!5eece~r e ,ze!,

~1a!
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~1b!

where we made use of the axial symmetry by taki
Ce(r e ,we ,ze)5eil ewece(r e ,ze) and Ch(r h ,wh ,zh)
5eil hwhch(r h ,zh), and where the densitiesre(r 8,z8) and
rh(r 8,z8) are given by, respectively,uCe(r e ,we ,ze)u2 and
uCh(r h ,wh ,zh)u2. We made use of a finite difference schem
to solve the equations. More details about the implemen
tion of this finite difference scheme can be found in Re
23,20. Note that we consider only a single electron a
single hole and therefore there are no exchange terms
confinement potentials we take hard walls of finite heigh

Ve,h~r e ,ze ,r h ,zh!5H Ve,h r e,h.R and uze,hu.d/2

0 otherwise,
~2!

with R the radius of the disk, and where we tookVe positive
andVh negative. Note that the only good quantum numbe
the total angular momentum in thez direction, defined by
L5 l e1 l h .

We solved the equations self-consistently using an ite
tive procedure. Since only the electron is confined in
absence of any Coulomb interaction, we start with the fr
electron solution. The Hartree integrals are then integra
numerically as

E r~r 8,z8!

ur2r 8u
dr 854E dz8E dr8

r~r 8,z8!r 8

A~r 1r 8!21~z2z8!2

3K S 4rr 8

~r 1r 8!21~z2z8!2D , ~3!

whereK(x) is the complete elliptic integral of the first kind
More details about the calculation and numerical implem
tation of this integral is given in Ref. 20.

After convergence of the iteration procedure, the total
ergy is given by

Eexciton5ee1eh1
e2

4peE E re~r ,z!rh~r 8,z8!

ur2r 8u
drdr 8.

~4!

The contribution of the correlation to the total energy is n
glected in HF, but for the self-assembled quantum dots,
expected to be less than 2%~Ref. 5! and for type-II dots this
will be even less.
4-2
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III. NUMERICAL RESULTS IN THE ABSENCE
OF AN APPLIED MAGNETIC FIELD

In our model system, there are two main parameters
can be varied: the radius of the diskR, and the thickness o
the diskd. In the first part of our numerical study we wi
investigate the influence of these parameters on the exc
energy and wave function in the absence of a magnetic fi
Following material parameters, typical for the InP/InGaP d
system, were taken:me50.077m0 , mh50.60m0 , e512.61,
Ve5250 meV, andVh5250 meV.

The variation of the disk radiusR and thicknessd has
large consequences for the hole wave function. Namely,
hole always tends to sit as closely as possible to the elec
In this way, when the disk thickness is larger than its dia
eter (d@2R), the hole will prefer to sit at the radial bound
ary of the disk. When we consider very thin disks, howev
(d!2R), it will be much more favorable for the hole to b
located above and below the disk. This state was not poss
in our previous study20 of the two-dimensional flat quantum
dot, where the hole was forced to sit at the radial boundar
the dot. To illustrate this, we calculated the probability
find the hole at the radial boundary of the disk as

Pside52pE
2`

`

dzhE
R

`

drh r huCh~r h ,zh!u2. ~5!

When calculating this value for varyingR andd, we obtained
a phase diagram for the position of the hole wave functi
which is shown in Fig. 1~a!. The hole confinement potentia
in all these calculations was fixed toVh5250 meV. The
solid curve indicates where 50% of the hole is located at

FIG. 1. ~a! Phase diagram of the probability for the hole wa
function to sit at the radial border of the disk, as a function of b
R andd. ~b!, ~c!, and~d! are contour plots of the hole wave func
tion, at the positions as indicated by the corresponding number
the main figure. The dashed lines in the contour plots indicate
boundary of the disk.
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radial boundary, for the dashed curves it is, respectively 2
and 75%. In order to have a more visual picture of the h
state, we present contour plots of the hole wave funct
uCh(r h ,zh)u2 for three characteristic situations in the pha
diagram, as indicated by the numbered stars. Figure~b!
shows the hole density forR54 nm, d512 nm, where the
dotted lines indicate the boundary of the quantum disk.
clearly see that the hole is mainly situated at the radial s
of the disk. Figure 1~c! was made forR58 nm, d58 nm
and at this position, exactly 50% of the wave function
located atr h.R. The third plot, Fig. 1~d!, depicts the result
for a thin disk, withR512 nm andd54 nm, where the hole
wave function is mostly located above and below the di
where it is nearer to the electron.

Thus we can distinguish between two main systems:~a! a
disklike system withd!2R, where the hole will be located
above or below the quantum disk, and~b! a pillarlike system
with d@2R, where the hole sits mainly at the radial boun
ary of the disk. The solid line in Fig. 1~a! can be approxi-
mated by the curved51.76R25.41 nm. We will see in the
following section that a magnetic field has a very differe
effect on these two classes of systems.

IV. RESULTS FOR A PERPENDICULAR APPLIED
MAGNETIC FIELD

A. Single dot: A disklike system

After having discussed the influence of the main para
eters of our system, we are now ready to consider an e
feature, i.e., a magnetic field applied along thez direction,
parallel to the growth direction. The magnetic field w
squeeze the wave functions in the radial direction. Whed
!2R, the hole is above and below the disk, and will
pressed stronger to the center of the disk. Figure 2 dep
the exciton energy as a function of the magnetic field fo
disk with R510 nm andd52 nm for two different values of
the hole angular momentuml h . Note that this exciton energy
includes both the one-particle energies and the Coulomb

on
e

FIG. 2. The variation of the exciton energy with increasing ma
netic field, for a disk with thicknessd52 nm and radiusR
510 nm and two values of the hole angular momentum. The in
show the electron~dashed curve! and hole~solid curve! wave func-
tion for ~a! B50 T and~b! B550 T.
4-3
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ergy, i.e.,Eexciton5Ee1Eh2Ecoul . In the present case th
single hole energyEh will be 0, as the single hole is no
confined. The single electron energies atB50 T and B
550 T are given by, respectively,Ee5192.6 meV andEe
5212.3 meV. We find a strong enhancement of the exc
energy of almost 20 meV forB50 T→B550 T. Due to the
magnetic field, the electron and hole are both pushed cl
to the center, which enhances the Coulomb interaction. H
ever, also the one-particle electron energy increases dr
cally with increasing magnetic field, thus canceling the eff
of the enhanced~negative! Coulomb energy. The two inset
show what happens with the electron~dashed curves! and
hole ~full curves! wave functions when a magnetic field
applied. ForB50 T @Fig. 2~a!# the electron is strongly con
fined in the quantum disk, and the hole is localized abo
and below the disk. From the figure, it is obvious that t
position is energetically most favorable for the hole, sin
the hole will be very close to the electron. Because of
very small thickness, there is some smearing of the elec
wave function out of the disk in thez direction, which at-
tracts the hole to this position. The corresponding wave fu
tions for B550 T are plotted in Fig. 2~b!, where again the
dashed curve indicates the electron wave function, and
solid curve the hole. We see that both particles are co
pressed in the radial direction. For the electron, this lead
a further penetration of the wave function into the barri
Because of this, the hole will be even stronger attracted
the top and bottom of the disk, which leads to a larger p
etration of the hole in the disk. As a result, the hole wa
function will also be slightly squeezed in thez direction.

B. Single dot: A pillarlike system

The exciton energy as a function of the magnetic field
plotted in Fig. 3 for the case ofR54 nm, d512 nm, and
Vh5250 meV. An interesting feature that appears is the

FIG. 3. Evolution of the exciton energy with increasing ma
netic field, for a disk with thicknessd512 nm and radiusR
54 nm. Increasing the magnetic field, leads to successive tra
tions of the hole angular momentuml h indicated by the arrows. The
insets depict countour plots of the electron~dashed contour lines!
and hole wave functions atB50 T ~a!, and B550 T ~b!. The
dashed line indicates the disk boundary.
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currence of~hole! angular momentum transitions with in
creasing magnetic field. The origin of the angular moment
transitions is the following. As discussed in Sec. III, the p
ferred position of the hole for a disk with a thickness larg
than its diameter will be at the radial boundary of the dis
When a magnetic field is applied along thez direction, the
hole will be pushed against the border of the disk. Since
disk forms a barrier for the hole, it will be energetically mo
favorable to jump to a higher angular momentuml h state.
Notice thatl h is an approximate quantum number. This fe
ture was also apparent in our previous study of planar typ
dots,20 where we forced the hole to sit at the radial bounda
This is similar to an exciton in a quantum-ring structure.24,25

In the present study, however, we allow for the hole to re
also in thez direction. Therefore, for a small thickness of th
disk ~disklike system!, it will be much more favorable for the
hole to move in thez direction and only for thick enough
disks, suchl h transitions occur. Contour plots of the wav
functions are shown, respectively, for the hole atB50 T
@Fig. 3~a!# and atB550 T @Fig. 3~b!# and for the electron a
B550 T @Figs. 3~b!, dashed contour lines#. We find that the
electron is located in the center of the disk, with almost
penetration into the barrier. AtB50 T, the hole is mainly
sitting at the radial boundary of the disk, although there
some extent of the wave function towards the top and bot
of the disk, and there is also some penetration into the
When increasing the magnetic field, the hole jumps to
l h51 state aroundB.15 T. When an angular momentum
transition occurs, the hole is pushed at the side, where it
more space to extend in the radial direction. Further incre
ing the magnetic field leads to a jump tol h52 at B.45 T
and to l h53 at B.79 T. In the absence of thosel h transi-
tions, the magnetic field would have compressed the h
much more strongly to the radial boundary of the disk, wh
leads to a larger energy as is shown clearly by the solid cu
in Fig. 3.

In order to investigate the influence of the hole confin
ment potentialVh on the angular momentum transitions, w
made a phase diagram of the angular momentum state o
hole as a function of both the confinement potential and
magnetic field. This is shown in Fig. 4 for a disk with radiu
R56 nm and thicknessd514 nm. The figure shows that u
to Vh5213 meV no angular momentum transitions occ
In this regionVh is too small to form a barrier for the hole
and the hole jumps inside the disk due to the Coulomb in
action, forming a type-I system. We also see that the tra
tion between type-I and type II is very sharp. In our previo
study of the planar dots,20 we found from a similar figure a
reentrant behavior to thel h50 state for sufficient large mag
netic fields. This is not so evident in the present case, as
find that the line that separates the type-I from the type
behavior is almost vertical.

From an experimental point of view, it is interesting
look at the probability for recombination of the excito
which is proportional to the square of the overlap integra

I 5E Ce~r !Ch~r !dr5E
0

2p

ei ( l e1 l h)wdwE
0

`

ce~r !ch~r !rdr .

~6!

si-
4-4
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The integral over the angle gives 2pd l e1 l h
. This means that

the probability for deexcitation is only nonzero forl e1 l h
50. This implies that, after an angular momentum transiti
the probability for recombination decreases strongly, lead
to a vanishing of the photoluminescence spectrum afte
certain value of the magnetic field. Figure 5 depicts
overlap integralI as a function of the magnetic field, fo
Vh5210 meV ~solid curve! and Vh5230 meV ~dashed
curve!. For Vh5210 meV the system is type I, as wa
demonstrated in the preceding paragraph, and therefore
ground state will always be thel h50 state, and the overla
integral is always nonzero. However, as the system tran
from type I to type II we see a strong decrease of the ov
lap, because the exciton becomes spatially indirect. Also
Vh5230 meV, we find a different behavior as function
the magnetic field: after the system has jumped to a hig
angular momentum state, the overlap integral becomes z
This is due to the fact that the conditionl e1 l h50 is no

FIG. 4. Phase diagram of the angular momentum transitions
function of the hole confinement potentialVh and the magnetic field
B, for a disk radiusR56 nm and thicknessd514 nm.

FIG. 5. Overlap integral as a function of the magnetic fie
for two values of the confinement potential of the ho
Vh5210 meV ~solid curve! and Vh5230 meV ~dashed curve!.
The overlap integral as function of the hole confinement potentia
shown in the inset forB50 T ~solid curve! andB525 T ~dashed
curve!.
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longer fulfilled. The inset shows the evolution of the overl
integral with the confinement potential of the hole. ForB
50 T, the ground state of the system is alwaysl h50 and
therefore the overlap is nonzero. ForB525 T, we can derive
from this figure also the transition from type-I to type II: fo
a type-I system, there are no angular momentum transit
and the overlap integral has a finite value. For a type-II s
tem, however, angular momentum transitions occur, and
overlap becomes zero.

C. Two vertically coupled dots

The inclusion of thez direction in our calculation enable
us to investigate systems of vertically coupled quantum d
We have now an extra parameter to vary, namely, the inte
distancedz . In this first part, we focus on two stacked do
of the same size, namely radiusR56 nm and thicknessd
56 nm, and withdz53.6 nm. The total stack height o
15.6 nm is thus larger than the diameter of the disks, be
12 nm. Therefore we expect to find a magnetic-field beh
ior which resembles that of the single-disk pillarlike syste
The result for the exciton energy as function of the magne
field is shown in Fig. 6. Indeed we find angular momentu
transitions with increasing magnetic field. Figure 6~a! depicts
contour plots of the electron~dashed contour lines! and hole
wave functions atB50 T and shows that the electron
symmetrically distributed over the two disks. The Coulom
interaction attracts the hole as close as possible to the e
tron, in this case the radial boundary of the disks. As one
see, the hole tends also to sit between the disks, to be
closer to the electron. A magnetic field acts on the wa
functions in the radial direction, and thereby pushes the h
stronger between the disks. There is, however, not eno
space, and therefore it will be energetically more favora
for the hole to jump to a higherl h state.

When giving a closer look at the behavior of the differe
l h states in a magnetic field~Fig. 6!, a remarkable feature
appears: thel h50 curve exhibits a kind of kink aroundB
515 T, and we find a similar feature forl h51 aroundB

a

is

FIG. 6. Exciton energy as function of the magnetic field, for tw
coupled disks withR56 nm, d56 nm, anddz53.6 nm. The insets
show contour plots of the wave functions forl h50 at, respectively,
B50 T ~a!, B515 T ~b!, andB530 T ~c! ~electron: dashed con
tour lines!, and for l h53 at B550 T ~d!.
4-5
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545 T. Investigation of the wave functions@Figs. 6~b,c!#
tells us that we are dealing with aspontaneous symmetr
breaking.26 The corresponding hole wave function atB
515 T and 30 T, forl h50, is shown in Fig. 6~b,c!, respec-
tively, where one can see clearly the increase of asymm
with magnetic field. But for such magnetic fields thel h50
state is not the ground state. This means that the jump
higher angular momentum state is still preferred above
asymmetric state@see Fig. 6~d! for l h53 andB550 T#. We
also found that with increasingl h the symmetry breaking
will occur at larger magnetic fields.

In order to investigate whether or not the ground-st
configuration is asymmetric, we calculated

DPasymm52pE
0

`

drh r hS E
0

`

dzh2E
2`

0

dzhD uCh~r h ,zh!u2,

~7!

which expresses the degree of asymmetry of the hole w
function in thez direction. This quantity is plotted in Fig. 7
as function of the magnetic field forl h50,1,2,3. This plot
confirms that afterB.15 T the l h50 state becomes highl
asymmetric, and for higherB also l h51 becomes asymmet
ric. The asymmetric states for the subsequentl h states occur
for B.50 T. The contour plot of the hole wave function
B550 T is shown in Fig. 6~d! for the ground state, which
is l h53. The inset of Fig. 7 shows the dipole moment f
the different l h states with increasing magnetic field. Th
is an interesting quantity, as it can be measured experim
tally. Note that for our symmetric system, we have t
unique feature that a magnetic field is able to induce a dip
moment.

We can understand the spontaneous symmetry breakin
follows. In the asymmetric case the electron wave functio
of course attracted to the hole@see Fig. 6~c!, dashed lines#
and thus stronger confined, in this way increasing its sing
particle energy. Therefore, the broken-symmetry state
only occur if it can overcome this increase in energy due t
larger Coulomb attraction between electron and hole.
mentioned that an increasing magnetic field favored

FIG. 7. Degree of asymmetry of the differentl h states as a
function of the magnetic field. The inset shows the dipole mom
as a function of the magnetic field.
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broken-symmetry state. The reason is that with increas
magnetic field the electron becomes stronger confined in
dot, and consequently expels more in thez direction. In the
broken-symmetry case it even expels more, resulting i
larger overlap with the hole, which can eventually make
asymmetric state lower in energy than the symmetric state
this is true, than the broken symmetry would occur ev
sooner with increasing magnetic field for thinner disk
where the electron is expelled more in the barrier materia
thez direction. We found that this is indeed the case for tw
thin vertically coupled disks (R512 nm, d53 nm, anddz
53 nm, l h50). For this system, we find already a broke
symmetry state for zero magnetic field. In this case, t
broken-symmetry state is also the ground state.

D. Two vertically coupled truncated cones

It is now interesting to check whether the above angu
momentum transitions survive in a system that is comple
asymmetric from the beginning, such as a system of t
vertically coupled truncated cones. The two cones are eq
and defined by a base radiusRb of 7 nm, a thicknessd
56 nm, and an angle of 71°~dashed lines in the insets o
Fig. 8!. The hole and electron wave function@Figs. 8~a!,
electron: dashed contour lines# show indeed the asymmetri
behavior, atB50 T and forl h50. The result for the exciton
energy as a function of the magnetic field is depicted in F
8. The interesting feature is that, even for this system, an
lar momentum transitions occur. Since there is still some p
of the hole wave function located at the radial border a
also some part between the disks, it appears to be still m
favorable for the hole to jump to the higherl h state than to
move more and more below the disk. Figure 8~b! shows a
contour plot of the hole wave function in the ground state
l h52 at B530 T.

E. Three vertically coupled dots: Small interdot distancedz

For simplicity we consider only the case of three identic
dots. The first system under investigation contains three

t
FIG. 8. Evolution of the exciton energy with the magnetic fie

for two coupled truncated cones. The insets show contour plot
the electron~dashed contour lines! and hole wave functions atB
50 T ~a! and atB530 T ~b!. The dashed lines indicate the dis
boundary.
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SINGLE AND VERTICALLY COUPLED TYPE-II . . . PHYSICAL REVIEW B 66, 075314 ~2002!
tically coupled quantum disks, each with disk radiusR
58 nm, disk thicknessd53 nm, and with interdot distanc
dz53 nm. In this case the confinement of the holeVh was
taken to be230 meV. Figure 9 shows the result for th
exciton energy as a function of the magnetic field. Similar
the case of the pillarlike single dot, we find angular mome
tum transitions with increasing magnetic field. The origin
these angular momentum transitions can be understoo
looking at the wave functions. The insets of Fig. 9 show
electron wave functions at~a! B50 T and~b! B550 T, and
it appears that the main part is located in the middle d
whereas there is some small extent of the wave function
both the upper and lower dots. AtB550 T, the wave func-
tion is more squeezed in the radial direction. The evolut
of the hole wave function with increasing magnetic field
depicted in Fig. 10. AtB50 T @Fig. 10~a!#, the main part of
the hole wave function is situated at the radial boundary
the stacked system and its probability to sit at the radial s
is Pside573%. There is some extent of the wave functi
towards the top and bottom of the stack, and also betw
the dots. When the magnetic field increases@Fig. 10~b!, B
510 T#, the wave function is pushed further between t
disks, because it prefers to sit as closely as possible to
electron. However, there is not enough space between
disks to confine the whole wave function, and therefore i
energetically more favorable for the hole to jump to a high
angular momentum state. Further increasing the magn
field leads to more angular momentum transitions@Figs.
10~c–f!#.

As can be seen from the wave functions, the ground s
for this system is always symmetric. The asymmetry,
found in the two-disks system, is, however, still present,
it turns out not to be the ground state. For thel h50 state, the
wave functions become asymmetric at aboutB520 T, re-
sulting in a slight bow in the full curve of Fig. 9. The fac
that the asymmetry is less pronounced in this system ca
understood as follows: in the three-disks system the m

FIG. 9. Exciton energy as a function of the magnetic field
three vertically coupled disks (R58 nm, d53 nm) with interdot
distancedz53 nm. Increasing the magnetic field leads to angu
momentum transitions, which are indicated by the arrows. The
sets show contour plots of the electron wave functions at, res
tively ~a! B50 T and ~b! B550 T. The dashed lines indicate th
disk boundaries.
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part of the electron is located in the middle disk. This is
contrast to the two-disks system, where the electron w
function has equal parts located in the two disks. Even w
an asymmetry is induced in the present three-disks sys
the electron will still be mainly located in the middle dis
and therefore the hole will sit more tightly at the radi
boundary than was the case for the two coupled disks.

F. Three vertically coupled dots: Large interdot distancedz

When we increase the interdot distancedz up to 5.5 nm,
the hole will start to be confined between the disks. Figure
shows that there are no angular momentum transitions
this system and it resembles very much the narrow disk
system~see Fig. 2!. In this figure the solid curve denotes th
l h50 state, whereas the dashed curve denotes thel h51
curve. We turn again to the wave functions to explain t
behavior. The electron is sitting mainly in the middle do
this time with smaller extent into the upper and lower do
@Figs. 11~a! and 11~b! for, respectively,B50 T and B
550 T, dashed contour lines#. The contour plot for the hole
wave function@Fig. 11~a!# shows that already atB50 T the
hole is completely situated between the disks. This is
preferred place for the hole, as it tends to sit as close
possible to the electron. Further increasing the magnetic fi
squeezes the wave function more in the radial direction@Fig.
11~b!#. As there is still enough space between the disks, th

r

r
-
c-

FIG. 10. Contour plots of the hole wave function correspond
to Fig. 9 for ~a! B50 T, ~b! B510 T, ~c! B515 T, ~d! B525 T,
~e! B535 T, and~f! B550 T. The dashed lines indicate the dis
boundaries.
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K. L. JANSSENS, B. PARTOENS, AND F. M. PEETERS PHYSICAL REVIEW B66, 075314 ~2002!
is no need for the hole to jump to a higher angular mom
tum state, andl h50 remains the ground state over the who
B region.

For this case, no asymmetry occurs up toB550 T. This
means that this system is quite stable against spontan
symmetry breaking. This stability is due to the fact that ag
the electron is strongly located in the middle disk, and t
the hole is now sitting between the disks instead at the ra
boundary.

G. Revision of the results for the single-disk systems

We now turn back to the single-disk systems, both
disklike and the pillarlike, where we did not talk abo
broken-symmetry solutions. However, also in this case t
can be found.

We find that the disklike system, i.e.,R510 nm andd
52 nm, is perfectly stable up toB550 T and we find no
asymmetric behavior. This is in perfect agreement with
result for the three coupled disks withdz55.5 nm. Indeed,
for the disklike system we have again the electron sitting
the disk with the hole above and below the disks, which
quite similar to the second three-disks system.

For the pillarlike system, i.e.,R54 nm andd512 nm,
we do find an asymmetry, but only for thel h50 state and at
very high magnetic fields, i.e., starting aroundB.80 T. The
difference in energy between the states with symmetric

FIG. 11. Exciton energy as a function of the magnetic field,
three vertically coupled disks (R58 nm, d53 nm) with interdot
distancedz55.5 nm. The insets are contour plots of the electr
~dashed contour lines! and hole wave functions for~a! B50 T and
~b! B550 T. The dashed lines indicate the disk boundaries.
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antisymmetric wave functions is only 0.08 meV forB
590 T. The ground state, however, remains symmetric o
the total consideredB region. Thus the wave functions, a
plotted in Fig. 3, remain unchanged.

V. CONCLUSIONS

We studied an exciton in a type-II quantum disk of radi
R and thicknessd. For the confinement potential we took
hard wall of finite height, with the hole located in the barrie
which is only confined by the interaction with the electro
confined inside the dot. We calculated the exciton energy
wave function using the Hartree-Fock mesh method, wh
allows us to start without any knowledge of the single ho
wave function. We limit ourselves to the study of amodel
system in which strain effects are neglected.

In the first part, we examined the case of an exciton i
single disk. First we investigated the exciton properties in
absence of a magnetic field. The calculation of the proba
ity for the hole wave function to sit at the radial bounda
tells us that we can distinguish two ‘‘regimes’’: disklike sy
tems withd!2R, where the hole will prefer to sit above an
below the quantum disk, and pillarlike systems withd@2R,
where the hole will be located at the radial boundary of
disk.

Applying a magnetic field along thez direction results in
a different behavior for these two systems. For the diskl
system, the hole is squeezed in the radial direction by
magnetic field, and the ground state of the system is thl h
50 state for all values ofB. For the pillarlike system, the
magnetic field pushes the hole closer to the disk bound
which forms a barrier for the hole. Therefore it will be ene
getically more favorable for the hole to jump to a high
angular momentuml h state, as then the wave function is ab
to relax away from the radial boundary. With increasi
magnetic field, we find successivel h transitions.

The investigation of a system of two vertically couple
disks was done in order to compare its magnetic-field dep
dence with the pillarlike single-disk system. As was e
pected, we find again angular momentum transitions of
ground state. Moreover, a different feature appeared in
study, namely, a spontaneous symmetry breaking, induce
both the Coulomb interaction and the magnetic field. W
found though that with increasing magnetic field, it is st
preferable for the hole to jump to a higher angular mom
tum state. Investigation of a system of two vertically coupl
truncated cones told us that also in this case angular mom
tum transitions occur, although the system is highly asy
metric.

A system of three vertically coupled disks was inves
gated in the third part of the paper. It was shown that
system with small interdot distancedz behaves similarly to
that of the single pillarlike disk. Again we found angula
momentum transitions with increasing magnetic field. Fo
larger interdot distance, however, the hole wave funct
tends to sit between the disks. In this case, an increa
magnetic field does not lead to angular momentum tra
tions anymore, and thel h50 state remains the ground stat
No spontaneous symmetry-broken states are found as

r
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ground state. This is similar to the single-disk system wh
symmetry-broken states occur only as excited states.
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