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Analytical relation of band gaps to both chirality and diameter of single-wall carbon nanotubes
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We present a tight-binding model of single-wall carbon nanotubes with curvature-modified hopping param-
etery;, from which an analytical relation of band gaps to both chirality and diameter is derived by developing
a transfer matrix method. The results are in agreement with the experimental results obtained from scanning
tunneling microscopy and scanning tunneling spectroscopy measurements by three groups.
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As a simple one-dimensional nanoscaled structure, singléAssociated with the periodic boundary conditions@p the
wall carbon nanotubeéSWCN's) have been the subject of wave vectorK can be expressed H{°°
intensive theoretical and experimental efforts because of

their singular properties and potential applicatibf&To un- K=,uK1+LK2 w=12...N;— z< k<z ,
derstand the properties of SWCN’s, theoretical simulations K| T T
often focus on their electronic band structufe¥.lt is found )

that depending on their diameter and chirality, SWNT'’s withwhere|K ;| = 2/d and|K,|=2#/T are the discrete unit wave
various band gaps may be an insulator, a semiconductor, ongctor in the circumferential direction and the reciprocal lat-
metal. Profoundly, a semiconducting SWCN has a primarytice vector along the tube axis, respectively.
band gapE,, which is inversely proportional to its tube di- To study the electronic properties of SWCN’s, one usually
ameterd,g‘211 while a chiral metallic SWCN as well as a adopts the nearest-neighboring tight-binding model with all
metallic zigzag tube is predicted to have narrow-gap scalingn-site energies fixed at Fermi enerfy.’~° As a simple
by Egocl/dz.12 These results are so interesting as to be simiphysical scheme, hopping integratswere generally chosen
lar to those measured by experimefft&2°Due to the curva-  to be an identical value, or added an additional averaging
ture effect, however, it is argu&dthat the band gap of a correction, while the variations ity; from bond to bond di-
semiconducting SWCN consists of two palts andE,, of  rection onr; (i=1,2,3) were neglecteti® Due to the cur-
which the main ternE, is only dependent on diameter but vature effect, however, the broken symmetry makes the
the correctional ternk, is dependent on both chirality and variations iny; dependent on the geometrical structure of a
diameter. This may predict that the chirality of SWCN's SWCN, which plays an essential role in determining the
should also modify their electronic structures. In this Briefelectronic propertie§!?¢2°Following Ouyanget al?® but
Report, we present a tight-binding model of SWCN's with considering the anisotropy on direction we assume thay,
curvature-modified hopping parameters, from which an anais reduced by a factor of ces, where a;=3K,-r; is the
lytical expression of energy bands and gaps related to botAngle between two nearest-neighborindike electronic or-
diameter and chirality is derived by developing a transfetbitals on the curved surfaé®.This situation brings some
matrix method. The results are consistent with the experinew difficulties in an analytical study of the properties of
ments. chiral SWCN'’s, because the minimum number of atoms in a
A (n,m) SWCN can be specified by its chiral vect®, translatory unit cell can be very large even for a relatively
=na; +ma,, wherea; anda, are graphite primitive lattice small-diameter chiral tube. For example, a (11,10) tube with
vectors with|a;|=|a,|=a as shown in Fig. 1. The tube di- a
ameter and the chirality are uniquely characterizeti by

d=a(n®+m?+nm)¥? z, )

cosf=(n+m/2)/(n’+m?+nm)*?, 2) 6 ’Q‘ @
N Oati=&

respectively. The translation vect®r defined to be the unit

vector of a SWCN, is parallel to the tube axis and normal to e @ l‘ "
C;, in the unrolled graphite lattice in Fig. 1. In terms ©Gf, 0~ 7 — ' l
-T=0, the expression fof is given by ' l

o)
T=a,(2m+n)/dg—a,(2n+m)/dg, (3) N7 e

©2)

with |T|=T=3wd/dg, wheredy is the greatest common
divisor of 2m+n and 2n+m. In a translatory unit cell, the FIG. 1. The unrolled two-dimensional graphite sheet lattice of a

number of hexagonsy, is obtained by (4,2) tube with a chiral angled. A four-carbon-atom unit cell is
shown in the dotted rectangle. Dashed lines run in the direction of
N=2(n?+m?+nm)/dg. (4)  the tube axis.
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radius~0.7 nm contains 1324 carbon atoms in a translatory 7 ka

unit ceII In terms of the rotational and helical symmetry of a
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1/2

E=xy,| 1+4t cosl%cos?+4t2co§7 , (10

SWCN? however, we need only consider a four-carbon-atom

unit cell defined by the dotted rectangle in Fig. 1. The elec-

tronic wave functions at the atoms in this unit cell as well as

their nearest neighbors are labeled ds and ¢, (i
=0,1,...,5), respectively. To facilitate analysis of varia-
tions in electronic structure with chirality, a pair of orthogo-
nal lattice vectorfk; =a; andR,=a; — 2a, have been intro-
duced, as shown in Fig. 1.

Based on the Bloch theorem, the wave functigrshould
satisfy that ,=\; % and ¢ 4=\, where \;
=R and A,=e'K 'Rz, The tight-binding Schdinger
equation for a unit cell alon®, can be written as the trans-
fer matrix form

ol ) e

where the X 2 transfer matrixvi = M ,M3;M,M, can be ob-
tained by

E — 72
Mi={ N 'yt ys M 'yatys |
1 0
E Mnmtys
Mo=| 72 — 72 )
1 0
E — Y5 (7)
Mz=| yiTA1ys vitA1ys ],
1 0
E  yith'ys
My4=| 72 — 72 '
1 0

with energyE. By using the product of matrix, one obtains
that det(M)=e"2'¢, where the phase facta¥ is defined by

e =\ Vi + N 1¥5+29173)lp, (8)

with p=y2+ y5+ 27y, y3c0K-R; . When we multiply both
sides of Eq.(6) by a factor ofe'® and letM’=¢e'*M with

det(M’)=1, the dispersion relation, yielding M’)/2

=cosK - R,+ ¢), can be obtained by

3
2m(n+2m)u nkT
E=i[2 7i2+27w2005{—d NN
i=1 R

) 2a(n—m)u  (n+m)kT
+2vy,7v3C0 dgN + N

1/2
2m(2n+m)u ka” | ©

+2 Y1 ’)’3C0{ dRN + N

which is only related to the indicesi(m) with no require-
ment of knowing the screw axis vecfoor the symmetry
vector®

Whenn=m, Eq. (9) is simplified as

with T=a, y,=vy3>vy, andt=+vy,/y;>1 , which corre-
sponds to the dispersion relation of an armchair tube. From
Eq. (10), a zero-energy gafiy=0 can be directly obtained,
WhICh shows that an armchair tube is stable against a Peierls
distortion, consistent with the theoretical restilt¥ and
experlment§.8 2Whenk= + 7/a, two von Hove singulities
(vHS’s) can be found aE= =+ y; for any armchair tubes.
However, their energy positions are dependent on tube diam-
eter, which is at variance with those obtained by Saital >
In the case of a zigzagn(0) tube, T=+/3a and y;= y3

<,, the dispersion relation may be directly obtained from
Eq. (9) by

\/gk 1/2
1+4t cos'u— cos——+ 4t200§

E i’yZ

(11)

with t= 1y, /y,<<1, from which the energy gap is accurately
given by

1-2tcod 298 12
—tCO§—£, (12

whereq=0,%1 is the remainder oh divided by 3. Obvi-
ously, a curvature-induced gap appears in what were once
believed to be metallic nanotubeg=0), which have been
observed experimentalfy. Under consideration of,= v,

¥1= v0c0s@@/2n) and wd=\3na, this type of gap is ex-
pressed as

Eq=27,

V3a..

4d

with a;.=a/ /3 the C-C bond distance. For a Iarge value of
d, Eq. (13) can be approximated bf,= Ao /d? with Ag
—3y0accl4 WhICh has the same scaling as that given by
Ouyanget al?° Also, if one considers only an average cor-
rection for the curvature effedi.e., y,=y,= v3<1y,, and
thust=1), there would appear no energy gap. This means
that the variations iny; should be considered in determining
the electronic structure of SWCN's. Likewise, the band gaps
of semiconducting zigzag tubeg€ +=1) can also be ap-
proximately given from Eq(12) by

Eg=47osim? (13

E _270acc_ 13q')’Oa<2:c
¢ d 12d?

Neglecting the higher-order term, Ed.4) shows the depen-
dence ofEy4 on the reciprocal tube diameter !, i.e., =
—ZyOaCC/d conS|stent with the previous results under a lin-
eark approximatior?~*! Due to the curvature effect, how-
ever, the correction of the higher-order termHg is more
than 3 times that in the case of not considering curvature
effect?! which allows proposing a different classification for
semiconducting zigzag tubexj€ +1) as that given by
Yorikawa et al*’ Also, the values ofE, predicted by the
present model is in good agreement with those obtained from
asp® model* and asp®s* model® for several semiconduct-
ing tubes, which means that the variationsinfrom the
bond to bond direction may be of equal or greater impor-

(14)
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tance than other curvature effects such as smallhybrid-  to obtain the value ofy,, which may be one of the reasons
izations in a SWCN. Additionally, in the case of a doubly wWhy there exists a significant difference i determined by
infinite zigzag (2,0) tube, whether semiconducting or me- several different experiments, ranging from 2.45 to 2.90
tallic, there exist two vHS’s at the same position of energyGV-lB_20
E=*1y,, independent of both the diameter and curvature As for the most general case of chiral tubes with curvature
effect. This situation may provide a feasible way to obtain areffects, we need only consider the lowest-lying conduction
accurate value ofy, from scanning tunneling spectroscopy band (LCB) and the highest-lying valence barHlVB) to
(ST experiments. obtain the energy gap, which can reduce the complicated
Neglecting curvature effects, i.ey;=v, (i=1,2,3), Eq. calculation, especially for a chiral tube with a much larger
(9) is further simplified by N . It should be noted that as a graphite sheet is rolled into a
nanotube, the poinK in the Brillouin zone is folded into

2n+m mkT 3mu another point with wave vector
E=*vy1+4co N m+ 5N co doN
R R 2n+m m
2n+m 2n+m mkT| Y2 3 Kl+d_RK2'
- —N KT|+4 cog TN MY SN (15)
R Thereby, let
A straightforward relation of band gaps to the diameter and .
chirality of SWNT's with a larger tube diameter can be ap- p=(2n+m+a)f3, (17)
proximately obtained from Eq15) by k=m|K,|/dg+K', 18)
_ 2|a]yoace 07085 wherek’ is still a continuousk variable. A subband of the
Ey= dcosy® 3d2co26’ (16 LCB and HVB is then determined from Eq9). Another

symmetrical subband of the LCB and HVB can also be ob-
with 7d cosf=(2n+m)a/2, where n—m=3p+q with q tained provided that u=(n—m-—q)/3 and k=(n
=0,+1. It is clearly shown from Eq(16) that the semicon- +m)|K,|/dg+k’. The energy gap of a nanotube can be eas-
ducting energy gap is dependent on both diameter and chiraily obtained from its LCB and HVB. In Fig. 2, we depict the
ity. Even neglecting the higher-order term in E46), the  band structure§LCB and HVB) of several representative
leading term still contains the factor of chirality, which can chiral tubes and the energy gaps of all tubessfd<n
lead to a larger correction tg,. In fact, WildCer et al’®  <50). First, thek values of the positions of energy gaps of
measured the energy gaps of several nanotubes with differeohiral tubes are shifted from those of zigzag tubks- Q)
chirality atd=1.4 nm, ranging from 0.5 to 0.6 eV. However, and armchair tubesk& =27/3T) as shown in Figs. @)—

it is a pity that the dependence & on the chirality is  2(c), which is contrary to the previous expectatibihe
usually neglected in the interpretation of experimental datahifted distance’ is depicted in Fig. &), which is depen-
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dent on both diameter and chirality with a profile determined 08 T

\

by the (h,n—1) tube. Next, due to the effect of chirality and \

. " X . ' expt. data from Ref.18
curvature, a negative or positive correction to the semicon ) W Yo=2.60eV

°
ducting energy gajg, is clearly seen from Fig. (@), which VR 0.1420m A cxpt. data from Ref.19
may lead to a large deviation of energy gaps from the linea W ]

k approximationgsee inseti) in Fig. 2(d)]. This may be one 0.4+ WA
of the reasons of the large discrepancies between theory a A * theor. data by Fq.(9)
experiment®® Third, the plots in Fig. &) identify three AN ___ theor. curve by Eq. (13)
distinct families of tubesia) with semiconducting energy >%‘x\

gaps approximately scaling as-1/dcosf, (b) with Naa T theor. curve by Eq. (14)
curvature-induced gaps approximately scaling a
~1/d%cog0 [shown in the expanded scale in the in§e},
and (c) with a zero-energy gaparmchair tubg which pro- “Rrag
vides a complete description of numerical ddthand a 1
theory method? Also, the zigzag (p=1,0) tubes determine \\-\._\
the region of the values of energy gaps of all Eypes of semi g0 ; '
conducting nanotubes, as predicted by Saital?* This re- 0 2 4
sult can provide a convenience to analyze the experiment: d cosé (nm)

data, since the diameter and chirality of the specific nano-
tubes studied by STS was not accurately known in almost all FIG. 3. The experimentally measured and theoretically calcu-
cases. Especially, two symmetrical energy values are founi@ted band gaps scaled by;. The crosses correspond to the theo-
in the LCB of a chiral tube, which means that a chiral tube isretical calculated gaps of the nanotubes measured by Geah

a binary-energy-value semiconductor. So some new phenonﬁRef- 18.

ena may be expected on chiral SWCN's such as a indirect

transition of electrons in optical spectrum experiments. In conclusion, we have studied the effect of chirality and
As the band gaps, predicted within present model, argyrvature on electronic structures and energy gaps of
characterized by not only the diameter but also the chiralityg\nycNs. The analytical results show that the band gaps de-
of nanotubes, it is appropriate for us to directly compare théyeng on both the diameter and the chirality, which are con-
th_eorgtlt;:al hresults Wé%h_zg}e czjr_|fgf]|nal experlm?ntal daté‘ Ob-sistent with experimental results. Because the diameter and
ta;‘r?eh y t.éee grou ¢ O; |ketr§nt tylpg.f 0 fnte%notu es, tchirality as well as the electronic structures of nanotubes can
which provides a way 1o check the valdity ol tne present,, directly determined by scanning tunneling microscopy
model. The experimentally measured and theoretically calcu STM) and STS experiments, one may expect further confir-

lated band gaps are shown in Fig. 3. Good agreement b nation of the present model approximation. These works

tween the theory and the experiments is seen and an identicf'ix TR : .
; . ve implications for our understanding of the electronic
value of yy has been obtained of about 2.60 eV from differ- P 9

ent experiments. This result may help to illuminate the largé)ropertles and potential applications of carbon nanotubes.
deviations iny, determined from different experimenifs;° This work was supported by NNSFC19704100,
Therefore, the correction for curvature effects is necessary ttINSFC10005007, GG-14010-10530-1020, 00JZY2138, and
obtain a more accurate value gf in the interpretation of the 00C072, and partly by National 973 Project of ChiiNo.
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