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Properties of hexagonal polytypes of group-IV elements from first-principles calculations

C. Raffy, J. Furthmu¨ller, and F. Bechstedt
Institut für Festkörpertheorie und Theoretische Optik, Friedrich-Schiller-Universita¨t, 07743 Jena, Germany

~Received 27 March 2002; published 2 August 2002!

Results ofab initio calculations are reported for hexagonal polytypes of C, Si, and Ge in equilibrium and
under hydrostatic pressure. For each polytype 2H, 3C, 4H, and 6H, the atomic geometry, the energetics, and
the electronic structure are studied. The resulting lattice parameters are in good agreement with measured
values. While 3C is the most stable polytype for each element, pressure-induced phase transitions to hexagonal
modifications are found to be possible. Silicon is the most favorable candidate in this respect. The results are
interpreted within the axial next-nearest-neighbor Ising model. It simultaneously allows the derivation of
formation energies for stacking faults in agreement with other calculations and measurements. We predict
significant differences in the band structures between the hexagonal polytypes and the diamond structure. This
holds especially for the energy gaps and the location of the conduction-band minima. Trends with the hexago-
nality of the polytype and the element are derived.
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I. INTRODUCTION

The group-IV elements silicon~Si! and germanium~Ge!
usually crystallize in the cubic diamond structure, in whi
the atoms are fourfold coordinated. The nearest-neighbo
oms form regular tetrahedra. The bonding configuration
mainly characterized bysp3 hybrids. At high pressure, how
ever, several polymorphs with varying coordination ha
been reported.1–6 Carbon ~C! also exhibits a number o
polymorphs.7,8 Besides the cubic diamond structure, graph
and crystalline structures of C60 molecules are, for instance
observed.

Polytypism is a one-dimensional variant of the pheno
enon of polymorphism. In group-IV materials, polytypes
the common diamond structure can be formed by keeping
tetrahedral coordination, but varying the stacking seque
along one direction.9 The polytypes differ only in the manne
in which the bilayers are stacked along the hexagonalc-axis
direction, either in the ‘‘chair’’ or in the ‘‘boat’’ conformation
~see Fig. 1!. The first case corresponds to a pure cubic~C!
stacking of the IV-IV double layers in the@111# direction.
The bonds nonparallel to@111# do not change their orienta
tion, and the periodicity in the@111# direction is reached afte
three bilayers. The diamond structure is thus called 3C in
Ramsdell notation.10 In the ‘‘boat’’ conformation, pure hex-
agonal~H! stacking occurs in the@0001# direction. The ori-
entation of the bonds nonparallel to@0001# is changed in
every bilayer. Periodicity occurs after two IV-IV bilayer
The resulting wurtzite structure is thus called 2H. It is some-
times also referred to as lonsdaleite, or hexagonal diam
Other polytypes represent hexagonal~H! or rhombohedral
~R! combinations of these stacking sequences.9 Important ex-
amples are the 4H and 6H polytypes with four or six bilay-
ers and, hence, eight or 12 atoms in the corresponding
agonal unit cell. The 3C, 2H, 4H, and 6H structures are
represented in Fig. 1. Many other polytypes, with larger u
cells, are possible. In the case of the only stable group
compound SiC, more than 200 polytypes have be
determined.11

Under extensive pressure and heat treatment, the tran
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mation of cubic-diamond silicon crystals into wurtzite Si w
already observed 40 years ago.12 The generation of hexago
nal phases of Si during high-temperature indentation
diamond-structure Si crystals was first studied by Ereme
and Nikitenko.13 The transformation mechanism in the pr
cess of plastic deformation has then been studied in deta
Pirouzet al.14 Tanet al. have also observed the formation
2H-Si in ion-implanted diamond-structure crystals.15 More
recently, hexagonal Si has been prepared by pulsed l
beam annealing,16 by laser ablation,17 and by the cluster-
beam evaporation technique.18 Moreover, poly-Si layers fab-
ricated routinely by low-pressure chemical vapor deposit
~CVD! show, besides 2H,19 other higher-order polytypes like
4H and 9R.20

The generation of a hexagonal polytype after tempera
indentation works for germanium as well. As for Si, ribbo
of wurtzite Ge have been obtained in a diamond-struct
matrix.21–23 Interestingly, Ge nanocrystallites embedded
4H-SiC matrices with diameters below 10 nm also exhi

FIG. 1. The bond stacking in@0001# direction in the four poly-
types studied. The hexagonal unit cells are shown. Bonds i

(112̄0) plane are indicated by heavy solid lines. The cubic~c! or
hexagonal~h! character of a bilayer is defined by the nonparal
bond in this plane. The signs1 and2 denote the orientation of a
bilayer.
©2002 The American Physical Society01-1
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hexagonal crystal structures.24,25They have been prepared b
ion implantation and subsequent rapid thermal anneal
Furthermore, 4H-Ge could be obtained by annealing th
‘‘allo-germanium’’ phase.26

The hexagonal wurtzite polytype of carbon was fi
found in meteorites.27 It was then synthesized in the labor
tory by Bundy and Kasper from graphite, using extreme c
ditions of pressure and temperature.28 In diamond-like-
carbon films grown by CVD, a high density of~111!
microtwins and stacking faults has been observed, indica
that part of the deposited films might contain the hexago
diamond phase.29 Homogeneous nucleation of diamond po
der has been studied in a low-pressure microwave-pla
reactor.30 The powder was identified to be a mixture of ca
bon polytypes with 3C, 2H, and 6H parts. Diamond poly-
type films ~mainly 4H) were deposited by pulsed-lase
induced reactive quenching.31 Hexagonal diamond has bee
also observed during pulsed-laser-induced transformatio
hexagonal graphite.32

Though the 2H, 4H, and 6H polytypes of the three ele
ments have been observed experimentally, little is known
their structural, cohesive, and electronic properties as we
their stabilities relative to the parent cubic structure. T
lattice constants of 2H-Si ~Refs. 13,17,19 and 33!, 2H-Ge
~Ref. 21!, 2H-C ~Ref. 28!, and 4H-C ~Ref. 31! have been
determined using x-ray diffraction or high-resolution tran
mission electron microscopy~TEM!. The Raman spectra o
wurtzite silicon ~Ref. 34! and 4H-Ge ~Ref. 26! have been
reported. A detailed symmetry analysis of the infrared- a
Raman-active vibrational modes7 has been published for
series of carbon polytype structures. The lattice consta
and the electronic structures have been studied theoreti
for the 2H ~Ref. 35! and 4H ~Ref. 31! polytypes of carbon
within the framework of the density functional theory36

~DFT! and the local density approximation37 ~LDA !, using
the linear muffin-tin orbital~LMTO! method together with
the atomic-sphere approximation~ASA!. Calculations of the
electronic properties of wurtzite Si and Ge within the emp
cal pseudopotential method have been reported.38Ab initio
pseudopotentials have been used to study the band struc
of 2H-Si and 2H-C ~Ref. 39! and their energetics~Ref. 40!.

In this paper, we present results of comprehensive D
LDA studies of the 2H, 3C, 4H, and 6H polytypes for the
group-IV elements C, Si, and Ge. We discuss their ato
structure, their energetical stability, possible pressu
induced phase transformations, and their electronic b
structure. The relative energies are used to derive the pa
eters of an axial next-nearest-neighbor Ising~ANNNI !
model.41 This model is used to discuss trends in energet
stability and the probability to observe two-dimensional d
fects like stacking faults.

II. COMPUTATIONAL METHODS

Our calculations are based on the DFT-LDA.36,37 The Vi-
enna Ab-initio Simulation Package~VASP! ~Ref. 42! is used.
The potential energy of an electron in the field of the nuc
screened by the core electrons is represented by non-n
conserving ultrasoft pseudopotentials.43 This allows a sub-
07520
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stantial softening of the potential, even for the first-row e
ment C which has no corep electrons. In Ge, the 3d
electrons are treated as core electrons. However, non-li
core corrections44 are taken into account. The single-partic
wave functions are expanded into a plane-wave basis
The kinetic-energy cutoffs considered are 24.2, 16.1,
10.4 Ry for C, Si, and Ge, respectively. The electron-elect
interaction is described by the Ceperley-Alder functional
parametrized by Perdew and Zunger.45

The k-space integrals, which appear in the expression
the total energy and the electron density, are replaced
sums over special points generated by the Monkhorst-P
method.46 The four polytypes 2H, 3C, 4H, and 6H consid-
ered in Fig. 1 are represented innH unit cells (n52,3,4,6)
containingn IV-IV pairs, with the lattice constantsa andc.
They are primitive cells with the exception of the cubic ca
As an advantage, a hexagonal Brillouin zone~BZ! with
nearly the same basis area, but a varying height 2p/c, can be
considered for all polytypes. We use approximately the sa
density of k points for all polytypes. A 113113k mesh
guarantees the convergence, withk being an integer varying
between 7 (2H), 5 (3C), 4 (4H), and 3 (6H). To check the
energetical differences between the polytypes, the total
ergy calculations have been repeated for a representatio
all polytypes in a 12H unit cell and ak-point mesh 11311
32.

For each polytype, we perform a full optimization of th
atomic structure. In the 3C case, only the lattice constanta
has to be varied, since the constantc is fixed by the ideal
ratio c/(3a)5A2/350.8165. For the hexagonal polytype
besidesa andc, one has to determine the (n21) internal-cell
parametersd( i ) and«( i ).47,48For a given volume of the uni
cell, a and c are determined in such a way that the to
energy becomes a minimum. For a given pair (a,c), the (n
21) internal degrees of freedom are varied until the forc
on the atoms vanish. The data of total energy versus volu
are fitted using the Vinet equation of state.49 This equation
has been found to be quite accurate for many crystals un
compression and for hexagonal polytypes too.50 Besides the
equilibrium volume, the fit gives the minimum total energ
E0, the isothermal bulk modulusB0, and its pressure deriva
tive B08 at the equilibrium.

III. RESULTS

A. Structural properties

The results of the structural optimizations are listed
Table I for the four polytypes and the three group-IV e
ments under consideration. The polytypes are ordered
cording to their hexagonality, defined by the ratio of t
number of the hexagonal bilayers to the total number of
layers per unit cell~cf. Fig. 1!. Between the most extrem
polytypes 3C with h50% and 2H with h5100%, one finds
the intermediate polytypes 6H with h533% and 4H with
h550%. Apart from the chemical trend with the group-I
element, the results show clear trends with the hexagona
For all elements, the lattice constanta decreases, whereas th
normalized lattice constantc/n and the ratioc/(na) increase
1-2
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TABLE I. Calculated equilibrium structural parameters and total energies relative to the 3C value. For
comparison other experimental and theoretical values are also given.

Element Polytype a ~Å! c/n ~Å! c/(na) B0 ~kbar! B08 E0 ~meV/atom!

C 3C present 2.495 2.0347 0.8165 4713 3.73 0
expt.a 2.522 2.059 0.8165 4420

6H present 2.490 2.047 0.8221 4712 3.74 5.9
4H present 2.488 2.052 0.8248 4687 3.92 9.2

calc.b 2.5221 2.0593 0.8165
expt.c 2.522 2.0585 0.8162

2H present 2.481 2.066 0.8327 4743 3.65 25.3
calc.d 2.50 2.070 0.828 4400 3.5 30.0
calc.e 2.49 2.072 0.8325 25.3
expt.f 2.52 2.06 0.8175

Si 3C present 3.816 3.115 0.8165 966 4.18 0
expt.a 3.8403 3.136 0.8165 979 4.24

6H present 3.810 3.122 0.8195 967 4.13 1.0
4H present 3.806 3.127 0.8215 967 4.13 2.4
2H present 3.798 3.140 0.8267 967 4.06 10.7

calc.e 3.800 3.135 0.8250 11.7
expt.g 3.86 3.155 0.817
expt.h 3.837 3.158 0.823
expt.i 3.84 3.140 0.815
expt.j 3.84 3.090 0.8165

Ge 3C present 3.979 3.248 0.8165 725 4.80 0
expt.a 4.001 3.267 0.8165 770 4.6

6H present 3.972 3.255 0.8196 728 4.77 4.3
4H present 3.969 3.258 0.8208 728 4.77 6.9
2H present 3.962 3.269 0.8250 728 4.74 16.1

calc.k 15
expt.l 3.96 3.285 0.8295

aReference 51. gReference 13.
bReference 8~data calculated from computer hReference 33.
simulation of x-ray diffraction patterns!. iReference 17.

cReference 31. jReference 19.
dReference 52. kReference 2.
eReference 40. lReference 21.
fReference 28.
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with increasing hexagonality. These trends correspond to
increasing deformation of the bonding tetrahedra, which
stretched along thec axis. This is in agreement with othe
calculations and, in principle, also with measurements~see
Table I!. However, systematic experimental studies are m
ing because of sample-quality problems. Of course, the
oretical lattice constants are slightly smaller than the exp
mental ones due to the overbinding tendency within
DFT-LDA.53 Interestingly, the trends are the same as in
case of the SiC polytypes,47 in spite of the modifications due
to the partially ionic bonding in the compound. For all he
agonal polytypes, the ratioc/(na) is larger than the idea
value A2/3 valid for 3C. This agrees with tendencies ob
served for III-V and II-VI compounds which crystallize no
mally within the zinc-blende structure. In contrast, the co
pounds for which the wurtzite polytype is more stab
exhibit ac/(na) ratio below the ideal value.40
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The overall elastic properties are represented by the
thermal bulk modulus and its pressure derivative. The ca
lated values in Table I confirm the result already observ
that the bulk modulus is rather insensitive with respect t
certain polytype structure.47,54 Only in the carbon case doe
there seem to be a weak variation influenced by two oppo
tendencies. The 4H polytype, with a hexagonalityh550%,
possesses the smallest bulk modulus.

The atomic relaxations, representing the deviations of
atomic positions from the ideal tetrahedron structure,
listed in Table II. Although they are extremely small, the
might be important for the stabilization of th
polytypes.47,48,55 This is well known from SiC, for which
similar absolute values of the relaxations have been deriv
even if the signs of«(1)(2H),d(2)(4H), andd(3)(6H) are
different. However, in the case of C, Si, and Ge, we ha
checked that the relaxations do not result in a change fo
1-3
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stability ordering of the polytypes. Their values can be co
pared with other calculations or measurements only in
case of 2H. Yehet al.40 found, with «(1)520.001, practi-
cally identical values for C and Si.

B. Energetical stability and stability against pressure

The ground-state energies of the hexagonal polyty
with respect to the diamond polytype are given in Table
The cubic polytype is the most stable one, followed by 6H
and 4H. The energy of the wurtzite phase is substantia
higher. There is a pronounced increase of the energy with
hexagonality. Our results for the 2H-3C energy differences
for C and Si agree well with other calculations, especia
with those by Yeh et al.,40 in which norm-conserving
pseudopotentials have been used. For Si, the energies o
polytypes 3C, 6H, and 4H are very close to each othe
which may indicate good chances for the preparation

FIG. 2. Relative energy vs hexagonality of the polytype. T
reference valueE0(3C) corresponds to the negative cohesive e
ergy within DFT-LDA.

TABLE II. Internal-cell geometry parameters. For definition
see Refs. 47 and 48.

Element Polytype i 1043«( i ) 1043d( i )

C 2H 1 26.9 –
4H 1 14.0 –

2 21.1 15.1
6H 1 12.7 –

2 7.0 14.0
3 21.3 5.7

Si 2H 1 29.4 –
4H 1 6.6 –

2 21.9 8.5
6H 1 6.6 –

2 3.6 7.8
3 21.2 2.9

Ge 2H 1 27.0 –
4H 1 8.0 –

2 21.7 9.7
6H 1 7.1 –

2 4.0 8.5
3 21.4 3.1
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polytypes withh&50%. Figure 2 shows the relative energi
of the polytypes as a function of hexagonality. For compa
son, the values for SiC polytypes are also given.56 For SiC, a
minimum is observed, due to the fact that 6H and 4H are
more stable than 3C. In contrast, the curves for C, Si, and G
exhibit a monotonous increase. However, the chemical tr
is very interesting and somewhat surprising. One obser
the ordering Ge, C, Si which contradicts the ordering of bo
energies of the diamond structuresE0(3C)5210.147~C!,
25.957 ~Si!, and 25.195 ~Ge! eV/atom. This has conse
quences for the probability to prepare hexagonal polyty
and to find stacking faults in the diamond-structure crysta
From a thermodynamical point of view, the tendency to t
formation of hexagonal structures is much more pronoun
for Si in comparison to Ge. Carbon takes an intermedi
position.

Strain may play an important role in the formation
hexagonal polytypes of group-IV elements.12–15,22,28For that
reason, the volume dependence of the total energies is
ted in Fig. 3. The curves indicate the energetical ordering
the polytypes discussed above at the equilibrium. Howe
for smaller volumes, i.e., when a hydrostatic pressure is
plied, phase transitions can occur between Si and Ge p
types. This is better seen when considering the variation
the enthalpy. For a given volume, the pressure is deri
from the Vinet equation of state. This allows us to repres
the enthalpyH5E1pV as a function of pressure in Fig. 4
The enthalpies of the four polytypes considered for Si a
Ge get closer and closer with increasing pressure. Accord
to Fig. 4, phase transitions may occur between 3C and 6H
~at about 100 kbar for Si and 250 kbar for Ge! and between
6H and 4H ~at about 450 kbar for Si and a pressure abo
500 kbar for Ge!. However, the many experimental and th
oretical studies devoted to the understanding of the hi
pressure polymorphism of the elemental semiconductor
and Ge have shown that phase transformations into non

-

FIG. 3. Total energy vs volume for different polytypes.~a! C,
~b! Si, and~c! Ge. 3C: squares, solid lines. 6H: circles, dot-dashed
lines. 4H: triangles, dashed lines. 2H: diamonds, dotted lines.
1-4
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rahedrally coordinated polymorphs can occur at lower tr
sition pressures.1–6 The cubic diamond phase of Si tran
forms into the metallic b-tin phase ~body-centered-
tetragonal! at 78 kbar,3 then into an intermediate
orthorhombic Imma phase, and into a simple hexagon
structure. The same sequence is found for germanium4–6

Under depressurization, theb-tin phase can generate com
plex metastable phases like r8~rhombohedral!, st12~simple
tetragonal!, bc8 ~body-centered-cubic!, or amorphous
phases.57–59 For carbon, in contrast to Si and Ge, the 3C
polytype remains stable even at high pressure, as indicate

FIG. 4. Enthalpy as a function of pressure for polytypes of
~a!, Si ~b!, and Ge~c!. The enthalpy of 2H is taken as reference
Transition pressures are indicated.
07520
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Fig. 4~a!. Phase transformations, which require bond bre
ing and rebonding, are hindered by the large C-C bond
ergy.

C. ANNNI model and stacking-fault formation

The polytypes differ only in the stacking sequence of t
tetrahedra along the@0001# direction. The resulting energeti
cal differences due to this uniaxial character can be reas
ably described by a one-dimensional Ising-type model,
ANNNI model.41,48,60,61In this model, each bilayeri is char-
acterized by a spin variables i561 according to the orien-
tation of the bonding tetrahedra. These orientations are i
cated in Fig. 1. The ANNNI model is usually applied to th
total energies. Here, we generalize the model to the enth
ies, i.e., to the situation in the presence of a finite hydrost
pressure. The enthalpy per two atoms can be described

H~p!5H0~p!2
1

n (
i 51

n

(
j 51

`

Jj~p!s is i 1 j , ~1!

where the labeli counts the bilayers in the unit cell of thenH
polytype andj runs over all interacting bilayers. More com
plicated interactions, such as four-spin correlations,60,61 have
been neglected. The parametersJj (p) are the interaction en
ergies with thej th-neighbor bilayer in the presence of a h
drostatic pressurep. The largest termH0(p) in Eq. ~1! rep-
resents the enthalpy of one bilayer in a polytype witho
interaction between the bilayers. Assuming that the lo
range interactions are small, we restrict thej sum up to the
third neighbors (j <3).

The valuesJ1 , J2, andJ3 are derived from the calculate
total energies~cf. Table I and Fig. 3!. They are listed in Table
III for the equilibrium state (p50) and for a certain hydro-
static pressure (p5400 kbar). For each element at ze
-

ed.
TABLE III. Parameters of the ANNNI model~in meV per pair! and resulting stacking-fault energies~in
mJ/m2). Besides the zero-pressure results, high-pressure ones~taken atp5400 kbar) are given in parenthe
ses.

Element J1 J2 J3 g ISF gESF gTSF

Ge present 16.5~8.5! -1.2 ~-4.5! -0.46 ~-1.74! 69.7 ~12.8! 62.2 ~-22.5! 30.0 ~-16.2!
Si present 11.4~6.2! -2.9 ~-6.2! -0.75 ~-2.3! 39.3 ~-13.2! 20.6 ~-63.9! 8.4 ~-38.7!

calc.a 38 20
calc.b 33 26
calc.c 47 36
calc.d 64 44 19
calc.e 87.7 70.8 33.8
expt.f 69 60

C present 25.6~29.6! -3.4 ~-3.8! -0.35 ~-0.43! 259.7~316.8! 214.5~263.8! 105.2~129.2!
calc.a 318 254
calc.b 300 253
expt.g 279641 279641

aReference 65. eReference 64.
bReference 63. fReference 67.
cReference 62. gReference 68. ISF and ESF have not been distinguish
dReference 66.
1-5
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pressure,J1 is positive and much larger thanuJ2u and, all the
more, thanuJ3u. This indicates a stabilization of the polytyp
constituted by bilayers with the same spin (s is i 11.0 for all
i ). According to the total-energy differences 2J112J3
(2H), J112J21J3 (4H), and 2(J112J213J3)/3 (6H)
with respect to the 3C polytype,48,62 this is a consequence o
the fact that 3C is the most stable polytype at zero pressu
For Si and Ge, when a hydrostatic pressure is appliedJ1
decreases whereasuJ2u increases. Approximately fo
2uJ2u/J1.1 ~if J3 is neglected!, the 4H and 6H polytypes
are more stable than 3C. For a huge pressure of 400 kba
this is clearly the case. Hydrostatic pressure weakens
effective first-nearest-neighbor interaction and increases
interaction with more distant bilayers, resulting in a stab
zation of the hexagonal structures. This is shown in the ph
diagram in Fig. 5, which contains a triple point forJ350 and
J1522J2 at which the 3C, 6H, and 4H phases degenerate
The situation is completely different for carbon. BothJ1 and
uJ2u increase with increasing pressure. As indicated in Fig
this behavior stabilizes the cubic phase. The triangles re
senting carbon in the phase diagram even move more
the 3C domain away from the 6H and 4H domains.

Besides the polytypism, the ANNNI model also enab
one to discuss some two-dimensional defects in cubic c
tals, like the stacking faults. The most common stack
faults are the intrinsic stacking fault~ISF!, the extrinsic
stacking fault~ESF!, and the twin stacking fault~TSF!.62–66

The ISF and ESF are related to the bond tetrahedron rota
in two bilayers and differ by the distance of the two pe
turbed bilayers by one or two bilayers. The ISF can
thought of as removing one bilayer from the infinite 3C
stacking sequence. Instead, the ESF can be thought o
adding one bilayer to the stacking sequence. The TSF is
fined by a reflection symmetry with respect to a plane m
way between a bilayer. The formation energyEf of a stack-
ing fault per two-dimensional unit cell perpendicular to t
stacking direction, is given within the ANNNI model by62,65

Ef~ ISF!54~J11J21J3!,

Ef~ESF!54~J112J212J3!, ~2!

Ef~TSF!52~J112J213J3!.

FIG. 5. Phase diagram of the four polytypes 2H, 3C, 4H, and
6H within the ANNNI model. The circles~Ge!, diamonds~Si!, and
triangles~C! indicate the group-IV element. The pressure values
given in kbar.
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The stacking fault energiesg(ISF/ESF/TSF) per unit area
follow from the values~2! by division with the areaA3a2/2
of one atom in a~111! plane. These values are listed in Tab
III together with results of other calculations62–66 and
measurements.67,68 The values confirm again that there is n
chemical trend along the row C, Si, Ge. From a thermo
namical point of view, it is much easier to generate stack
faults in Si crystals than in Ge ones. Their creation costs a
of energy in diamond crystals. In strained Si and Ge cryst
the probability for the generation of stacking faults is i
creased, whereas it is more difficult to create such pertu
tions in strained diamond crystals. In pulsed-laser-beam c
tallized Si thin films, indeed many extrinsic stacking fau
have been observed.16

While no chemical trend is observed in Table III, the fo
mation energies at zero pressure are reduced along ISF,
TSF, i.e., with increasing the distance of the rotated tetra
dra within the stacking faults. While the TSF is the mo
favorable fault at the equilibrium, the ESF takes over t
role under hydrostatic pressure, at least for Si and Ge.
agreement with the ISF and ESF energy values obtai
within ab initio plane-wave pseudopotentia
calculations62,63,65is excellent, considering the numerical a
curacy requirements. The agreement with the experime
data is also good, in particular for diamond.68 For silicon, the
energetical ordering of the faults is the same. The abso
experimental values67,68 are larger than the computed one
However, one has to take into acount the complicated pro
dure to extract such energies from measurements.

e

FIG. 6. Band structures of hexagonal C polytypes.

FIG. 7. Band structures of hexagonal Si polytypes.
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D. Band structures and their pressure dependences

The electronic band structures of the four polytypes of
Si, and Ge under consideration are plotted in Figs. 6, 7,
8. They are calculated in DFT-LDA for the structural para
eters obtained in Sec. III A. The eigenvalues of the Koh
Sham equation have been computed fork points along high-
symmetry lines of the corresponding hexagonal BZ. F
direct comparison, the cubic structures are represented
hexagonal cell. The size of the different BZ’s parallel to t
c axis varies with the polytype, whereas all lengths perp
dicular to thec axis are practically equal. Nevertheless,
Figs. 6, 7, and 8, with a view to the presentation, we use
same extent of thex axis and correspondingly rescale a
segments. We do not consider any quasiparticle correct
to account for the excitation aspect.69,70 The band structures
thus suffer from the well-known band gap underestimate
the DFT-LDA.

Two principal effects of the polytypism are represented
Figs. 6, 7, and 8.~i! The varying extent of the unit cells in th
direction of thec axis gives rise to an inverse variation of th
BZ in this direction. Consequently, one important effect
related to the folding of the bands parallel toGA, HK, and
LM directions.~ii ! Besides the translational symmetry, th
scattering properties of the atomic arrangements also ch
with the polytype. Overall features of the band structures
the three hexagonal polytypes agree for symmetry reas
Bands versus the linesAH and AL on the surface and th
bottom of the BZ are twofold degenerate in crystals withC6v

4
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symmetry. This is due to the presence of a sixfold screw a
along @0001# and time-reversal symmetry.71

The band structures of C and Si~Figs. 6 and 7! are rather
similar. Independent of the polytype, they represent indir
semiconductors. The lowest conduction-band minimum
curs close to theM point on theS line, except for 2H-C
~minimum at K) and 3C-C. For 3C-C, the minimum lies
betweenL andA, and is only slightly below the minimum on
theS line. For the other polytypes, the deviation from theM
position holds in particular for Si, because in the diamo
structure the lowest conduction-band minimum occurs on
GX line nearX in the fcc BZ. For the wurtzite polytype, a
pronounced minimum occurs at theK point. In 2H carbon, it
is even below the other minimum, as also found for SiC.72,73

For 4H and 6H, the energetical distance of the valence a

FIG. 8. Band structures of hexagonal Ge polytypes.
e
d

A

3
0

4

TABLE IV. DFT-LDA energy gaps~first value, in eV! and their pressure coefficients~second value in
meV/kbar!. In addition, the crystal-field splittingDcr ~in meV! of the valence-band maximum and th
valence-band discontinuitiesDEv ~in meV! with respect to the 3C polytype are given. The valence-ban
maximum is fixed atG. Three different conduction-band minima atG, nearM ~on theGM line!, and nearK
~on theGK line! have been considered~cf. Figs. 6, 7, and 8!. In a few cases, values from other DFT-LD
calculations~Refs. 35,39, and 52! are given in parentheses.

Element Polytype G M K Dcr DEv

C 3C 5.61 0.51 4.61 0.45 6.29 0.57 0 0
~5.5a, 5.57b! ~3.8a, 4.50b, 4.3c! ~0.6c!

6H 5.40 0.40 4.51 0.51 5.90 0.04 163 14
4H 5.31 0.35 4.62 0.45 5.49 0.05 243 16
2H 4.96 0.21 4.56 0.43 3.03 20.79 522 231

~4.0a, 4.67b! ~3.98b! ~2.7a, 3.02b, 3.3c! ~21.2c!

Si 3C 1.73 2.20 0.54 21.39 1.42 20.88 0 0
~2.56b! ~0.36b!

6H 1.32 2.25 0.44 21.46 1.24 21.50 112 135
4H 1.26 2.20 0.43 21.52 1.26 21.40 170 157
2H 1.00 1.87 0.27 21.75 0.64 23.29 364 235

~0.88b! ~0.29b! ~0.76b!

Ge 3C 0.04 3.04 0.57 21.36 1.34 20.54 0 0
6H 0.00 2.31 0.27 20.91 1.25 21.09 101 112
4H 20.02 2.31 0.14 1.94 1.15 0.33 168 12
2H 20.13 1.92 0.30 21.48 1.20 23.45 - 138

aReference 35.
bReference 39.
cReference 52.
1-7
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conduction bands nearK are seemingly increased. This ca
be explained by simplifying folding arguments. Going fro
2H to 4H or 6H the pointH ~L! maps ontoK ~M! or onto
2
3 HK ( 2

3 LM ). This folding is accompanied by a strong
interaction of the bands with partially the sames- and
p-orbital character, which pushes the conduction-band m
mum of 2H away from the valence bands. Then, the sta
near the LM line orGM line aroundM form the lowest
conduction-band minimum of 4H and 6H. For Ge, the inter-
pretation of the band structure in Fig. 8 is more complicat
This is due to the numerical treatment of Ge in the DFT-LD
approach, which already gives an almost vanishing dir
gap atG, and an almost vanishing indirect gap atL, for the
diamond structure in the fcc BZ. Moreover, the DFT-LD
description does not give an indirect semiconductor, si
the conduction-band minimum atL ~fcc! is found to be
slightly higher in energy than the one atG ~fcc!. As a con-
sequence, the ‘‘conduction bands’’ and ‘‘valence band
overlap energetically somewhat, with rising hexagonal
Then, 6H-Ge possesses the character of a zero-gap sem
ductor, whereas 4H and 2H get a weak metallic characte
This metallic character is in contrast with the results
empirical-pseudopotential calculations,38 which suggest a
semiconducting character for 2H-Ge. Another interesting
fact is that for 3C-Ge, the second smallest energy gap
located at theL point, which does not correspond to a ba
minimum for C and Si.

Values for important energy gapsEg of the hexagonal
polytypes are listed in Table IV together with their pressu
coefficientsdEg /dpup50. Using the bulk moduliB0 given in
Table I, the pressure coefficients can be immediately re
culated into the corresponding volume deformation pot
tials av52B0dEg /dpup50. Three conduction-band minim
are considered, atG, nearM, and nearK. Really the minima
on theGK line nearK and on theGM line nearM have been
considered. In the case of 2H-C, 3C-C, 2H-Si, and 3C-Si,
the calculated gap energies agree well with the otherab initio
pseudopotential plane-wave calculations39 and also with the
local-orbital method.52 The values for 2H-C and 3C-C ob-
tained within LMTO-ASA calculations35 are somewhat
smaller due to the influence of the atomic spheres cho
For C and Si, we note the trend that all energy gaps decr
with the hexagonality. These findings are in clear contr
with the SiC polytypes, for which the fundamental gap
creases with increasing hexagonality and approaches to
maximum value in the wurtzite structure.72

In the hexagonalnH polytypes, the threefold-degenera
valence-band maximum~VBM ! of the 3C crystal splits into
a twofold (px and py) G6v VBM and a lower onefold (pz)
G1v splitoff band. The splitting energyDcr characterizes the
crystal field, i.e., the deviations in the interaction of t
atomic neighbors due to the changed geometry. The co
sponding values ofDcr in Table IV increase dramatically
with the hexagonality of the polytype. The increase is alm
linear. Our values are in good agreement with other calc
tions for 2H-C and -Si.39

The preparation of heteropolytypic structures, i.e., laye
structures on the base of two polytypes~e.g., 3C and nH),
07520
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opens new possibilities for applications of group-IV mate
als in novel electronic devices. The electronic structure
these heteropolytypic systems is governed by the valen
band discontinuityDEv . We have calculatedDEv using the
average local electrostatic potential as the reference leve
the alignment. The influence of quasiparticle effects on
offsets is neglected. The valence-band discontinuities
found to be small. However, they also increase with the h
agonality. Together with the fundamental gaps in Table
one may also suggest small discontinuities for the cond
tion bands. It seems that the polytype combinations 3C/2H
give rise to type-I heterostructures. This means both e
trons and holes are localized in the regions of the hexago
polytype. On the contrary, for the polytype combinatio
3C/4H and 3C/6H, we find a type-II behavior, with the elec
trons localized in the cubic region and the holes in the h
agonal region. We should mention that similar values ofDEv
have been calculated by other authors for the 3C/2H combi-
nation of carbon and silicon.39

The pressure dependence of the fundamental gap of
polytype is displayed in Fig. 9. The changes versus pres
in thek-space location of the conduction-band minimum f
germanium and 2H-Si are also indicated. The pressure d
pendence of the transition energies depends very much
the group-IV element. It is almost weak or even vanishi
for the carbon polytypes. There the gaps are opened w
applying hydrostatic pressure. The only exception conce
the indirectGK gap in 2H-C that is closed under pressure,
agreement with calculations from Fahy and Louie52 ~cf.
Table IV!. For silicon, the pressure coefficients exhibit cle
trends with hexagonality. On an absolute scale, they decr
with increasing hexagonality. However, the sign of the pr
sure coefficients of the indirect gapsGM andGK is different

FIG. 9. Minimum energy gap vs pressure for the four polytyp
of C ~a!, Si ~b!, and Ge~c!. The position of the conduction-ban
minimum in k space is indicated. 3C: squares, solid lines. 6H:
circles, dot-dashed lines. 4H: triangles, dashed lines. 2H: dia-
monds, dotted lines.
1-8
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from that of the directGG gaps. The direct gaps are open
in the presence of pressure, whereas the indirect ones
come smaller. The Ge polytypes show a similar behav
Because of the different signs of the pressure coefficients
energetical ordering of the conduction-band minimum
even changed under pressure@Fig. 9~c!#. The minimum of
the conduction band is located on theGA line for a pressure
lower than 100 kbar and on theGM line for a larger pressure

IV. CONCLUSIONS

In summary, we have presented extensive first-princip
studies of the structural, energetical, and electronic pro
ties of the hexagonal polytypes 2H, 4H, and 6H of the
group-IV elements C, Si, and Ge. The structural optimi
tions taking into account all the degrees of freedom relate
internal-cell positions give lattice constants of 4H-C, 2H-C,
2H-Si, and 2H-Ge in agreement with measured values. W
observe a clear trend with the hexagonality of the polyty
In contrast, the averaged elastic properties represented b
bulk modulus and its pressure derivative vary only wea
with the polytype.

The studies of the energetical stability show rather s
prising results. As is well known, the cubic polytype 3C is
the most stable one for the group-IV elements. The to
energy of the other polytypes increases with increasing h
agonality. However, no clear chemical trend with the atom
radius or the atomic number has been observed. From
thermodynamical point of view, the probability to prepare
B

at

a

o

d

,

07520
e-
r.
he
s

s
r-

-
to

e
.

the
y

r-

l
x-
c
he

hexagonal polytype, in particular 4H or 6H, is the highest
for silicon. We pointed out the important role of strain in th
formation of hexagonal polytypes, at least for Si and G
Under hydrostatic pressure, there is a significant tendenc
support the formation of hexagonal polytypes. The two te
dencies are underlined by the formation energies of stack
faults in the diamond structure and their pressure dep
dence.

The different bond stacking in the polytypes remarkab
influences the electronic properties. We predicted signific
differences in the band structures between the hexag
polytypes and the diamond structure. The fundamental
ergy gap decreases with increasing hexagonality of the p
type. This trend is opposite to that observed for SiC. Exc
for Ge with interpretation problems due to the calculation
method used, the polytypes of C and Si have been foun
be indirect semiconductors. The conduction-band minim
is usually located at or near theM point in the hexagona
Brillouin zone. However, for wurtzite carbon, the minimu
is found atK, as in SiC. This tendency is reinforced und
pressure. In the high-pressure limit, the lowest conduct
band of 2H-Si is also atK.
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