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Magnetic polarons in weakly doped high-Tc superconductors

E. M. Hankiewicz,* R. Buczko, and Z. Wilamowski
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The formation of magnetic polarons in an antiferromagnetic medium is studied numerically in wide range of
parameters with special attention to high-Tc superconductors. We consider a Hamiltonian describingd-d
exchange interactions betweend spins of a finite Heisenberg antiferromagnet,p-d interactions between a
conducting holep, andd spins, as well as kinetic energy of hole. The decoupling of orbital and spin degrees
of freedom allows us to consider the spin Hamiltonian and kinetic energy separately. The spin Hamiltonian is
solved exactly with use of the Lanczos method of diagonalization. We conclude thatp-d exchange interaction
favors magnetic polarons localized on one site of the antiferromagnet. Adding the kinetic energy does not
change essentially the phase diagram of magnetic polarons formation. For parameters relevant for high-Tc

superconductors either a polaron localized on one lattice cell or a small ferron form. However, we find that the
contribution of magnetic and phonon terms in the formation of a polaron in weakly doped high-Tc materials
can be comparable.

DOI: 10.1103/PhysRevB.66.064521 PACS number~s!: 74.20.2z, 74.72.2h, 71.38.2k
o

e
ob

e
ot

Al
m
se

b

d

d
ca
i-
x-
s
is

e
no
il-

th
n
t
te
o
th

e

ti-

e

at
ach

rd

be-
ear.
ion

ng-
n

in-

of a
on
on
ter-
ble
and
in

of
alcu-
in

of
ec.
IV,

po-
nd
I. INTRODUCTION

The role of phonon and spin exchange in the formation
polarons and bipolarons in CuO2 based high-Tc materials has
been a matter of extensive discussion from the very mom
high-Tc superconductors were discovered. Experimental
servations of the anomalous isotope effect1,2 could indicate
the role of phonon interactions in the formation of the sup
conducting state. On the other hand, angle-resolved ph
emission spectroscopy3 ~ARPES!, transport,4 and tunneling
microscopy measurements5 show d symmetry of the order
parameter indicating an important role of exchange.
though some authors underline the role of both mechanis6

the solution of full Hamiltonian is complicated and the
contributions are usually calculated separately.

The concept of the phonon polaron was introduced
Pekar7 and Fröhlich.8,9 It was adopted to high-Tc supercon-
ductors by Alexandrov and Mott.10 Its energy was estimate
to be as fraction of eV. Moreover, it was proposed11 that the
narrowing of thed-electron band by the polaron effect an
the formation of phonon bipolarons increases the criti
temperature toTc'100 K. However, because of the dom
nant contribution ofd symmetry to the order parameter, e
change interactions are the most often considered one
cently. Modeling of such interactions is difficult because it
necessary to include the role of conducting~p! holes as well
as localized~d! electrons.

In the case of weakp-d couplings, a linear response of th
antiferromagnet~AF! can be assumed. Hence a phenome
logical model of magnetic susceptibility introduced by M
lis, Monien, Pines12 ~MMP! can be used. Zhang and Rice,13

in turn, describe the case of strong hybridization between
3d states of Cu and 2p states of O. When the hybridizatio
is much greater than the kinetic energy of the carriers, i
possible to limit the description to the ground singlet sta
and in such a case a one band model can be used. This m
~called t-J) is at present the most often used to describe
cuprate superconductors~for a review, see Ref. 14!. Unfor-
tunately, different techniques of approximations lead som
0163-1829/2002/66~6!/064521~9!/$20.00 66 0645
f

nt
-

r-
o-

-
s,

y

l

re-

-

e

is
,
del
e

-

times to contradictory solutions oft-J, as it is in the case of
the stripe formation.15,16 In the framework of thet-J model,
the formation of the spin polaron was extensively inves
gated by many authors.17–22

However, the spin-fermion model,23–30which treats sepa-
rately the spin ofp-carrier andd-localized spins, seems to b
the most appropriate for the case of intermediatep-d cou-
pling typical for high-Tc superconductors. Most papers tre
the p-d interaction as a Kondo exchange. Such an appro
shows the tendency of cuprates to stripe phase formation23 or
d-wave pairing.26,25 Recently, Bałaet al.29,30 extended the
spin-fermion model starting from the three band Hubba
model. In their model,p-d coupling is more complicated
than the Kondo one because some exchange couplings
tween the Cu ion and two neighboring oxygen atoms app
The model, based on self-consistent Born approximat
~SCBA!, describes the formation of magnetic polaron29,30

and identifies all the spectrum of energy states of the Zha
Rice polaron30 in angular resolved ultraviolet photoemissio
spectroscopy~ARUPS! experiments.31 However, a compari-
son of SCBA and exact diagonalization techniques for sp
fermion model has not been carried out yet.

The present paper reports on systematic calculations
simple spin-fermion model with an exact diagonalizati
technique for a spin Hamiltonian. Since the spin-fermi
model allows us to investigate the cases of strong and in
mediatep-d coupling, this approach broadens the possi
range of solutions. Thus a comparison of the phonon
magnetic contributions to the formation of a polaron
weakly doped high-Tc superconductors for a wide range
parameters is possible. The exchange interactions are c
lated strictly while the phonon contribution is evaluated
the framework of the Fro¨hlich theory.8–10

In Sec. II, we describe the Hamiltonian and the method
finding the ground and excited states of the system. In S
III, the exchange spin interactions are analyzed. In Sec.
we analyze the phase diagram of different magnetic
larons. In Sec. V, we compare contributions from phonon a
magnetic polarons. A summary is given in Sec. VI.
©2002 The American Physical Society21-1
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II. MODEL

We study a system ofd localized spins and the mobil
p-like hole treating all spins quantum mechanically. In p
ticular, we think ofd spins within the quantum antiferromag
net ~AF! model, i.e., none of the Ne´el sublattices are chose
a priori. We consider finite one-~1D! and two-dimensiona
~2D! AF clusters with different boundary conditions. Th
spin interactions in the system and the kinetic energyT of the
p hole is described by the Hamiltonian

H52Jdd(
^ i , j &

SiSj1
1

2
Jpd (

i ,a,b
Sicia

1 sabcib1t i j (
i , j ,a

cia
1 cj a ,

~1!

where Si is the effective spin of the nine cored electrons
(3d9), the summation is taken over the pairs of neare
neighbor~NN! d spins^ i , j &, sab are the Pauli matrices o
the p hole with spins51/2,Jpd is the Kondo parameter nor
malized to the volume of elementary cell,Jdd is the ex-
change integral betweend-d spins,t i j is the hopping matrix
element to the neighbor,cia

1 , cia are the operators of cre
ation and annihilation of a hole on thei th site with spin
projectiona. We look for the eigenstates of the Hamiltonia
~1! in the form

C•XS . ~2!

Here XS is the spin state vector of the system. The orb
wave vectorC in the space of the single hole occupation
AF sitesi 51, . . . ,N takes a form

C5(
i

N

w~ i !ui , ~3!

whereui5u0,0, . . . ,1,0,0•••& is the occupation vector of th
hole ati th site,w( i ) is the corresponding probability ampl
tude andN is the number of spins of AF cluster. To solve th
eigenproblem we use the variational method withC as the
trial function. It is normalized by the condition( i 51

N uw( i )u2

51. Equation~2! allows for separate diagonalization of th
kinetic and exchange terms of Hamiltonian~1!,

H85^CuHuC&5T1Hs . ~4!

T does not depend on the spin state and can be evalu
from the probability amplitude of the carrierw( i ):

T5zut1u22ut1u(
^ i , j &

w~ i !w~ j !, ~5!

if only the hopping to NN,t1 is considered, andz is the
number of NN’s. The termzut1u providesT50 for fully de-
localized states. Diagonalization of the spin Hamiltonian,

Hs52Jdd(
^ i , j &

SiSj1(
i

j pd~ i !Sis, ~6!

yields the exchange energy. Heres is thep-spin operator and
the p-d exchange integrals are given by

j pd~ i !5Jpduw~ i !u2. ~7!
06452
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To compare the results for 1D and 2D clusters, we introd
Jpd8 5Jpd /(2zJdd), which describes the ratio ofp-d to d-d
coupling normalized by the number of AF bonds, 2z. More-
over, Jpd8 !1 describes the range of a weakp-d coupling,
while Jpd8 .1 that of a strongp-d one, independent of the
dimensionality.

We use the Lanczos method of diagonalization of
Hamiltonian~6!. Diagonalization of matrices for AF cluste
with N<20 is possible with the personal computer.

The main goal of the paper is a detailed study of quant
coupling between spins within the polaron in an AF mediu
We focus our analysis on the gain of the spin-exchange
ergy,

Eex5Edd
0 2~Edd1Epd!, ~8!

whereEdd
0 is energy of the ground state of the unperturb

AF ~when Jpd50) andEdd1Epd is the total exchange en
ergy of the system when the carrier is coupled to AF. In t
way, we analyze the zero-temperature case only. We fo
that for a weakp-d exchange the gainEex is a half of the
p-d coupling energy,Eex52Epd/2.

We describe the spin structure and formation of the a
ferromagnetic polarons~AFP! by means of correlators be
tweend spins ^SiSj& as well as between thep and d spins
^sSi&,

ML~ i !5^sSi&5^XSusSi uXS&, ~9!

whereML( i ) has a sense of local magnetization ofd spins
‘‘seen’’ by a carrier.

The assumption that the wave function can be descri
by Eq.~2! is simplified. In general, the total wave function
at least the linear combination of the pair of such functio
localized on two Ne´el sublattices. This problem is discusse
in Sec. III G.

Hamiltonian~1! does not contain a phonon term. In ge
eral, the coupling of the carrier to the lattice polarization a
the exchange interactions act together to form the pola
This issue is addressed in Sec. V.

III. SPIN STRUCTURE OF MAGNETIC POLARONS

We examine various types of trial functionsw. Depending
on the size and shape of the carrier distribution,uwu2 ~Fig. 1!,
as well as on the value of exchange constants~Fig. 2!, vari-
ous types of magnetic polarons with very different sp
structures can be found.

~i! Large AFP: Its sizer p is much greater than the lattic
constanta0 and the AF correlation rangej. Thus it can be
described within the model of a linear response. For la
polarons, the magnetizationML( i ) becomes proportional to
the local carrier density.12

~ii ! Medium AFP: Its sizer p is comparable or smalle
thanj, but bigger than;0.4a0 ~see Fig. 1!. Here the carrier
interacts with a few local spins inducing staggered polari
tion.

~iii ! Small AFP: It is localized within a single elementa
cell. For very strongp-d coupling it corresponds to the
Zhang-Rice~ZR! polaron.
1-2
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~iv! Ferron: It forms when thep-d exchange is strong
enough to break AF bonds and to induce a homogene
magnetic moment.32

~v! Comblike AFP: It is the case when the carrier is d
tributed on one Ne´el sublattice only. The staggered polariz
tion is the dominant response of AF.25,33

The clear difference between AFP’s of different sizes
seen in Fig. 1~a!, where the energy gainEex is plotted as a
function of r p . Gaussian trial functionuw( i )u2}exp@2(r i

2r0)2/(2r p
2)#, wherer i2r0 is the distance from central spin

was used to calculate most of the data. Down triangles de
results calculated using another trial function, and they
scribe a comblike AFP, discussed in Sec. III E. In Fig. 1~a!,
the calculations were done forJpd8 51/4. Here the small AFP
corresponds tor p&0.4a0, medium to 0.4a0&r p&a0, and
large tor p*a0.

Figure 1~b! shows thatEex}1/N where N is a chain
length. It makes the extrapolation to an infiniteN possible.
ExtrapolatedEex(N→`) are plotted by full circles in Fig.

FIG. 1. ~a! Eex as a function of polaron size for various tria
functions and AF clusters withN516. At the top, arrows show the
correlators betweenp andd spins,ML( i ), for different AFP’s while
solid curves depict trial functions. For a large AFP the arrow siz
multiplied 30 times.~b! Extrapolation ofEex to infinite 1D AF for
selectedr p .

FIG. 2. Eex for different AFP’s and AF clusters ofN516 spins
as a function ofJpd8 . The inset showsEex(Jpd8 ) for a small AFP.
06452
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1~a!. A comparison of numerical data for finite and extrap
lated to infinity AF clusters shows that we calculate sma
medium, and large AFP in 1D with good accuracy. We fi
the same for small and medium AFP in the 2D case. Ho
ever, because of computational limitations, we cannot ca
out the full extrapolation for large AFP’s in two dimension
A comparison of numerical results for open chains a
chains with periodic boundary conditions~PBC’s! shows that
the use of PBC’s does not lead to an improvement of
convergence of numerical results. It is in part an effect of
C normalization and of specific properties of the dangli
spins at the cluster border.

A. Large AFP

Figure 1 shows the decrease of theEex as 1/r p for 1D
large AFP’s i.e., forr p*a0. Below we compare the numeri
cal Eex(1/r p) with an analytical solution in which the mag
netic susceptibility of AF is described by two phenomen
logical parameters. The analytical solution gives a be
description of large AFP’s while the comparison with th
numerical results allows us to explain the physical mean
of the phenomenological parameters.

For simplicity in the analytical approximation, we use a
exponential distribution of carrier density,uw(r 8)u2
5@1/(2r p)#exp(2ur 82r0u/r p), which does not change the re
sults qualitatively. We assume that the susceptibility can
described by the phenomenological formula introduced
the MMP model,12 x(q)5xq0

/@11(q2q0)2j2#, whereq is

the wave vector andq05p/a0 corresponds to the staggere
magnetization. The phenomenological parametersxq0

andj

describe the staggered magnetic susceptibility and the
correlation length, respectively. An effective field acting ond
spins is He f f(r 8)5@Jpda0 /(4gmBr p)#exp(2ur 82r0u/r p).
Within the approximation of linear response and continuo
media, induced magnetization has a formM (r )5*dr8x(r
2r 8)He f f(r 8) at the pointr . Thus this approach accounts fo
the nonlocal effects of correlated systems but neglects
atomic structure of AF. For large AFP’s, i.e., forr p@j, M (r )
takes the form

M ~r !5
Jpda0xq0

16p2gmBj2

1

q0
2r p

expS 2
ur2r0u

r p
D . ~10!

Thus M (r ) induced by a large AFP is smooth and has
spatial dependence of the carrier density. The icon in Fig
shows numerically calculated correlators between thep-spin
s and local spinsSi for a large AFP. One can see that for
large AFP the inducedML( i ) is also smooth and proportiona
to uw( i )u2. In that sense the analytical solution is equivale
to the numerical one.

Eex has a simple form in the analytical approach:

Eex5
~Jpda0!2xq0

256p2~gmB!2j2q0
2r p

. ~11!

The absolute value ofEex and its dependence on either th
d-d exchange or onj cannot be calculated from Eq.~11!.

s
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However, Fig. 1~b! shows the important numerical resu
that Eex is almost independent on chain lengthN. Hence, if
one attributesj to N, Eq. ~11! leads to the conclusion tha
xq0

}j2/Jdd for a large 1D AFP.

For 2D large polaron, we find a faster, 1/r p
2 decrease of

Eex as compared to the 1D case. This leads to the impor
conclusion about the existence of large AFP in two dim
sions when the total energyEtot is considered. Because bo
Eex ,T}1/r p

2 , two scenarios are possible:~i! no polaron
forms whenT*Eex , or, in the opposite case,~ii ! the mini-
mum of Etot occurs forr p→0 ~see also Fig. 6!, i.e., beyond
the definition of large AFP.

B. Medium AFP

Figure 1 shows that forr p&a0 , Eex does not follow the
1/r p dependence.Eex increases rapidly asr p decreases for
one dimension and even sharper for two dimensions as c
pared to 1/r p dependence. This dramatic increase ofEex in-
dicates a tendency to localization of medium AFP’s. At t
same time, a qualitative change ofML( i ) induced in the AF
medium takes place. As it is shown by icons in Fig. 1,ML( i )
is smooth forr p*a0 while for r p&a0 it becomes staggered

Figure 2 shows another important result concerning m
dium polarons. When charge is distributed only on twod
spins andJpd8 &1, Eex}J8pd

2 . However, forJpd8 *1 a more
complex behavior occurs. The AF bonds broke and a fer
forms ~see Sec. III D!.

C. Small AFP

Figure 1 shows that when the polaron size becomes c
parable to the size of the elementary cell (r p&0.4a0), Eex
saturates. This result weakly depends on either the size o
cluster or boundary conditions.ML( i ) induced by the smal
AFP is staggered similarly to the case of medium AFP
shown by icons in Fig. 1.

A dependence ofEex on Jpd8 for small polarons is shown
by circles in Fig. 2. There is no considerable difference
tween 1D and 2D cases. For a smallJpd8 &1 Eex}J8pd

2 while
for Jpd8 *1 it becomes linear. Now we show that this cros
over corresponds to dramatic changes in spin structure.
ures 3~a! and ~c! present correlators between different sp
of the system: the carrier spins and AF spinS0 on which the
carrier is localized, betweens and d spinsSi , and between
S0 andSi . Figure 3~b! showsz componentssz andS0z of the
p spin andd spin, respectively, and the sum of alld spins
( iSiz . Thez direction is set by an infinitesimally small mag
netic field. A number of important conclusions emerge fro
these data. First, forJpd8 &1 the magnetization of thed spin
on which carrier is localized̂sS0& increases linearly and
saturates at̂sS0&523/4 in the same range ofJpd8 for which
Eex}Jpd8 @cf. Figs. 2 and 3~a!#. That means compensation o
the d spin by the spin of a carrier for largeJpd8 . Second, as
one can see from icons in Fig. 3~a! as well as from Fig. 3~c!,
the magnetization induced by small polaron changes w
Jpd8 . ML( i ) is staggered for a weakp-d coupling while both
magnetization ofd spins~besidesS0) and^S0Si& decrease as
06452
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Jpd8 increases. Thus the behavior of correlators indicates
equivalence between the small polaron and nonmagnetic
cancy in a largeJpd8 limit. Third, although the ground state o
a carrier withs51/2 and an AF cluster of an even number
local spins is a spin doublet for anyJpd8 , as it is clearly
shown in Fig. 3~b!, the magnetic moment is transferred fro
the carrier to AF spins whenJpd8 increases. For a very stron
p-d coupling ( iSiz saturates at 1/2. At the same time, t
moments of carrier spin and of the local spinS0 vanish.

Thus in the limit ofJpd8 @1 the small polaron is equivalen
to the Zhang-Rice one. Here the spins,s andS0, are compen-
sated and form a local singlet, not coupled to other lo
spins,Si @see Fig. 3~c! and the icon in Fig. 3~a!#. The forma-
tion of a central pair of compensated spins is accompan
by the reconstruction of AF bonds in the vicinity of the sm
AFP.34 This reconstruction is driven by a gain ofd-d ex-
change energy, and is of the order ofJdd . It is an important
contribution to the energy of the ZR polaron forJpd8 *1.

To summarize, the small AFP in the range of intermedi
p-d coupling ~typical for high-Tc superconductors! is not
equivalent to the ZR polaron. The carrier spin is also p
tially correlated with AF spins in the vicinity of local single

D. Ferron

As it is shown in Fig. 1,Eex for weak Jpd8 strongly de-
creases when the charge distribution changes from a lo
ized one in the unit cell to a homogeneous one over
entire AF cluster. Figure 2 shows that forJpd8 &1Eex is
smaller by a factor;80 for a polaron localized on two
antiferromagnetically correlatedd spins, as compared to th

FIG. 3. ~a! The correlatoru^sS0&u between thep spin andd spin
on which the carrier is localized as a function ofJpd8 for a 1D chain
with PBC ~filled circles! and a 2D 434 square with PBC~open
stars!. Icons show the correlatorŝsSi& for correspondingJpd8 . ~b!
Thez component of carrier spinsz , of central spinS0z , and the sum
of AF spins ( iSiz are shown for an open chain of 16 spins as
function of Jpd8 . ~c! The correlator betweenS0 and its NN spin
~filled circles! and NNN spin~open squares! for a chain of 16 spins.
The correlator betweenS0 and its NN spin for a 2D 434 square
with PBC is presented by stars.
1-4
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case of a small AFP. For a strongJpd8 *1, however, an unex
pected superquadratic increase ofEex occurs. This effect is
even stronger for a homogeneously distributed carrier d
sity. As it is shown by squares in Fig. 2,Eex for a smallJpd8
is practically zero but sharply increases forJpd8 >2 with an-
other steplike behavior in strongerJpd8 . Studies of the spin
structure show that this critical behavior is caused by
breakdown of the AF bonds and the formation of a magn
moment in the AF medium. Such a magnetic polaron
known as a ferron.32,35

The spin structure of a ferron localized on two neighb
ing d spins~two spin ferron! is complex. We found that the
correlator of the carrier spins with the pair of local AF spins
Sp , ^sSp&, is negative for any antiferromagneticJpd8 . For a
weak Jpd8 , ^sSp& increases linearly and saturates for stro
Jpd8 at 20.5. The sharper increase ofEex , which is seen for
Jpd8 .2.5, is caused by a spin flip of twod spins,Sp . The
systematic, faster than the linear increase ofEex for Jpd8 *4
results from a gradual reconstruction of the AF bonds aro
the ferron. Importantly, the value of̂sSp& as well as the
reconstruction of AF bonds cannot be explained in a class
approach.

More apparent data about the formation of a ferron can
found if one assumes a homogeneous distribution of the
rier on the whole AF. Figure 4 shows correlators betwe
different spins,̂ sSi& and^SiSi 11&, as well as the total mag
netic moment of the polaronSiz

tot5( iSiz1sz as a function of
Jpd8 . The steplike behavior of all variables is clearly seen
both 1D and 2D cases. ForJpd8 &2.5 the correlators
^SiSi 11&;^sSi&50 in accordance withEex50. For Jpd8 *2.5
Eex increases with the changes of correlators. Figure 4~b!
shows that alsoSiz

tot is characterized by steps occurring f
the same values ofJpd8 as those of̂ sSi& when Jpd8 *9. For
Jpd8 &9 and the 2D caseSiz

tot51/2. ForJpd8 &2.5 this moment
is located at the carrier while forJpd8 *2.5 it is a result of the

FIG. 4. ~a! The correlator between the carrier spin and one
AF spin ^sSi&, ~b! the total spin moment of the AFP polaron
Siz

tot ,~c! and the correlator between NN AF spins^SiSi 11& as a
function of Jpd8 for evenly distributed trial function. Circles show
results for a 1D chain of 16 spins with PBC while stars for the
434 square with PBC.
06452
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coupling of the electron spin (sz51/2) with ( iSiz51 AF
spin. The correlator̂SiSi 11& changes from20.4 for a pure
AF to 1/4 ~both spins parallel! as Jpd8 increases@see Fig.
4~c!#. At the same time,Siz

tot approaches the value 7.5~all
bonds broken!. It is worth noting that the steplike behavior o
^SiSi 11& is not a consequence of breaking of the subsequ
bonds, but it is associated with steps of the total magn
moment of the system. To summarize, the ferron can fo
when a homogeneous, Curie-Weiss magnetization is indu
Our results complement well the classical model.

E. Comblike AFP

A homogeneous distribution of the carrier on manyd
spins makes theEex on opposite spins cancel each other o
Thus we introduced a carrier trial function which is distri
uted on one of the Ne´el sublattices only as intuitively ener
getically favorable. The carrier distribution is described
follows: uw( i )u25 f (r i)cos2@pr i /(2a)#, wheref (r i) is an en-
velope function, usually Gaussian. We call such a pola
comblike AFP.25,33

Eex versusJpd8 for the comblike polaron with a Gaussia
envelope function is presented by down triangles in Fig.
For a smallr p , the comblike AFP is equivalent to the sma
AFP. For a biggerr p , the gainEex decreases, but it is stil
much greater than that for the large AFP.Eex for a large
comblike AFP is only three times smaller than that of a sm
AFP. This stems from a decrease of quantum fluctuati
~see Sec. III F!.

The comblike AFP induces a staggered magnetization
the AF medium. This is shown in Fig. 5~a!, where the mean
value of the correlator between thep-spin s and the spins of
the AF sublattice on which the polaron is actingSA , u^sSA&u,
and the spins of other sublatticeSB , ^sSB&, are presented
The values of the correlators increase linearly for a sm
Jpd8 &1, and they saturate whenJpd8 *1 at^sSB&51/4 for any
number ofd spins. The saturation value ofu^sSA&u.0.25 and
depends onN. The difference between the magnetization
sublattices gives the net magnetic moment of AF. This m
ment originates from its partial transfer fromp spin to AF
similar to the case of small AFP’s.

The presence of the comblike AFP on one of the N´el
sublattices breaks the translation symmetry and leads to
formation of two magnetized sublattices. In Fig. 5~b!, the

f

FIG. 5. ~a! The mean values of the correlatorsu^sSA&u and^sSB&
as a function ofJpd8 for a comblike trial function.~b! The correlators
^SiSi 12& and u^SiSi 11&u as a function ofJpd8 .
1-5
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correlators between NN’s,u^SiSi 11&u, and NNN’s,^SiSi 12&,
are presented as a function ofJpd8 . While u^SiSi 11&u de-
creases forJpd8 *1, the correlator̂ SiSi 12& increases. Thus a
comblike AFP increases the AF correlation radius. In
limit of very large Jpd8 , the comblike AFP transforms th
quantum antiferromagnet into a classical one.

Although Eex for the comblike AFP is large, its kinetic
energyT is also high. Moreover, the comblike AFP has
tendency to shrink into a small AFP sinceT is the same for
both types of polarons~as long as onlyt1 is taken into ac-
count! while Eex due to quantum fluctuations increases th
times with localization.

F. Quantum effects

Now we summarize the results concerning different m
netic polarons. We pay particular attention to the quant
effects. In Secs. III A–E, five types of AFP’s were discuss
The formation of weak small and medium as well as com
like polarons is associated with the induction of stagge
magnetization. In contrast, the origin of a strong ZR pola
is the compensation of the AF spin by the carrier spin. T
ferron in turn emerges due to the breaking of AF bon
which is equivalent to the induction of a homogeneo
moment.

Classically, the only mechanism of AF polaron formati
at zero temperature is the alignment of thed spins by the
effective field of the carrier.32,35 However, this mechanism
explains the formation of the ferron only. In contrast, sta
gered magnetization results directly from the quantum
fects. In a quantum approach the ground state of AF i
combination of Ne´el states, hence no sublattice is disti
guished. The simplest measure of AF quantum fluctuation
the difference between its ground and first excited state, b
composed of Ne´el states. In the presence of the stagge
field the Néel sublattices are distinguishable and the s
fluctuations are damped.36

Also, compensation responsible for the formation of t
ZR polaron should be considered in a quantum approa
Classically, the carrier couples the AF spin leaving the
order unchanged. As we have shown in Fig. 3~c!, the quan-
tum treatment of the AF may suppress correlations betwed
spins. Thus only the quantum approach allows us to mo
the destruction of the AF order observed in experiment37

Despite the quantum character of the above discus
mechanisms, there are some particular situations where
polarons can be described in the classical limit if the qu
tum corrections are taken into account. In particular, it
possible for strongp-d coupling. Systematic analysis of th
Eex(Jpd8 ) dependence in the range of very largeJpd8 shows
that Eex5( i j pd( i )^sSi&, where the summation is taken ov
the N spins Si within the polaron size~see Fig. 2!. Since
^sSi&51/411/(2N), Eex changes from 3/4Jpd8 for N51 to
1/4Jpd8 for N5`. This makes classical calculations ofEex for
strong small polarons as well as ferrons possible, provi
that appropriate scalar spin multiplication (1/4) is replac
by the quantum factor. It is equal to the classical value wh
N→`, whereas forN51 it is three times bigger. The sam
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factor 3 is lost when the ZR polaron is spread on one of
Néel sublattices forming the comblike polaron.

The importance of the sign of thep-d coupling is shown
in the inset to Fig. 2. HereEex for a small AFP with either a
positive or negativeJpd8 is presented. Different slopes ofEex

for ferro- and antiferromagnetic coupling are clearly seen
stems from the fact that the carrier and AF spins can
couple ferromagnetically to more than 1/4 while for antife
romagnetic couplinĝsSi& reaches23/4. In the case of fer-
romagnetic coupling, the classical energy calculations
small polarons and ferrons are correct for strongJpd8 al-
though the saturation of magnetization is much more slo
in the quantum case.

G. Polaron mass

In our approach@see Eq.~2!# we assume a simple decou
pling of the carrier kinetic energyT and the spin degree o
freedom. For all the types of polarons discussed, the m
mum energy corresponds to the localization of the carrie
the position of chosen local spinr0. However, another
equivalent minimum corresponds to the localization at
other spin site. Although our simplified approach cannot
used to study polaron dynamics, it gives a reasonable pic
of the spin structure of a magnetic polaron under assump
of its static nature. Moreover, a hint about the effective p
laron mass and the reduction ofT can be found within our
approach through the analysis of the change of the s
structure which accompanies the transfer of the polaron
the NN. Our solutions show that the spin structure of t
surrounding local spins is very different when the carrier
localized on the firstA or on the neighboringB site. A pos-
teriori, we can claim that the matrix elements describingT
are reduced by a factor resulting from the product of the s
states on the siteA and B ^XS

AuXS
B&, respectively. In other

words, to consider the effects which are included due to
assumption@Eq. ~2!#, one has to reduce the value oft1 and
consider t1* 5t1^XS

AuXS
B&. Our numerical study shows tha

^XS
AuXS

B&51 for Jpd8 !1; it decreases with increasingJpd8 ,
and for Jpd8 *1 it saturates in the range 0.1–0.2, depend
on the type of polaron. It shows that the effective mass
polaron dressed by the spin polarization is considerably b
ger as compared to the free one.

IV. PHASE DIAGRAM OF MAGNETIC POLARONS

So far we have considered theEex only. However, the
total energy~exchange and kinetic one! should be taken into
account to specify which type of magnetic polaron forms.
this section, we add kinetic energy to our consideration.

In Fig. 6 the total energyEtot5T1Eexch as a function of
r p calculated for a selected effective mass is shown for a
square cluster with PBC. It is seen that forme f f5me no AFP
can form. For a largeme f f ~which }1/t1), only small polaron
can exist. The ferron does not form sinceJpd8 is too small.
The medium and large polarons tend to localize in one
ementary cell for anyme f f andt1. This tendency to localiza-
tion stems from a rapid reduction ofEex with increasingr p
due to quantum fluctuations of the AF medium~see Sec.
1-6
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III F !. We found that forJpd8 51.875 magnetic polarons ca
form only if me f f.1.6me , that is t1,2Jdd . Also, for
weakerJpd8 the small AFP formation is the only possibility
provided thatme f f is large enough.

Figure 7 shows the phase diagram of magnetic pola
formation on thet1-Jpd8 plane. In the inset the total energie
of a small AFP and a small ferron are compared forJpd8
54.4. Eex for a small AFP is higher than for the two sp
ferron, and it is constant.T of the two-spin ferron is smalle
than that of a small AFP and scales linearly witht1. Thus
Etot}t1 for both polarons but with different slopes. Partic
larly, the boundary between the small AFP and two-spin
ron for Jpd8 54.4 crosses fort155.4Jdd whenme f f50.6me .
For t1*6.25Jdd , neither AFP is formed. In general, th
small AFP forms forme f f*me while the two-spin ferron
appears forme f f&me . Similarly, we found the range of pa
rameters for which other polarons can form.

FIG. 6. Etot as a function of polaron radiusr p for Jpd8 51.875
and differentme f f .

FIG. 7. Phase diagram of magnetic polaron formation.N spin
ferron means ferron localized onN neighboringd spins. The inset
showsEtot as a function oft1 for Jpd8 54.4. Here the dashed lin
presentsEtot(t1) for the two-spin ferron, the solid line show
Etot(t1) for a small AFP. Vertical lines separate the areas of diff
ent polarons formation.
06452
n

r-

The presented results were calculated for a 2D squ
with PBC. To estimate the error caused by small size of
AF cluster, we studied also a 434 square without PBC, a
434 parallelogram, and 23N systems where 2<N<10.
We find that the energy of polarons with small size depe
on the nearest vicinity only. It is weakly dependent on bothN
and boundary conditions. For different 2D clusters, the f
mation range of subsequent polarons can be shifted a
10–15%.

The study of polaron formation in a wide range of para
eters is exceptionally valuable to classify what type of p
laron could be formed in different materials. For example,
doped EuTe whereJpd'0.125 eV andJdd'2 meV,38 the
p-d coupling on one AF bondsJpd8 '8. At the same time,
t1'15Jdd . For such parameters, our model predicts the f
rons formation~see Fig. 7! in accord with experiments.32,38

In high-Tc superconductors based on CuO2 layers, the
Jdd'55–75 meV as determined from the Ne´el temperature
of AF precursors of these materials.39 Jpd'1 –3 eV was de-
termined from the band-structure calculations.23,40–42 Thus
Jpd8 is between 1.5 and 4 forJdd50.075 eV.me f f is much
more difficult to determine because the mass observed
experiments~e.g., in ARPES! is decorated by phonon an
exchange interactions. Since the decoratedme f f observed in
ARPES experiments43 is about 4me andme f f in our model is
dressed by phonons only, theme f f here should be smalle
than 4me , which is equivalent tot1*0.8Jdd .

We conclude on the basis of our phase diagram that
the parameters relevant for weakly doped high-Tc supercon-
ductors mainly the small AFP’s would form. There may
also some competition between the formation of small AF
and two-spin ferrons provided that the effective mass dres
by phonons is a bit lower than theme .

V. CONTRIBUTION OF PHONON AND MAGNETIC
POLARON

Now we will compare the phonon and magnetic contrib
tions to the formation of polarons in weakly doped high-Tc
superconductors. We have shown that in the 2D case
small magnetic polaron forms. On the other hand, it w
suggested that in high-Tc superconductors only the sma
phonon polaron forms and its energy is given by:10 Eph
'qDe2/(pk), whereqD5(6p2/V)1/3 is the Debye momen-
tum, 1/k51/«21/«0 ; «,«0 are dynamic and static dielectri
constants, respectively, ande is the electron charge. Thus w
consider here the energy of small magnetic and small pho
polarons.

Figure 8~a! showsEex(Jpd8 ) for a small magnetic polaron
on a 2D AF square with PBC. In Fig. 8~b!, the energy gain
Eph from the formation of phonon polaron is presented a
function ofk. Typical values ofk are between 5 and 20. Th
kinetic energy for both small polarons is the same,T
54ut1u, and is omitted for clarity.

Horizontal and vertical dotted lines drawn in Figs. 8~a!
and ~b! indicate parametersJpd8 51 and k'10 for which
energy gainEex5Eph.0.35 eV is the same for phonon an
magnetic polarons. The energy gain due to the phonon

-
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laron is greater than that for the magnetic one fork&10 and
Jpd8 &1. For k*10 andJpd8 *1 the magnetic polaron domi
nates. One can see that for the parameters relevant for h
Tc superconductors, the energy gain from phonon and m
netic polaron is comparable, and it is of the order of fracti
of eV.

Figure 8~c! presents Etot(Jpd8 ) calculated for me f f

52.2me and k5510. This mass, according to ARPES
experiments43 and band-structure calculations,40 is relevant
for high-Tc superconductors. Since bothEph and T do not
depend onJpd8 , for the phonon polaronEtot'0.15 eV is
constant. In contrast, for the magnetic polaron@circles in Fig.
8~c!# Etot increases withJpd8 . Thus the phonon polaron
dominates in the range of weakp-d couplings while the
magnetic one does for strongJpd8 . However, in the range of
Jpd8 51.5–4, which is typical for weakly doped high-Tc su-

FIG. 8. ~a! Eex as a function ofJpd8 for a small AFP.~b! The
phonon energyEph versusk. ~c! The absolute value of the tota
energy for a magnetic~circles! and for a phonon~solid line! polaron
as a function ofJpd8 for me f f52.2me andk55. The vertical dashed
line shows the value ofJpd8 where the magnetic and phonon polaro
energies are equal.
T
.

-

06452
h-
g-
n

perconductors, the energies of both polarons are compa
or the magnetic polaron energy slightly overcomes the
ergy of the phonon one. This result agrees well with a v
recent paper44 which stresses the importance of phonon
teractions in high-Tc superconductors. We conclude th
within our model both contributions should be included
the total polaron energy for high-Tc superconductors.

VI. SUMMARY

Using the spin-fermion model and treating all spins in
quantum approach, we found that depending on the mat
parameters five various types of magnetic polarons in
medium can be distinguished.

We showed that in the range of parameters typical
weakly doped high-Tc superconductors the contributions
phonon and magnetic interactions to the formation of a
laron are comparable and hybrid magnetic-phonon pola
form.

In weakly doped high-Tc superconductors small magne
polarons as well as small ferrons can form. Our numer
study allows us to find a continuous evolution from t
Zhang-Rice approach, whenp-d coupling is assumed to b
much stronger thand-d coupling, via the important for high
Tc materials intermediate range, to the linear-response
proach suitable for weakp-d coupling.

The here considered comblike polarons cannot form w
the band is empty~i.e., in undoped material! because of the
high cost of kinetic energy. However, they can play a fun
mental role in doped high-Tc materials when the band
partially filled.25,33
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4K. Karpińska, M.Z. Cieplak, S. Guha, A. Malinowski, T. Skos´k-
iewicz, W. Plesiewicz, M. Berkowski, B. Boyce, T.R. Lem
berger, and P. Lindenfeld, Phys. Rev. Lett.84, 155 ~2000!.

5B.G. Levi, Phys. Today17 ~3!, 53 ~2000!.
6C. Castellani, C. DiCastro, and M. Grilli, Phys. Rev. Lett.75,

4650 ~1995!.
7S.I. Pekar, Zh. Eksp. Teor. Fiz.16, 335 ~1951!.
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