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Interplay of staggered flux phase andd-wave superconductivity
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We present a detailed study of the competition and interplay between the staggered flux phase ordering
d-density wave~DDW! anddx22y2 superconductivity within mean field theory. An analytic expression for the
temperature dependence of the DDW order parameter is obtained. The strong competition between the two
order parameters is demonstrated through their unusual temperature dependencies and its importance in cal-
culating single-particle spectral function has been pointed out. In particular, it is shown that in a perfect square
lattice with only nearest-neighbor hopping (t1), which preserves nesting of the Fermi surface, one of the order
parameters is completely inhibited by the other~at a given concentration of hole!. In this case the DDW state
produces more of a ‘‘real gap’’ rather than a ‘‘pseudogap’’ in the quasiparticle energy. We demonstrate that a
finite negative next-nearest-neighbor hopping (t2) stabilizes the DDW state at underdoping, while very close to
the half filling or well inside the underdoped regime,t2 suppresses DDW order strongly and enhances super-
conductivity. The actual coexistence between the two orders is established only at finitet2. The superconduct-
ing Tc is always found to be maximum at a doping concentration where the correspondingTDDW goes to zero,
the superconductingTc decreases on further increase of the doping concentration.

DOI: 10.1103/PhysRevB.66.064530 PACS number~s!: 74.25.2q, 71.10.Hf, 74.20.Rp
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I. INTRODUCTION

The underdoped cuprate superconductors exh
pseudogap behavior1 below a characteristic temperatureT* ,
well above the superconducting transition temperature (Tc).
The pseudogap behavior is visualized as a strong suppre
of low-frequency spectral weight belowT* . This anomalous
phenomenon has been observed in angle-resolved ph
emission spectroscopy ~ARPES!,2,3 specific-heat,4

tunneling,5 NMR,6 and optical conductivity7 measurements
A variety of theoretical scenarios has been proposed for
origin of the pseudogap, although no consensus has b
achieved so far.

Broadly, these theoretical scenarios may be divided i
two categories. One is based on the idea that the pseud
is due to precursor superconductivity, in which pairing tak
place atT* but achieves coherence only atTc .8–14The other
assumes that the pseudogap behavior is related to dynam
fluctuations of some order, such as spin,15–19 charge, or
structural. Some experiments such as ARPES~Refs. 2 and 3!
and tunneling5 show that the normal-state pseudogap has
same angular dependence and magnitude as the supe
ducting~SC! gap indicating the same symmetry. This mak
the SC fluctuation origin of the pseudogap attractive. Rec
detailed calculations by Paramekantiet al.,20 reveal that the
SC dome is obtained because of the Mott physics at
filling, even though spin pairing is strongest there. Th
variational calculation predicts evolution of the system fro
an undoped resonating valence bond insulator to ad-wave
superconductor to a Fermi liquid with increasing hole do
ing. This along with earlier theories qualitatively explai
why the doping~x! dependence ofT* has an exactly oppo
site trend as that ofTc in the low doping regime, even thoug
0163-1829/2002/66~6!/064530~9!/$20.00 66 0645
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the two phenomena are believed to be intimately related
Furthermore, there is some experimental evidence po

ing to the existence of superconducting fluctuations like d
magnetic activity aboveTc ~Ref. 21! and vortexlike excita-
tions in La22xSrxCuO4 indicating fluctuating superfluid
density belowT* .22 The origin of the pseudogap is still con
troversial. More profoundly, recent detailed investigations
specific-heat, tunneling, NMR, and transport propertie23

strongly indicate that the origin of the pseudogap is fro
some competing condensation other than superconduct
itself. For example, Zn substitution on Cu is known to su
press SC strongly while such substitution results inno sup-
pressionof the pseudogap.23

The phase diagram of high-temperature cuprate super
ductors is very rich. In addition to antiferromagnetism
dx22y2 pairing, and charge ordering, staggered orbital a
ferromagnetism produced by local circulating currents h
joined the list of physical states that might occupy a prom
nant place in the phase diagram.24 Physically, these current
alternate in sign from plaquette to plaquette in the copp
oxygen plane and comprise the staggered flux phase. Th
fore, the staggered flux phase is also known as the den
wave state havingdx22y2 symmetry ~i.e., DDW! or the
d-CDW state~the charge-density-wave state withl 52). The
essential feature of thed-CDW state is that staggered orbit
magnetic moments~or staggered currents! break parity and
time-reversal symmetry by one lattice constant andp/2 ro-
tations. This new kind of order parameter which is pure
imaginary is fundamentally different from the other propos
theories mentioned above. Furthermore, as it is well kno
that the charge-density wave and superconductivity comp
with each other in a strongly correlated system~both of
which will have advantage of avoiding Coulomb repulsi
©2002 The American Physical Society30-1
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due to theird-wave symmetry!, a pseudogap arising from
d-density-wave state therefore has immense appeal.
though the debate about the mechanism for the pseudog
yet to be settled, it is suggested that the essential chara
istics of the pseudogap as observed in many recent ex
ments, including photoemission,25 tunneling,26 and muon
spin relaxation,27 can be explained by the DDW model. Mor
recently, the detection of the DDW ordering using impur
resonance has also been proposed.28 Therefore, if the DDW
state is responsible for the pseudogap phase, its effect o
d-wave superconductivity~DSC! must be understood.

In the present paper we study in detail the coexistenc
the DDW and DSC within mean-field theory. We show th
with decreasing doping~towards optimal doping! the DDW
state produces a gap in the single-particle spectrum at aro
(p,0) of the Fermi surface and competes withd-wave pair-
ing, leading to the arrest of the growth of superconductiv
in the underdoped regime. This strong competition result
unusual temperature dependencies of the two order pa
eters. In particular, it is shown that when nesting of the Fe
surface is perfect, as in a square lattice with only near
neighbor~nn! hopping (t1), one of the order parameters
completely inhibited by the other. In fact, the DDW sta
produces more of a ‘‘real gap’’ rather than a ‘‘pseudogap’’
the quasiparticle energy spectrum. We demonstrate that
nite negative next-nearest-neighbor~nnn! hopping (t2),
which is realistic for high-Tc cuprates, stabilizes the DDW
state near optimum doping without affecting DSC. On t
other hand,t2 suppresses the DDW strongly and enhan
superconductivity close to half filling. The actual coexisten
of the two orders is established only at finitet2. The Tc is
always found to be maximum at a doping concentrat
where the correspondingTDDW ~DDW transition tempera-
ture! drops to zero and it decreases with further doping.

The layout of the paper is as follows. In Sec. II we brie
discuss the essential features of a DDW phase and ob
analytical expressions for the transition temperature and
magnitude. In Sec. III we consider the coexistence of
DDW and DSC states at the mean-field level and obtain
coupled gap equations. Section IV discusses the nume
results of the interplay of the DDW and DSC. Concludi
remarks are added in Sec. V.

II. DDW STATE

Microscopic Hamiltonians responsible for various DD
states have been discussed in detail by Nayak and
collaborators.24,16,30 Here we present a phenomenologic
model for the DDW state withQW 5(p,p), and analytically
obtain the gap equation and the transition temperature.

The mean-field Hamiltonian for the DDW state is

HDDW5(
k,s

FBZ

~ek2m!ck,s
† ck,s1(

k,s

RBZ

iWkck,s
† ck1Q,s1H.c.,

~1!

where FBZ and RBZ denote the full and reduced Brillou
zones, respectively,ek

nn522t1(coskx1cosky), and the band
06453
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energy ek5ek
nn1ek

nnn with ek
nn522t1(coskx1cosky) and

ek
nnn524t2coskxcosky . Wk is defined as

Wk5W0f k5 i(
k8

Vk,k8
CDW^ck81Q,s

† ck8,s&, ~2!

where f k5coskx2cosky describes thed-wave symmetry of
the order parameter. HereVk,k8

CDW is the interaction term in the
relevant channel and has been assumed to have the sepa
form V0

CDWf kf k8 . In order for Hamiltonian~1! to be Hermit-
ian, the order parameter~OP! iWk of the d-CDW state must
be purely imaginary, which follows from the propertyWk
52Wk1Q .

The Hamiltonian in Eq.~1! may be rewritten as

HDDW5(
k,s

Ck,s
† Ĥ~k!Ck,s

with

Ĥ~k!5S ek
nn1ek

nnn2m iWk

2 iWk 2~ek
nn2ek

nnn1m!
D ~3!

andCk,s
† 5(ck,s

† ck1Q,s
†

). Here nesting of the Fermi surfac
~FS! holds only for a part of the FS, namely,ek

nn52ek1Q
nn .

The eigenvalues of theĤ yield the quasiparticle energ
spectrum of the DDW state, given byEk

c(v)5ek
nnn2m6Ek

0

whereEk
05Aek

nn2
1Wk

2. Only part of the band energyek
nn and

hence the FS is gapped. So this is a metallic DDW state w
a pseudogap.

For convenience we find a new basis setFk,s
†

5(gk,s
c†

gk,s
v†

) through a unitary transformation such th

Ĥ(k)Ck5EkCk5EkUU21CkUU215EkUFkU
21 which

diagonalizes the Hamiltonian~1! completely, Ĥdiag(k)Fk
5EkFk , whereFk5U21CkU and is related toCk as fol-
lows,

Ck5S iuk vk

vk iuk
DFk , ~4!

where the d-CDW coherence factors,uk(vk)5
1

A2
@1

6(ek
nn/Ek

0)#1/2. With the help of canonical transformation~4!
on Eq.~3! the mean-field DDW Hamiltonian reduces to

HDDW5(
k,s

Ek
cgk,s

c†
gk,s

c 1Ek
vgk,s

v†
gk,s

v . ~5!

Now it is very convenient to calculate the expectation va
on the right-hand side of Eq.~2! using the transformation~4!
and the Hamiltonian~5!. This leads to the self-consistent ga
equation for the DDW state,

15
V0

CDW

2 (
k

f k
2

Ek
0 F tanhS bEk

c

2 D 2tanhS bEk
v

2 D G . ~6!
0-2
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In the limit of t250.0 and at half filling (m50), Ek
c

52Ek
v5Ek

0 . The DDW gap equation Eq.~6! takes the form

15V0
CDW(

k

f k
2

Ek
0

tanhS bEk
0

2 D . ~7!

Note the formal similarity of this gap equation for the DDW
with a simple BCSd-wave gap equation. AtT50, the above
equation can also be written as

15V0
CDW(

k,f

cos22f

Ae21W0
2cos22f

5V0
CDWN~eF!E

2vc/2

vc/2

deE
0

2pdf

2p

cos22f

Ae21W0
2cos22f

, ~8!

wheref5tan21(ky /kx) andN(eF) is the density of states a
the Fermi level. Equation~8! can easily be used to find th
zero-temperature magnitude of the DDW gap and the co
sponding transition temperature (TDDW) as follows,

W05
2vc

Ae
expS 2

1

N~eF!V0
CDWD ~9!

and

TDDW5
gvc

p
expS 2

1

N~eF!V0
CDWD , ~10!

where lng'0.577 is the Euler’s constant. The ratio of th
DDW gap and the transition temperature is 2W0 /kBTDDW
;4.3. One can also get analytic expressions for
temperature-dependent DDW gap following standard exp
sions atT!TCDW and (TCDW2T)!TCDW,31 as below:

DCDW~T!

DCDW~0!
5F120.37S T

TCDW
D 3G ; S T

TCDW
D!1 ~11!

and

DCDW~T!

DCDW~0!
51.65A12S T

TCDW
D ; 12

T

TCDW
!1. ~12!

In deriving Eqs. ~9!–~12! the density of states~DOS!
around the Fermi levelN(EF) is assumed to be constan
Based on these approximate expressions at the two ext
regions of temperatures, extrapolating~fitting! them and with
the help of numerical calculations, we arrive at an analyti
expression for the DDW gap at any temperature:

DCDW~T!5DCDW~0!F120.95S T

TCDW
D 3.5G0.6

. ~13!

We emphasize that this expression is also valid for p
d-wave superconductors (TCDW would be replaced byTc).
Such an analytic equation, to our knowledge, has not b
obtained so far and should be checked by others. We s
show that this analytic equation obeys all our numerical d
06453
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Since nesting is not perfect due to finite doping ort2 and
other higher-order hoppings present in high-Tc systems~our
formalism is valid for any order of hoppings; non-nest
band energies may be included inek

nnn), fluctuations of the
DDW state will be very strong. In fact, the maximum fre
quency for the amplitude~collective-! mode fluctuations of
the DDW gap will beV52Wk , as discussed in more deta
in Ref. 29. Therefore, given the realistic situation in high-Tc
systems, the system will have a strongly fluctuating DD
state, which may mediated-wave superconductivity. In this
paper our main aim, however, is to understand the phys
situation due to interplay of the DDW and DSC.

III. COEXISTENCE OF THE DDW AND DSC

In this section we show that there is a strong interp
between the staggered flux phase andd-wave superconduc
tivity ~DSC! which leads to an interesting phase diagra
Coexistence of the pseudogap~DDW! with superconductiv-
ity ~DSC! ~below Tc) is consistent with experimental find
ings and we demonstrate the same only in the presenc
finite t2. The microscopic mean-field Hamiltonian approp
ate for the coexistence of DDW and DSC states is given

H5(
k,s

FBZ

~ek
nn1ek

nnn2m!ck,s
† ck,s1(

k,s

RBZ

iWkck,s
† ck1Q,s1H.c.

1(
k

RBZ

~Dkck,↑
† c2k,↓

† 2Dkck1Q,↑
† c2k2Q,↓

† 1H.c.!. ~14!

Dk is the superconducting order parameter withdx22y2 sym-
metry having the form Dk5D0f k , and therefore
Dk1Q52Dk . The Hamiltonian~14! can be written with the
help of a four-component Nambu operatorCk

†

5(ck↑
† ck1Q↑

† c2k↓ c2k2Q↓ ) as

H5(
k

Ck
†Ĥ~k!Ck , ~15!

where

Ĥ5S e12m iWk Dk 0

2 iWk 2~e21m! 0 2Dk

Dk 0 2~e12m! iWk

0 2Dk 2 iWk ~e21m!

D ,

~16!

wheree65ek
nn6ek

nnn. The eigenvalues of the above matri
describing the quasiparticle energy spectrum of the coex
ence phase, are given asE1,2(k)56ADk

21(Ek
06ek

nnn2m)2,

whereEk
05Aek

nn2
1Wk

2. The d-wave superconducting orde
parameter is defined as

Dk5(
k8

Vk,k8
SC ^c2k↓ck↑&, ~17!
0-3
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whereVk,k8
SC

5V0
SCf kf k8 . Following the same procedure as

an earlier section we diagonalize the Hamiltonian~14! as
follows:

H5(
k

E1~k!~ak
†ak2bk

†bk!1E2~k!~gk
†gk2dk

†dk!.

~18!

The necessary canonical transformation is obtained to b

Ck5S 2 iukũk iukṽk 2 ivkũk8 ivkṽk8

2vkũk vkṽk ukũk8 2ukṽk8

2 iukṽk 2 iukũk ivkṽk8 ivkũk8

vkṽk vkũk ukṽk8 ukũk8

D 3Fk ,

~19!

where Fk
†5(ak

† bk
† gk dk ) and the superconducting cohe

ence factors are given byũk(ũk8)5(1/A2) @11(Ek
06ek

nnn

7m)/E1(2)#
1/2 and ṽk( ṽk8)5(1/A2) @12(Ek

06ek
nnn

7m)/E1(2)#
1/2. Now, we calculate the averages in Eq.~17! as

well as that in Eq.~2! using Eqs.~15!, ~18!, and ~19!. This
gives rise to the coupled integral gap equations for the co
istence phase of DDW andd-wave superconductivity a
given below,

15V0
CDW(

k

f k
2

Ek
0 H Ek

01ek
nnn2m~T!

2E1~k!
tanh

bE1~k!

2

1
Ek

02ek
nnn1m~T!

2E2~k!
tanh

bE2~k!

2 J ~20!

and

15V0
SC(

k
f k

2F tanh
bE1~k!

2

2E1~k!
1

tanh
bE2~k!

2

2E2~k!
G . ~21!

It may be noted that Eq.~20! reproduces Eq.~6! in the limit
Dk→0, with proper signs taken into account. Similarly,
the limit of Wk→0, Eq.~21! reduces to the simple BCS ga
equation for DSC. The band fillingn can be varied by tuning
the chemical potentialm and may be calculated through th
relationn51/N(k,s^ck,s

† ck,s&. Using Eqs.~18! and ~19! we
obtain

n5
1

N (
k

H 12
Ek

01ek
nnn2m~T!

2E1~k!
tanh

bE1~k!

2

1
Ek

02ek
nnn1m~T!

2E2~k!
tanh

bE2~k!

2 J . ~22!

In the limit of t250 ~i.e, ek
nnn50), at half filling (m50)

E15E2 andn reduces to unity, as it should.
Now, the study of interplay of the staggered flux phase~or

DDW state! with d-wave superconductivity amounts to sol
ing the coupled Eqs.~20!–~22! self-consistently correspond
ing to the three functionsWk[Wk(Wk ,Dk ,m(T)), Dk
06453
x-

[Dk(Wk ,Dk ,m(T)), and m(T)[m(Wk ,Dk ,m). It should be
noted that in this process the temperature variation of
chemical potential must be incorporated~see below for fur-
ther discussion!. The interaction strengthsV0

CDW andV0
SC are

chosen as 0.06 eV and 0.05 eV, respectively. The ene
cutoffs around the Fermi surface over which these interac
strengths are effective are chosen as 0.08 eV and 0.06
respectively. At half filling andt250 these parameters giv
TCDW of 180 K in the absence of superconductivity andTc of
around 110 K in the absence of the DDW. These param
values are chosen so that maximum interplay between
two orders takes place, and the values are kept fixed fo
the calculations in this paper. Slight changes in the cu
frequencies do not correspond to any qualitative change
our results. We notice that U~1! mean-field theory of thet-J
model gives rise toVCDW50.5J and VSC5J, however, no
bulk DDW state was found in this model.32 We actually
found an interesting regime of interplay only whenV0

CDW

.V0
SC. We discuss our numerical solutions of the abo

equations in the next section.

IV. RESULTS AND DISCUSSIONS

A. t2Ä0

In Fig. 1 we present the temperature dependence of
DDW and DSC energy gaps for various band fillings in t
absence oft2. In this panel of figures thick solid lines corre
spond to the DDW gap and long-dashed lines to the D

FIG. 1. Temperature variations of the DDW~solid lines! and
DSC order~dashed lines! parameters in the absence of next-neare
neighbor hoppingt250.0 for various values of band filling (n).
Note the peculiar temperature dependence of the DSC in~b! and~c!
compared to standard second-order phase transitions. We use
tions DCDW(k)5DCDW(0) f k andDSC(k)5DSC(0) f k .
0-4
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INTERPLAY OF STAGGERED FLUX PHASE ANDd- . . . PHYSICAL REVIEW B 66, 064530 ~2002!
gap. Energy-gap scales are in eV whereas temperatures a
Kelvin. In the very low doping regime or very close to th
half filling no DSC is found whereas no DDW state is fou
above 4% of doping.

Due to perfect nesting at half filling of the square latti
there will be a strong instability of the FS due to DDW
formation and hence there will be no carriers available
pairing resulting in the vanishing of the DSC gap@see Fig.
1~a!#. The scenario changes abruptly as one dopes the sy
and nesting of the FS is violated; this results in very ra
suppression of the DDW gap with doping. In competitio
thereby, the DSC state starts appearing as one dopes the
tem. More quantitatively, a small doping of about 3.5%
duces the transition temperature for the DDW state by ab
35 K ~not shown in the figure!, whereas the DSC transitio
temperature increases by 100 K. Thus we see that each o
inhibits the other very strongly.

In addition to the strong tendency towards DDW form
tion at half filling, thed-wave SC state is also strongly fa
vored due to the Van Hove singularity in the normal-st
DOS. This results in a strong competition between the t
orders near half filling. In fact, this competition is so stro
that even a smaller DSC gap completely suppresses a la
DDW gap@see Figs. 1~b! and 1~c!, and also Fig. 2~b!#. Thus,
with doping the CDW gap decreases sharply whereas the
gap and its transition temperature increases. The highesTc
is obtained when the DDW gap just vanishes. Further
crease in hole doping reduces theTc .

B. t2Å0

In Fig. 2 we have plotted the temperature dependenc
the DDW and DSC gaps for a fixed doping concentrat

FIG. 2. Temperature dependencies of the DSC~thick dashed
lines! and the DDW~thick solid lines! gap parameters in the pres
ence oft2 at 0.5% doping. It is worth noting that for smaller valu
of t2 the DDW transition temperatures are suppressed wherea
SC correlations are enhanced. The trend changes att2520.125t1.
06453
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~near half-filling! and several values oft2, in order to study
the role of second-neighbor hopping on the interplay
tween the DDW and DSC orders. It is worth mentioning
this stage that it was found from ARPES data
Bi2Sr2CaCu208 at optimal doping33 that the next-nearest
neighbor hopping is negative with respect to the near
neighbor hopping, and can be as large as 0.25t1.33 Therefore,
our choice of values and sign oft2 is in accordance with
these observations. General features of Fig. 1, i.e., existe
of only DSC at lower temperatures and only DDW at high
temperatures, are retained in Fig. 2 as well. Ast2 increases,
the DDW state is strongly suppressed whereas the D
phase is strongly favored; at2 as small as 0.125t1 completely
suppresses the DDW state withTDDW5180 K @cf. Figs. 2~a!
and 2~d!#. On the other hand, such a small change int2 can
strongly stabilize the DSC by setting aTc as high as 100 K
from 0 K @cf. Figs. 2~a! and 2~c!#. Maximum Tc is found
only when DDW order just vanishes@cf. Fig. 2~c! and Fig.
2~d!#. This feature is found to be universal at the optimu
doping ~at which maximumTc occurs!.

Therefore, in these figures we have only one of the or
parameters surviving—the DSC gap at lower temperatu
and the DDW gap at higher temperatures. This feature
very important for calculation of the single-particle spect
function, etc. Although an effective gapAWk

21Dk
2 appears in

the quasiparticle energy spectrum, eitherWk or Dk survives.
Another feature to be noticed is that the temperature va
tions of the DSC gaps are quite unusual in the sense tha
gap vanishes suddenly almost like a first-order phase tra
tion. Furthermore, because of this strange interplay betw
the DDW and the SC states, the BCS ratio, 2Dmax/kBTc , is
much larger compared to the standard weak-coupling va
of 4.3 ~for d-wave superconductors! at small doping which is
typical of high-Tc cuprates. Therefore, interplay of the DDW
with DSC can make fundamental modifications to the te
perature dependencies of each other.

These results described above may be understood qua
tively within the discussions on the loss of nesting due tot2
and its effect on the DDW state in connection with Fig.
However, those arguments are valid only close to half fillin
introduction of t2 causes loss of nesting and damages
DDW very strongly and thus in competition SC enhanc
Therefore,t2 enhances the possibility of SC appearing clo
to half filling. We should mention that no antiferromagne
order is considered in our self-consistent model calculati
therefore the possibility of SC close to half filling appea
Finally, we display the analytical Eq.~13! for a d-wave gap
in Figs. 1~a!, 2~a!, and 2~d! with circular points. This estab
lishes that the~empirical! analytical expression obtained i
Eq. ~13! closely represents the exact result for anyd-wave
gap.

In Fig. 3 we present the same data as that in Fig. 2 bu
a higher doping concentration of 7%. Here we show t
exactly the opposite happens to the DDW compared to
in Fig. 2. In Fig. 3~a! there was no DDW whent250.0,
which appears with aTDDW'125 K for a small increase o
t2520.075t1 @see Fig. 3~b!# although the SC gap andTc
remain almost unaltered~increase only slightly!. Even

the
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though the SC gap is larger compared to that of the DD
the DDW gap is not completely suppressed and the two
ders coexist. With further increase int2 to 2.1t1 or
2.125t1 the DDW amplitude is enhanced further where
the DSC is suppressed. However, a further increase it2
again suppresses the DDW and hence enhances SC. T
behaviors have important bearings related to the nestin
the FS as discussed below.

We also emphasize that we see the actual coexistence
tween the two orders for the first time in Figs. 3~b!–3~d!.
Here both the order parameterscoexist, although the appear
ance of superconductivity arrests the growth of the DD
with decreasing temperature. Therefore,t2 at higher doping
stabilizes the DDW state. This again can be understoo
terms of FS nesting.

Interestingly, the thermal variation of the DSC is exac
governed by the analytical Eq.~13!, evenin the coexistent
phase. This is shown by the circular points over the das
lines. Therefore, the DSC can coexistindependentlywith the
DDW phase. This is further established from the fact that
circular points obtained from Eq.~13! exactly overlap with
the numerical data which are self-consistent solutions of
coupled Eqs.~20!–~22!. Hence Eq.~13! is the analytical so-
lution for anyd-wave OP at finite temperature.

In Fig. 4 we present the noninteracting FS’s. This succe
fully demonstrates that while doping destroys the FS nest
t2 brings back a large amount of nesting at higher dopi
Thereby, DDW order is enhanced. In Fig. 4~a!, the solid
perfect square presents the FS at half filling in the absenc
the next-nearest-neighbor hopping (t2). In Fig. 4~b!, the less
dense cross-symbol curve represents the FS fort2520.1t1
and m50 @this therefore corresponds to going away fro
half filling in contrast to Fig. 4~a!#. In Fig. 4~c!, the dense
curve with thin parallel bar symbols corresponds to the
with the same value oft2 as that in the case of Fig. 4~b! but

FIG. 3. Thermal variations of the DSC and the DDW gap p
rameters in the presence oft2 at 7% doping. Notations are same
that in Fig. 2. Note a different role oft2 than that in Fig. 2:t2

stabilizes the DDW as well as its coexistence with DSC. The ar
of the growth of the DDW gap with the appearance of DSC is wo
noting @e.g., see~b!–~d!#.
06453
,
r-

s

ese
of

be-

in

d

e

e

s-
g,
.

of

S

with m520.07. It can be seen that the ‘‘gap’’ opened arou
the high-symmetry (p,0) points~corners, rather! in Fig. 4~b!
reduces in the case of Fig. 4~c!, reproducing more regions o
flat Fermi line segments that can be translated to fall on
other side of the FS and hence FS nesting is enhanced. H
ever, on further increase of chemical potential (m) and hence
doping, the ‘‘gaps’’ increase again~not shown in the figure
for clarity! and separate into four different branches of pa
bolic segments with less nesting. This behavior of the
topology has an important influence on the coexistence ph
of the DDW and DSC, in the sense that in the regi
VCDW.VSC more nesting will favor the DDW and hence i
competition DSC will be suppressed and vice versa. Th
features are obvious from Figs. 2 and 3.

It will be interesting to study how the energy gaps beha
for different dopings at a fixedt2. This has been displayed i
Fig. 5; for a fixedt2520.1t1 the temperature dependenci
of the order parameters are plotted for various band fillin
For n50.97 no coexistence is found and at lower tempe
tures DSC order is strong enough to suppress the DDW
the system is further doped the superconductivity is s
pressed and the DDW state extends all the way from low
high temperature, coexisting with the superconductiv
More importantly, theTDDW remains almost constant unt
n50.93 whereas the DSC state continues to grow within
DDW phase at lower temperatures causing only a small s
pression in the amplitude of the DDW gap@see Figs. 5~b!–
5~d!#. Interestingly, even a larger SC gap than that of
DDW does not completely suppress the DDW at lower te
peratures@cf. Fig. 5~e!# and a true coexistence between the
is established. This behavior may be contrasted with thos
Figs. 1 and 2.

We will draw an approximate phase diagram based
these discussions of Figs. 1–5. Before that, we present

-

st
h

FIG. 4. Noninteracting FS for various dopings (m) and (t2). The
perfect square FS, represented by the thin solid line correspon
to t250 at half filling, has a large nested area. The FS curve w
cross~less dense! symbols representsm50 and t2520.1t. Now
whenm is decreased to20.07~and hence with increased doping! a
large amount of FS nesting is recovered~see the densest curve wit
the small parallel bar!.
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INTERPLAY OF STAGGERED FLUX PHASE ANDd- . . . PHYSICAL REVIEW B 66, 064530 ~2002!
temperature dependence@m(T)# of the chemical potential in
Fig. 6. The top two figures correspond to situations of F
1~a! and Fig. 2~a! while the remaining two correspond t
Figs. 2~b! and 3~c!. These drastic changes ofm with tem-
perature have a strong influence, and are properly taken
of within the self-consistent solution of the order paramete
The sudden changes inm correspond to the SC and DDW
transition points as observed in Figs. 1~b!, 1~c!, 2~b!, and
2~c!.

The phase diagram shown in Fig. 7 comprises transi
temperatures (TDDW for DDW andTc for DSC! as a function
of doping (d). In Fig. 7~a! no coexistence is found, i.e, be
low optimum doping only the DDW order exists at high
temperatures whereas only DSC exists at lower temperatu
For quite a different set of parameters we do not expect
qualitative changes to the phase diagram but onemayhave a
coexistence phase within a very thin doping region,d
50.025–0.03. However, we did not find any coexisten
phase within the set of parameters used, although the
orders influence very strongly each other~namely, the DDW
order would not have been suppressed if the DSC were
present at lower temperatures!. By a coexistence phase w
mean a region of temperature and doping where magnitu
of both the order parameters are nonzero, such as, for
ample, the case in Figs. 3~b! and 3~c!, but not the case in Fig
5~a! or Fig. 1. The highestTc at optimum doping occurs
where the DDW vanishes. Ast2 is increased the maximum o
the DDW shifts away from half filling to higher dopings. Fo
t2520.05t1 @Fig. 7~b!# the DDW order is finite but weake

FIG. 5. Effect of doping on the temperature dependencies of
DDW ~solid line! and the DSC~dashed line! order parameters for a
fixed t2520.1t1.
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FIG. 6. Strong temperature dependence of the chemical po
tial (m). Abrupt changes inm with temperature correspond to tran
sition points~see also Figs. 1–3! for comparison.

FIG. 7. Phase diagram of the coexistent DDW-DSC for vario
t2; transition temperaturesTDDW (Tc) are plotted as a function o
doping concentration,d. The coexistence phase extends for high
values oft2 and the optimum doping shifts to higher values. T
shaded region by vertical lines indicates the coexistence phase
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than that in Fig. 7~a! and coexists with DSC represented
the shaded regions. At finitet2 maximum nesting of the FS i
not at half filling but at some other higher doping, there
the maximum of the DDW ordering correspondingly occu
at that doping. Therefore, as the system is doped away f
half filling, the DDW order enhances and the DSC dim
ishes, and at aroundd50.04, the DDW attains its maximum
whereas the DSC is almost completely suppressed. For
ing beyond 0.04, a similar trend to that of Fig. 7~a! is ob-
tained, except that both the orders coexist for a substa
region of doping. The optimum doping where maximumTc
occurs continues to shift to higher values with increasingt2,
however, the maximumTc does not change much. Also, th
total superconducting region enlarges witht2. At sufficiently
larget2 (520.1t1) @Fig. 7~c!#, the DDW order at half filling
becomes weak enough to be completely suppresse
completion with DSC. Thus, at very close to half filling th
DSC prevails alone and this trend continues until sligh
more than 5% of doping, and then the coexistence ph
establishes.

V. CONCLUSION

We have made a detailed study of the interplay betw
the DDW andd-wave superconductivity. Strong influenc
and interplay between these ordered phases has been e
lished through their temperature dependencies and det
study of the phase diagrams reveals its resemblance to th
the high-Tc cuprates. The possibility of either supercondu
tivity or the DDW at half filling appears in the present mod
as the antiferromagnetic order has not been taken into
count in our self-consistent calculation. We have successf
established that a negative next-nearest-neighbor hop
stabilizes the coexistence phase of the two orders. In
absence of next-nearest-neighbor hopping the DDW o
appears as aregular ‘‘real gap’’ in the energy excitation spec
trum, and the resulting coexistence phase becomes al
impossible. In the presence oft2, a large amount of nesting
may be retained at higher doping resulting in enhan
DDW order and thereby opening the possibility for coexi
ence of the two orders.

We pointed out the importance of this self-consistent c
culation for a single-particle spectral function. The spin-s
correlation functionS(Q,v) at Q5(p,p) will have a peak
near aboutv52AW0

21D0
2 because the spectral function su

will have restriction ofd@v2E1(k)2E2(k)#. ~At half filling
the peak should exactly be at 2AW0

21D0
2). Therefore, the

peak position as well as its strength will strongly depend
doping~and hence onm) and temperature as governed by t
ria
s,

ar
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phase diagram~only in restricted cases are bothW0 andD0
nonzero!. In some cases, the peak will be governed either
the DSC or DDW depending on the temperature even a
given doping concentration@see Fig. 7~a!#. Similarly, a large
number of physical properties that depends on the temp
ture dependence of the order parameter~for example, spe-
cific heat! will strongly be influenced. If DDW order is in-
deed cause for the pseudogap of the cuprates then the no
state of the cuprates should show a peak/hump in the spe
heat atTDDW . In other words, in contrast to the superco
ducting phase fluctuation scenario of the pseudogap,14 the
DDW phase involves an ‘‘extra’’ thermodynamic phase tra
sition and therefore will be signaled by the correspond
thermodynamic quantities. In particular, if the pseudogap
due to strongly fluctuating but nonvanishing DDW order,
clear signature due to such a phase transition~e.g, a discon-
tinuity in the specific heat! may not be seen experimentall
A large number of experimental properties of the cuprate
consistent with the presence of DDW order in the und
doped cuprates are discussed in detail in Ref. 24. This p
gives the actual behavior of the DDW and the DSC fro
which a large number of physical properties can be cal
lated. Furthermore, we have shown that the DDW phase
the correctT* vs d behavior. Therefore, given the fact th
there are other possible routes from an extra competing c
densation scenario that would lead to the pseudogap, the
sibility of the DDW as a candidate has been strengthe
further. An unique feature of the DDW state is the brok
time-reversal and translational symmetries. Therefore,
should be observable, e.g, in neutron scattering the D
state should have a Bragg signal at the antiferromagn
wave vector. However, its moment direction, temperature
pendence, and Bragg intensities will certainly make a diff
ence between an antiferromagnet and a DDW.34 Further-
more, since the DDW state breaks time-reversal symmetr
left circularly polarized light~beam! would produce a pho-
tocurrent different from that produced by a right circular
polarized light.

As a word of caution, we would like to mention that th
underdoped cuprates have a short coherence length an
phase stiffness is small with small superfluid density. The
fore, phase fluctuations in the underdoped regime are v
important and would be considered in future works.
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