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Dipolar ordering of molecular magnets
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We simulate the long-time evolution of crystalline systems of molecular magMiétss ), such as Feand
Mn,,, at low temperatures. Then, MM’s tunnel as single spins under uniaxial anisotropy energy barriers.
Magnetic relaxation of these crystalline systems is controlled by tunneling processes that can be inhibited by
magnetic dipolar interactions between different MM’s. We study how a generic model of these systems relaxes,
from an initially disordered state, towards its ordered equilibrium state below the ordering temp@&rature
Following current theory for tunneling of MM’s, spins are allowed to flip in the simulations if the ensuing
magnetic dipolar energy change does not exceed sames@ergy bound. It is first shown that whereas the
magnetization of spin systems in one dimensids=(), with magnetic dipolar interactions, can relax to its
equilibrium value, the energy remains forever far from equilibrium at low temperaturg/é<<3.192 - -,
whereeq is a nearest-neighbor dipolar interaction energyd#3 dimensions, equilibrium does seem to be
reached, even i§,,<eq4. This conclusion is drawn from long-time evolution results for the energy as well as
for spin-spin correlation lengths. However, the relaxation tinfer the approach to equilibrium can become
extremely long. More specifically;” *~T (g, /4e4)" if £,<4e4, wherel is a single spin tunneling rate and
g~ 3. Finally, the nonequilibrium specific he@tis obtained for both fast and slow temperature sweeping rates
dT/dt. In the former caseC=CyT,/T, andC,/kg=0.31(T,/7)dt/dT. For even a small hint of a singularity
to show up afl,, dT/dt cannot be much larger than 1%r/T,,.
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I. INTRODUCTION interactions, which is referred to from here on as the tunnel
energy window. In Fg¢ MM’s, for instance, values oA in-
Quantum tunneling of molecular magnékM's) has be-  ferred from experimente.g., A~10 7 K in Ref. 17 are
come a subject of considerable interest. These MM's, such asany orders of magnitude smaller than the typical value, 0.4
Mni, and Fg, are metal ion clusters within large molecules, K, of €., but over 2% of all spins are expected to be able to
which behave as sizable single spins at low temperaflifes tunnel at any one time becausg~ 102 K.18
They crystallize into systems of nearly isolated spins, which The main issues addressed in this paper are next specified.
interact only through dipolar fields. These systems are relime relaxation of DIMM’s is a collective process. At any
ferred to below as dipolarly interacting molecular magnetsone time, only a small fraction of all spins have a Zeemann
(DIMM's), or, more simply, as dipolarly interacting spins €nergy within the energy window,,, but as these spins

(DIS’s). Crystal-field effects give rise to anisotropy barrier tunnel through their anisotropy energy barriers the magnetic

energiesU.2 Tunneling through these barriers takes place inf'€/dS they produce at other sites change, bringing some of

Mn., at T~0.1U/ks . where k= is Boltzmann's constant them into the tunneling window. The question naturally
(Ui255 K in Mn ) 84 Relaxatign rates that follow Arrhen arises: does this process come to a halt before all spins in the
~ ). -

ius’ law?® show that tunneling takes place from thermally SYSt™ have ever come into the tunnel window jfis suf-

excited states at these temperatures. The phenomenon is %%ently small? If, on the other hand, this process can go on
P ) P indefinitely, how does the relaxation time of approach of

now fai.rly yvell understooa.‘s Quantum tqnneling of the DIMM’s to their low-temperature long-range ordered
magnetization(QTM) that is temperature independent hasstateég'zodepend ors,,? Finally, how do experimentally ob-
been reported forT=0.1U/kgS by various groupg_llﬂa servable quantities, mainly, the specific heat, change with the
~28 K for Fe, andS=10 both for Mn, and for Fg). observation time in some of these slowly evolving systems.
Actual observation of this phenomenon had not beenrpese are the main questions we try to answer in this paper.
widely expected. It had been argued that magnetic dipolar |t may be worth mentioning that the questions raised in
interactions among tunneling spins would lead to Zeemanithis paper involve very long times, the times necessary for
energy shiftse, which would typically exceed the ground magnetic dipolar field distributions to become spiked as
state tunnel splitting energy by many orders of magnitude. magnetic order sets in. In contrast, the times involved in time
Thus the vast majority of spins in any given system wouldrelaxation of the magnetization, both from an initially fully
not meet the resonant tunneling conditions. The theory ofnagnetized staté?>2” and from initially disordered
Prokof’ev and StamP9 (Refs. 14 and 1pbgets around this  states:®!* are much shorter. So is the time necessary for a
difficulty. In it, hyperfine interactions with nuclei provide “tunnel window imprint” to develop in field distributions of
tunneling (electronig spins with energies much larger than initially disordered system¥:'**®Hardly any experimental
A. More specifically, spins with Zeemann eneegytunnel at  observation of magnetic ordering of DIMM's have thus far
rate® T''(e,)=T exp(—&2/2e2), where T'=\/m/2A%/(he,)  been attemptedl2° The answers to the questions asked
and ¢, is the typical energy exchanged through hyperfineabove tell us what relaxation times are to be expected for
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Mn;,, Fg, Mng, and for MM’s with a wide spectrum of Il. MODEL AND METHOD

anisotropy energie¥,and how their long-time behavior will The Ising model and the Monte Carlo method used to
be affected by the application of transverse magnetic fieldsgimy|ate the long-time behavior of crystalline systems of in-
A list of the main results obtained and some commentSeracting MM's, their applicability, and other related ques-
follow. It is first shown analytica”y and numerica”y that the tions are discussed in this section.
low-temperature equilibrium state of a system of DIS in one  The tunneling ratd’, the tunnel energy window,,, and
dimension can never be reachec{f<3.192 - - &4, where  how readily energy can be exchanged with a phonon bath are
2g4 is the nearest-neighbor dipole interaction energy in onghe things that matter for the physics under consideration: the
dimension. This result illustrates why eventual ordering oflong-time evolution of a DIMM’s. Since any one given spin
DIS systems in three dimensions with small tunneling win-tunnels at a negligible rate as long |as|>&,,, the follow-
dows is not a foregone conclusion. On the other hand, nuing simplifying assumption is made here throughout: tunnel-
merical results also show that all spins in one-dimensionaing proceeds at a fixed rate if |e,|<e,,, but not at all if
(1D) systems do eventually tunnel and that the magnetizatiote /| > &, . *°
can vanish after a fairly short time. Thus the qualitative dif- How readily the system can exchange energy with a heat
ference between the often studied short-time magnetizatiofath does matter for the approach to equilibrium, but this
relaxation and the long-time approach to the ordered statguestion is beyond the scope of this paper. Ordering of

that is of interest here is clearly exhibited. For systems of?!MM's at very low temperatures, which can only occur if

DIS in three dimensions, numerical results for the time evo€at is exchanged, takes place readily. Thermal contact with

lutions of the energy and of correlation lengths of initially & he?ztz reservoir at some temperatiiiés assumed in this
disordered systems are given for various values,of Equi- paper. More specifically, detaﬂed_balance hOI(.jS in all t_he
librium states(i.e., magnetically ordered states at low tem- simulations reported here, that is, if upon flipping a spin's

perature or short-range ordered states at high temper)sltureesnergy changes byE and |AE|<2s,, then the ratio be-

are indeed reached in three dimensions long after a relofiveen the forward and backward probabilities for it is

o . L —AE/kgT).
ation timer (defined below. The inhibiting effect of a tunnel exp( ) . . .
window is negligible ife,,= ., wheres ~4e4, andsy is a An Ising model ofS= 1 spins that interact through di-

o ; - polar fields is chosen for the simulation of a crystalline sys-
n<e:resTt ir;e\;\?:”bgtrteglpé?/le energylefined below. For ey, tem of MM’s. It is the drastic but reasonable simplification
[}

that is usually madé?® Simulation of tunneling through a
uniaxial anisotropy barried by flipping S=*+1 Ising spins

e\ is reasonable folf<0.1U/kgS, since only theéwo statesS,
- pl(_c) , (1) = =Sare occupied then with a nonnegligible probabfity®
Ew In the present model, all sites on a simple cu(@g lattice

are occupied bys= *1 spins. It is expected that the answer
to the rather generic question being addressed in this paper

and q~3.28 The time-dependent specific he@twe obtain ; ) .
from Monte Carlo simulations peaks at the ordering transi-does not depend on lattice type, and that it applies ig Fe

tion temperaturely only if the temperature sweeping rate Mnyp, as well as to other cryst_al_s_ of MM, : .

fulfill dT/dt= 10‘20T0/7-.29 On the other hand. it turns out To complete the model’s definition, let the field at Sitee

that Coc1/T if dT/dt=Ty/7. Finally, results for growth of

correlation lengths with time give further support to the idea hi=he (alrij)3(1-3Z5Ir})S;, 2

that long-range order is eventually achieved for any nonva- )

nishing tunnel windowe,, . Incidentally, long-distance spin- wherer;; is the distance between thendj sites,a is the sc

spin correlations are established along the easy magnetizgtice constantz;; is thez component of;; , and the sum is

tion axis before correlations along perpendicular directionsyver allj sites of the system excepti. Unless otherwise

develop at a slower rate. specified, periodic boundary conditiorf®BC’s are used
The plan of the paper is as follows. The model and thehroughout. Them;; is the distance betweérand the nearest

method of calculation are discussed in Sec. Il. Results folmage of sitej. The interaction energy is given by

chains of DIS are reported in Sec. lll. Time evolutions of the

energyE of initially disordered systems obtained for various gq

values ofg,,, from Monte Carlo simulations, are given in E= 2hy Z hiS, 3

Sec. IV. These results are used to define the approach to

equilibrium time 7 given in Eq.(1). How long-range order where the sum is over all lattice sitesContact with anS

grows spatially in time is also shown in Sec. IV. Results forspin  MM’s crystal is made letting eq=(uqo/4m)

the relaxation of the magnetization of systems that are inix(gugS)?/a®, whereg is the gyromagnetic ratiqug is the

tially fully polarized, for various values af,,, are also given Bohr magneton, ang is the vacuum permeability. Equiva-

in Sec. IV. A comparison with the much slower approach tolently, £4~=0.622gS)%(1 A/a)® K.

thermal equilibrium can thus be made. In Sec. V, numerical The phenomenon under consideration is a collective ef-

results for the time-dependent specific h€aare given. Fi- fect. Therefore a reliable numerical approach is called for.

nally, the results are discussed in Sec. VI. The Metropolis version of the Monte Car[C) algorithm
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seems best suited for this purpose and is therefore used 0 T T T 1.0
throughout. The usual Monte Carlo updating procedure,
which is adopted here, is next justified for DIMM's. The

dipolar field acting on all spins in the system is updated

= & lanjur o 4 rHR VALRS 4 0.8

0.6

whenever a spin flips. Any variation of the fiefgl acting on 04 3
spin S; while S; tunnels is disregarded in this model. This ’
effect is next estimated for a disordered state. Note first that 0.2
dh; /dt is given by the time derivative of Eq2). Letf be the . :

fraction of spins within the tunneling energy window, which, 0 T T 200'0
using a Gaussian distribution of local fields with variance \Tt

gives f=\2/7 (e yhqloey) if e,<o(eq/hy). Replacement
of d§/dt by »;fI', wheren;= =1 randomly, in the equation FIG. 1. EnergyE and magnetizatiom versusyT't for two spin
that follows from taking the time derivative of E(@), gives  chains atT=10e4/kg, one fore,=2¢4, the other one for,,
((dh;/dt)?)=(2/m) (hgl'e, /e 4)?. Since the variatiodh; of =20e4. I't is the number of Monte Carlo sweeps. Foithe dotted
h, while S tunnels is roughlyl’ ~*dh; /dt, it follows that ~and dashed lines are far,=2e4 and 2@, respectively. Near
shi~e,(hyleq). That is, dh; is comparable to the tunnel complete initial orde_r gives an initially small _value & _(the
“field window.” This simple result shows that, while the gr(t):f‘:'sstf:]tf;f‘selrgéfﬁ-‘t&ng)t-,Ef‘?;,f:;igfgés‘zsors% %:'Ce‘;'y,
; i ; i ; ; sets in. Si [ , bu infiniteE i uptoi ui-
gfg%fo?%tvnaegggsl?;erhgz}rgzy;:assg]niﬁ; %Iir;rtgg Qgg]]dg theoryIibrium value (—0.44¢4), but does not vanish. Far,=2¢4, the

’ : value of E reamins nearly constant in time. For @ andJ stand
In order to characterize how long-range order is estab: y o

. o, - for e,,=2e4 and 2@ 4, respectively, and the lines are guides to the
lished, two quantities are next defined, eye. Initially, m=0.9. Data points foe,,=2e4 and 2@ 4 stand for

averages over £and 16 different Monte Carlo runs, respectively.

&= X (SSw), (4)

n#0neco energy and of the magnetization.
Unless the system is rather polarizédpproximately

where the sum is over all spins on siteg 0 that lie on the  55ye 80%), numerical simulations show thHtspins in 1D

columncO that contains site 0, and Ising chains do eventually come into the tunneling energy
window and the magnetization reaches its equilibrium value
&= > (SoS)), (5) if £4=0.284. On the other hand, the energy remains perma-

j#0jepo nently far away from the equilibrium value ,,/e4=3.2.

where the sum is over all spins on sijes0 that lie on the This behavior is illustrated in Fig. 1. There is of course no
. . . . contradiction between these two results: the number of do-

plane pO that contains site 0 and is perpendicular t0 e . ains can remain constant while their boundaries shift about,
axis. Quantity¢, and¢, are measures of spin-spin correlation s restricting energy variations while allowing all spins to
Iengthg alqng the dlre(_:tlon and on planes perpendicular to flip. Incidently, the magnetization exhibits in Fig. 1 &
the z direction, respectively. _ short-time relaxation, much as in three dimensi%'%n‘%.7

All results quoted below are for systems with PBC’s, un-  The time invariance of the number of domains is next
less stated otherwise. Whereas time evolutions of the magshown. In order to either create a new domain or destroy an
ne;izatic.)n of systems that are initially fully polarized can beexisting one, a spin that is flanked by two nearest neighbors
quite different for PBC's and free boundary conditions that are both pointing in the same direction must be flipped
(FBC's), evolutions of the energy and correlation lengths Of(else, a spin flip corresponds to a domain boundary move
initially disordered systems, on _the other hand, are nearly thepe magnitude of the field acting on such a spin takes on its
same for both boundary conditions. o minimum value if all spins beyond the nearest neighbors are

Unless it is otherwise specified, all magnetic fields andyntiparallel to the latter. This minimum value is given by
energies are given in terms bf andey, respectively, -and 4hy(1—3,-,n"2), as follows immediately from Eq(2).
time is given as the number of Monte CafIC) sweeps. Now, sinceX,-,n 3=0.202 - - 32 it follows then that the

Simple tunneling probability considerations for a spin with nymper of domains in one dimension is constant in time if
equal initial and final Zeeman energies lead to the foIIowmgSW/Sd<3_192, .

rule: (MC sweep§!” is the corresponding experimental time.
Accordingly,I't and the number of MC sweegBICS’s) are a0 jimit are plotted in Fig. 2 versus,, . In accordance

used below indistinguishably. Terr_lp_eratures are given Myith the analytic result above for domain number invariance,
terms ofeq/kg, unless they are explicitly expressed in termsg, enleg=3.2, &, remains in time considerably smaller

of the ordering temperature, which is given b¥  ihan the equilibrium value, which is achieved f,/eq
=2.54/kg for a simple cubic latticé =3.2.

Numerically obtained spin-spin correlation leng#isin

Ill. LOW DIMENSIONS IV. TIME SCALE AND APPROACH TO EQUILIBRIUM

L . . . . . IN THREE DIMENSIONS
The number of domains in one dimension is shown in this

section to be a constant of time &f,/e4<<3.192 - - . Nu- The time evolution of the enerdy was obtained for vari-
merical results are also obtained for time evolutions of theous values ot,, and of the temperature. Initiall§ is linear
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FIG. 4. Data points of = versusg,, /g4 for the shown tempera-
tures. The symbols shown for the data points are approximately as
large as the corresponding errors. The sloping straight lines are for
the fits given by Eq(1), and the horizontal one is for theg,—

ymptotic behavior.

FIG. 2. Stationary valug; of the correlation lengtl, along the
Z axis, obtained after a sufficiently long time, versts for the
shown values off. For valuese,, that are to the left of the dashed
line, the number of domains is conserved. These data points co
from systems of 64 spins. Only the data points shown dgr

>3.2e4 and T=1 seem to suffer from size effects. All lines are
intended as guides to the eye. for £,=0.0% 4. For such small values af,, and systems of

only 8X8Xx8 spins, the number of spins within the tunnel
in the timet. Let E, be the ground-state energy, which is Window is too small to afford good statistics.

approximately— 2.7¢ 4. The relaxation timer is defined Time evolutions of the energy have also been performed
through the relationE/Ey=t/7, which seems to be valid for
E/E(=0.1. Data points obtained fdr=1 and various values 10 . . . .
of ¢,, are shown in Fig. 3. @)

Inspection of data points for, say,,=0.4e4 in Fig. 3 o
raises the question of whethé&r settles in a steady-state 10'¢ 2308 7
value before its equilibrium value is reached. The ploEof 52
versust/ 7 in the inset, on a much longer time scale, shows o 0 +++
that this is not so. Fot/ 7= 10, E seems to relax to its equi- 10°¢ 3
librium value logarithmically in time.

All data points shown in Fig. 3 foe,,=0.4e4 are for 10k |
systems of & 8 X 8 spins with PBC'’s. Results for cubic sys-
tems with FBC’s differ by only a few percent. Far,
=0.1e4, data points are shown both for systems of & - o) b )
X 8 and of 16K 16X 16 spins. No size effects are observed. b)
Only data points for systems of X8L6X 16 spins are shown

AU‘K
10" | 1
107 ' ' * '
10 10t 10° 10! 107 10°
tit
10° 10" 10°t/1 10' 10° FIG. 5. (a) Correlation length¢, versus reduced tim# 7 for
variouse,, atT=1.[ 7 is given by Eq(1).] ¥ stands for an average
FIG. 3. (8 Energy versus$/T at T=1 for various values of,, . over 40 runs for a system of ¥61L6X 16 spins and,,=0.0%4. All

e, O, ¢, O, O, B, andA stand for systems of 88X 8 spins other data points are for averages over at least 100 ruris. for
with e,,/e4=20, 8, 3, 2, 1, 0.4, and 0.1, respectively.and X 8X8X% 16 spins withe,,=0.1e4. All other data points are for sys-
stand for systems of 616X 16 spins anck,,/e4=0.1 and 0.05, tems of 8<8X 64 spins.®, O, 1, ¢, and & stand fore,, /ey
respectively. The dashed line stands for the ground-state energy. A0.4, 1, 2, 4, and 20, respectivelfp) Same aga) but for &, .
plot of E versust/7, on larger time scale, is shown in the inset for Statistics of data points fot,,=0.05%, are too poor to be worth
eyw=0.4c, (@) ande,=¢4 (O). showing.
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FIG. 6. (a) Log-log plot of —In(m) versus time for cubic sys-
tems atT=1 with PBC’s that are initially fully polarized, i.em
=1.0, 0,0, 1, ¢,and*e, stand fore,,/e4=0.05, 0.1, 0.4, 1,

3, and 20. All data points stand for averages over at least 40 MG

simulations of systems of 2616X 16 spins.(b) Same as irfa) but
for FBC’s. No (O) data fore,,/e4=0.05 are shown. Experimental
data from Ref. 9 are shown &3, assumingd’=10"2 s 1.

for other values of the temperature, andalues have been
drawn from the results obtained. Plots Iof versuse,, are
exhibited in Fig. 4 for various temperatures. FQy=4ey4,
r=I'"1. The data fore,,<4e4 and each temperature are
fitted rather well with Eq(1), wheree. andqg vary somewhat
with T, from e,=2.6e4 and q=4.1 for T=0.05 up toe,
=5.6e4 andg=3.1 forT=5.

Plots of ¢, and &, versust/ r are shown in Figs. &) and
(b) for T=1 and various values of,,. Furthermore, data
(not shown obtained for various values a&f, but the same
value ofL, are consistent with growth @f, that is approxi-
mately independently of, for all the values ofL,=L,=>4

PHYSICAL REVIEW B56, 064423 (2002

FIG. 7. Specific heat versus temperature for systemd. of
X LyXL, spins. All temperature sweeps startedlat2T,. ® and
O stand for equilibrium values for systems of 466X 16 and 8
X 8X 16 spins, respectively# and [ stand for data points ob-
tained from runs of & 10° and 16 MC sweeps for systems of 16
X 16X 16 and 8<8X 16, respectively, withe,,=0.1le4. Each
data point stands for an averages over 100 MC runsstand for
single runs. Lines are shown as guides to the eye.

in this section. Data points far,=0.1e4 and two very slow
rates, 10 and 8< 10° MC sweeps per data point, are shown
in Fig. 7. Since the temperature was changed in steps of 0.2,
e., 0.08T,, and I'r=10° (from Fig. 4, AT/At
~10 1T,/7 and AT/At=10 2T,/ are the corresponding
values of the sweeping rates. Equilibrium values are also
given in Fig. 7. The agreement shown between data points
for systems of 1& 16X 16 and of 8<8X 16 spins in equi-
librium suggests that size effects are small here.

Semilog plots of the energy versus temperature obtained
for various fast sweeping rates satisfyings 7/ T,)d T/dt
are shown in Fig. 8 foe,,=0.1e4. As expected, not even a
hint of a phase transition is observed in the specific heat for
such fast temperature sweeping rates. Siaedn(T) seems

we have tried. This gives further support to the conclusion
that, in contrast with one dimension, no bound on the growth
of magnetic long-range order seems to exist in three dimen-
sions.

Numerical results for the relaxation of the magnetization
m of initially fully magnetized (h=1) systems of 1816
X 16 spins are given in Figs.(® and (b) for PBC’s and
FBC's, respectively, for various values @af,. Analogous
results have been obtairféd® and debated beforé.Figures
6(a) and (b) are only given in order to illustrate the great
difference between the magnetization and the energy relax-
ation.

06 08 1

T

FIG. 8. Semilog plots of the enerdy versus temperature for
systems of & 8x 16 spins.l, (1, &, A, @, and ¢ stand for
(7/Toy)dT/dt=76.8, 38.4, 19.2, 7.68, 3.84, and 0.96, respectively.
The vertical dotted line is at the transition temperature. All tempera-

Results obtained for the time-dependent specific heat, unure sweeps started dt=2T,. Lines are shown as guides to the
der various temperature sweeping ratidgdt, are reported eye.

V. TIME-DEPENDENT SPECIFIC HEAT
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This was shown for values &f, as small as 0d,. Thisis in

® £=0.05 strong contrast with the behavior of 1D systems, in which the
0 g=0.1 number of domains was shown to be a constant of time if
o VTE o e0.4 Buleq<3.192 - .
5° W For three dimensions, a relaxation timeof approach to

thermal equilibrium has been defined and found to depend on
. the tunneling ratd” and on the tunnel energy windowy, as
follows. Fore,,=4eq, the inhibiting effect of a tunnel win-
dow is negligible and=1I""1. This is roughly to be expected

0 ] L L . since the rms dipolar energy of a completely random spin
0 0.1 0.2 0.3 0.4 0.5 system in a simple cubic lattice is 3.65h On the other
(TO/’c)At/AT hand, fore,,<4e4, 7is given by Eq(1). Thus7 can be very

long. Furthermorez is much more sensitive than the mag-
FIG. 9. Co/kg Versus the inverse temperature sweeping ratenetization relaxatioft =2’ to the value of the tunnel energy
(To/7)dt/dT for the shown values ot,, (in terms ofe4). A window, as illustrated in Sec. IV. No explanation is offered

straight-line fit is also shown. for the approximatelyre 1/e3, behavior.
. . The time-dependent specific h&atve obtain from Monte
to hold approximately for each curve, the relation Carlo simulations peaks at the ordering transition tempera-
T ture T, as shown in Fig. 8, only if the temperature sweeping
Czco?", (6) rate fulfillsd T/dt< 10" 2T,/ 7. Recent experimerftson Mng

yield a specific heat that peaks slightly Bf. Thus the in-
relation differs from the oneCe 1/T2, that might have been NOt known for certain becal_Jse the valudgfand hence of,
expected from the first term in an infinileseries expansion S unknown for Mr. Considerably slower than 18To/r
for the equilibrium specific heat. Similar results have beerfates are necessary to closely approach the equilibrium
obtained fore,,= 0.05% 4 and fore,,=0.4e4. Data points for specific-heat singularity &ty. On the other hand, it turns out
C, obtained for these three values f are plotted versus thatC=CqTo/T if dT/dt=T,/7, whereC, depends on the

(To/7)dt/dT in Fig. 9. The relation sweeping rate according to E(Y).
All MC simulations were performed on a personal com-
Co Ty dt puter running at 1 GHz. No set of data points shown for any
k_BZO'?’l? aT (@) group of evolution histories required over a week of a single

) o o computer processor’s time.
follows from the straight-line fit shown in Fig. 9.
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