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Analytical relation of band gaps to both chirality and diameter of single-wall carbon nanotubes
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We present a tight-binding model of single-wall carbon nanotubes with curvature-modified hopping param-
eterg i , from which an analytical relation of band gaps to both chirality and diameter is derived by developing
a transfer matrix method. The results are in agreement with the experimental results obtained from scanning
tunneling microscopy and scanning tunneling spectroscopy measurements by three groups.
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As a simple one-dimensional nanoscaled structure, sin
wall carbon nanotubes~SWCN’s! have been the subject o
intensive theoretical and experimental efforts because
their singular properties and potential applications.1–6 To un-
derstand the properties of SWCN’s, theoretical simulatio
often focus on their electronic band structures.7–17 It is found
that depending on their diameter and chirality, SWNT’s w
various band gaps may be an insulator, a semiconductor,
metal. Profoundly, a semiconducting SWCN has a prim
band gapEg, which is inversely proportional to its tube d
ameterd,9–11 while a chiral metallic SWCN as well as
metallic zigzag tube is predicted to have narrow-gap sca
by Eg}1/d2.12 These results are so interesting as to be si
lar to those measured by experiments.18–20Due to the curva-
ture effect, however, it is argued17 that the band gap of a
semiconducting SWCN consists of two partsE0 andEu , of
which the main termE0 is only dependent on diameter b
the correctional termEu is dependent on both chirality an
diameter. This may predict that the chirality of SWCN
should also modify their electronic structures. In this Br
Report, we present a tight-binding model of SWCN’s w
curvature-modified hopping parameters, from which an a
lytical expression of energy bands and gaps related to b
diameter and chirality is derived by developing a trans
matrix method. The results are consistent with the exp
ments.

A (n,m) SWCN can be specified by its chiral vectorCh
5na11ma2, wherea1 and a2 are graphite primitive lattice
vectors withua1u5ua2u5a as shown in Fig. 1. The tube d
ameter and the chirality are uniquely characterized by1–3

d5a~n21m21nm!1/2/p, ~1!

cosu5~n1m/2!/~n21m21nm!1/2, ~2!

respectively. The translation vectorT, defined to be the uni
vector of a SWCN, is parallel to the tube axis and norma
Ch in the unrolled graphite lattice in Fig. 1. In terms ofCh
•TÄ0, the expression forT is given by

T5a1~2m1n!/dR2a2~2n1m!/dR , ~3!

with uTu5T5A3pd/dR , wheredR is the greatest commo
divisor of 2m1n and 2n1m. In a translatory unit cell, the
number of hexagons,N, is obtained by

N52~n21m21nm!/dR . ~4!
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Associated with the periodic boundary conditions onCh , the
wave vectorK can be expressed by3,7,9,10

K5mK11
k

uK2u
K2 S m51,2, . . . ,N;2

p

T
,k,

p

T D ,

~5!

whereuK1u52/d anduK2u52p/T are the discrete unit wave
vector in the circumferential direction and the reciprocal l
tice vector along the tube axis, respectively.

To study the electronic properties of SWCN’s, one usua
adopts the nearest-neighboring tight-binding model with
on-site energies fixed at Fermi energyEf .7–9 As a simple
physical scheme, hopping integralsg i were generally chosen
to be an identical valueg0 or added an additional averagin
correction, while the variations ing i from bond to bond di-
rection onr i ( i 51,2,3) were neglected.3,7,9 Due to the cur-
vature effect, however, the broken symmetry makes
variations ing i dependent on the geometrical structure o
SWCN, which plays an essential role in determining t
electronic properties.7,12,16,20Following Ouyanget al.20 but
considering the anisotropy on directionr i , we assume thatg i
is reduced by a factor of cosai , wherea i5

1
2 K1•r i is the

angle between two nearest-neighboringp-like electronic or-
bitals on the curved surface.20 This situation brings some
new difficulties in an analytical study of the properties
chiral SWCN’s, because the minimum number of atoms i
translatory unit cell can be very large even for a relative
small-diameter chiral tube. For example, a (11,10) tube w
a

FIG. 1. The unrolled two-dimensional graphite sheet lattice o
~4,2! tube with a chiral angleu. A four-carbon-atom unit cell is
shown in the dotted rectangle. Dashed lines run in the direction
the tube axis.
©2002 The American Physical Society01-1
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radius;0.7 nm contains 1324 carbon atoms in a translat
unit cell. In terms of the rotational and helical symmetry o
SWCN,9 however, we need only consider a four-carbon-at
unit cell defined by the dotted rectangle in Fig. 1. The el
tronic wave functions at the atoms in this unit cell as well
their nearest neighbors are labeled asc i and c i 8 ( i
50,1, . . . ,5), respectively. To facilitate analysis of varia
tions in electronic structure with chirality, a pair of orthog
nal lattice vectorsR15a1 andR25a122a2 have been intro-
duced, as shown in Fig. 1.

Based on the Bloch theorem, the wave functionc i should
satisfy that c i 85l1

61c i and c i 145l2c i , where l1

5eiK•R1 and l25eiK•R2. The tight-binding Schro¨dinger
equation for a unit cell alongR2 can be written as the trans
fer matrix form

S c i 14

c i 13
D5M S c i

c i 21
D5l2S c i

c i 21
D , ~6!

where the 232 transfer matrixM5M4M3M2M1 can be ob-
tained by

M15S E

l1
21g11g3

1

2g2

l1
21g11g3

0
D ,

M25S E

g2

1

l1g11g3

2g2

0
D ,

~7!

M35S E

g11l1g3

1

2g2

g11l1g3

0
D ,

M45S E

g2

1

g11l1
21g3

2g2

0
D ,

with energyE. By using the product of matrix, one obtain
that det(M )5e22if, where the phase factorf is defined by

eif5~l1
21g1

21l1g3
212g1g3!/r, ~8!

with r5g1
21g3

212g1g3cosK "R1 . When we multiply both
sides of Eq.~6! by a factor ofeif and letM 85eifM with
det(M 8)51, the dispersion relation, yielding tr(M 8)/2
5cos(K•R21f), can be obtained by

E56H (
i 51

3

g i
212g1g2cosF2p~n12m!m

dRN
2

nkT

N G
12g2g3cosF2p~n2m!m

dRN
1

~n1m!kT

N G
12g1g3cosF2p~2n1m!m

dRN
1

mkT

N G J 1/2

, ~9!

which is only related to the indices (n,m) with no require-
ment of knowing the screw axis vector7 or the symmetry
vector.9

Whenn5m, Eq. ~9! is simplified as
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E56g1S 114t cos
mp

n
cos

ka

2
14t2cos2

ka

2 D 1/2

, ~10!

with T5a, g25g3.g1 and t5g2 /g1.1 , which corre-
sponds to the dispersion relation of an armchair tube. Fr
Eq. ~10!, a zero-energy gapEg50 can be directly obtained
which shows that an armchair tube is stable against a Pe
distortion, consistent with the theoretical results3,7,12 and
experiments.18–20Whenk56p/a, two von Hove singulities
~vHS’s! can be found atE56g1 for any armchair tubes
However, their energy positions are dependent on tube di
eter, which is at variance with those obtained by Saitoet al.21

In the case of a zigzag (n,0) tube,T5A3a and g15g3
,g2, the dispersion relation may be directly obtained fro
Eq. ~9! by

E56g2S 114t cos
mp

n
cos

A3ka

2
14t2cos2

mp

n D 1/2

,

~11!

with t5g1 /g2,1, from which the energy gap is accurate
given by

Eg52g2U122t cosS p

3
2

qa

3dD U, ~12!

whereq50,61 is the remainder ofn divided by 3. Obvi-
ously, a curvature-induced gap appears in what were o
believed to be metallic nanotubes (q50), which have been
observed experimentally.20 Under consideration ofg25g0 ,
g15g0cos(p/2n) and pd5A3na, this type of gap is ex-
pressed as

Eg54g0sin2
A3acc

4d
, ~13!

with acc5a/A3 the C-C bond distance. For a large value
d, Eq. ~13! can be approximated byEg5A0 /d2 with A0
53g0acc

2 /4, which has the same scaling as that given
Ouyanget al.20 Also, if one considers only an average co
rection for the curvature effect~i.e., g15g25g3,g0, and
thus t51), there would appear no energy gap. This me
that the variations ing i should be considered in determinin
the electronic structure of SWCN’s. Likewise, the band ga
of semiconducting zigzag tubes (q561) can also be ap-
proximately given from Eq.~12! by

Eg5
2g0acc

d
2

13qg0acc
2

12d2
. ~14!

Neglecting the higher-order term, Eq.~14! shows the depen
dence ofEg on the reciprocal tube diameterd21, i.e., Eg
52g0acc /d, consistent with the previous results under a l
ear k approximation.9–11 Due to the curvature effect, how
ever, the correction of the higher-order term toEg is more
than 3 times that in the case of not considering curvat
effect,21 which allows proposing a different classification fo
semiconducting zigzag tubes (q561) as that given by
Yorikawa et al.17 Also, the values ofEg predicted by the
present model is in good agreement with those obtained f
a sp3 model14 and asp3s* model15 for several semiconduct
ing tubes, which means that the variations ing i from the
bond to bond direction may be of equal or greater imp
1-2
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FIG. 2. The calculated band
structures and energy gaps of ch
ral tubes (4<m<n<50).
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tance than other curvature effects such as smalls-p hybrid-
izations in a SWCN. Additionally, in the case of a doub
infinite zigzag (2n,0) tube, whether semiconducting or m
tallic, there exist two vHS’s at the same position of ene
E56g0, independent of both the diameter and curvat
effect. This situation may provide a feasible way to obtain
accurate value ofg0 from scanning tunneling spectroscop
~STS! experiments.

Neglecting curvature effects, i.e.,g i5g0 ( i 51,2,3), Eq.
~9! is further simplified by

E56g0F114 cosS 2n1m

dRN
mp1

mkT

2N D cosS 3mmp

dRN

2
2n1m

2N
kTD14 cos2S 2n1m

dRN
mp1

mkT

2N D G1/2

. ~15!

A straightforward relation of band gaps to the diameter a
chirality of SWNT’s with a larger tube diameter can be a
proximately obtained from Eq.~15! by

Eg5
2uqug0acc

d cosu
2

qg0acc
2

3d2cos2u
, ~16!

with pd cosu5(2n1m)a/2, where n2m53p1q with q
50,61. It is clearly shown from Eq.~16! that the semicon-
ducting energy gap is dependent on both diameter and ch
ity. Even neglecting the higher-order term in Eq.~16!, the
leading term still contains the factor of chirality, which ca
lead to a larger correction toEg . In fact, WildÖer et al.19

measured the energy gaps of several nanotubes with diffe
chirality atd51.4 nm, ranging from 0.5 to 0.6 eV. Howeve
it is a pity that the dependence ofEg on the chirality is
usually neglected in the interpretation of experimental d
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to obtain the value ofg0, which may be one of the reason
why there exists a significant difference ing0 determined by
several different experiments, ranging from 2.45 to 2.
eV.18–20

As for the most general case of chiral tubes with curvat
effects, we need only consider the lowest-lying conduct
band ~LCB! and the highest-lying valence band~HVB! to
obtain the energy gap, which can reduce the complica
calculation, especially for a chiral tube with a much larg
N . It should be noted that as a graphite sheet is rolled in
nanotube, the pointK in the Brillouin zone is folded into
another point with wave vector3

2n1m

3
K11

m

dR
K2 .

Thereby, let

m5~2n1m1q!/3, ~17!

k5muK2u/dR1k8, ~18!

wherek8 is still a continuousk variable. A subband of the
LCB and HVB is then determined from Eq.~9!. Another
symmetrical subband of the LCB and HVB can also be o
tained provided that m5(n2m2q)/3 and k5(n
1m)uK2u/dR1k8. The energy gap of a nanotube can be e
ily obtained from its LCB and HVB. In Fig. 2, we depict th
band structures~LCB and HVB! of several representativ
chiral tubes and the energy gaps of all tubes (4<m<n
<50). First, thek values of the positions of energy gaps
chiral tubes are shifted from those of zigzag tubes (k50)
and armchair tubes (k562p/3T) as shown in Figs. 2~a!–
2~c!, which is contrary to the previous expectation.3 The
shifted distancek8 is depicted in Fig. 2~c!, which is depen-
1-3
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dent on both diameter and chirality with a profile determin
by the (n,n21) tube. Next, due to the effect of chirality an
curvature, a negative or positive correction to the semic
ducting energy gapEg is clearly seen from Fig. 2~a!, which
may lead to a large deviation of energy gaps from the lin
k approximations@see inset~i! in Fig. 2~d!#. This may be one
of the reasons of the large discrepancies between theory
experiment.18,19 Third, the plots in Fig. 2~d! identify three
distinct families of tubes:~a! with semiconducting energy
gaps approximately scaling as;1/d cosu, ~b! with
curvature-induced gaps approximately scaling
;1/d2cos2u @shown in the expanded scale in the inset~j!#,
and ~c! with a zero-energy gap~armchair tube!, which pro-
vides a complete description of numerical data3,7,9 and a
theory method.12 Also, the zigzag (3p61,0) tubes determine
the region of the values of energy gaps of all types of se
conducting nanotubes, as predicted by Saitoet al.21 This re-
sult can provide a convenience to analyze the experime
data, since the diameter and chirality of the specific na
tubes studied by STS was not accurately known in almos
cases. Especially, two symmetrical energy values are fo
in the LCB of a chiral tube, which means that a chiral tube
a binary-energy-value semiconductor. So some new phen
ena may be expected on chiral SWCN’s such as a indi
transition of electrons in optical spectrum experiments.

As the band gaps, predicted within present model,
characterized by not only the diameter but also the chira
of nanotubes, it is appropriate for us to directly compare
theoretical results with the original experimental data o
tained by three groups18–20 for different types of nanotubes
which provides a way to check the validity of the prese
model. The experimentally measured and theoretically ca
lated band gaps are shown in Fig. 3. Good agreement
tween the theory and the experiments is seen and an iden
value ofg0 has been obtained of about 2.60 eV from diffe
ent experiments. This result may help to illuminate the la
deviations ing0 determined from different experiments.18–20

Therefore, the correction for curvature effects is necessar
obtain a more accurate value ofg0 in the interpretation of the
STS experimental data.21
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In conclusion, we have studied the effect of chirality a
curvature on electronic structures and energy gaps
SWCNs. The analytical results show that the band gaps
pend on both the diameter and the chirality, which are c
sistent with experimental results. Because the diameter
chirality as well as the electronic structures of nanotubes
be directly determined by scanning tunneling microsco
~STM! and STS experiments, one may expect further con
mation of the present model approximation. These wo
have implications for our understanding of the electron
properties and potential applications of carbon nanotubes
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FIG. 3. The experimentally measured and theoretically cal
lated band gaps scaled byg0. The crosses correspond to the the
retical calculated gaps of the nanotubes measured by Odomet al.
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