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Quantum computing with superconducting devices: A three-level SQUID qubit
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A three-level scheme for implementing single-qubit operations in superconducting quantum interference
devices is proposed and analyzed. We show that, compared with the conventional two-level scheme, the
proposed three-level qubit scheme is much faster and has a much lower intrinsic error rate.
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[. INTRODUCTION and explore ways to utilize the multilevel structure to cir-
cumvent these adverse effects. We show that the conven-
The discovery that quantum algorithms are capable ofional method of operating SQUID qubits by generating Rabi
solving certain types of classically intractable problems hascillations between the leve8) and|1) using resonant mi-
stimulated intensive investigations aimed at the physicafrowave pulses has many fundamental shortcomings. Prob-
implementation of quantum computatibnThe building lems such as intrinsic gate errdierrors that occur even in
block of a quantum computer is called a quantum bit, orthe absence of decoherepckeakage to noncomput_atlonal
simply a qubit, from which multiqubit quantum gates can beStates(NCS's), and consequently slow gate operations are
constructed and networked to perform any desired quanturery difficult to solve with the conventional scheme of two-
logic operatior?:®An ideal qubit is a quantum two-level sys- level SQUID qubits (2LSQ. We demonstrate that these
tem whose state can be prepared and controlled by expef¥oblems can be addressed effectively by making the use of
menters. Since a rather large number of qubits is required tfreeA-shaped levels of a multilevel rf SQUID qubit, where
build a practically useful quantum computer, it is essentia®n auxiliary levella) is used to significantly increase the
that the physical qubits are readily scalable to form quantun$P€€d and reduce errors of quantum gate operations. Re-
circuits and networks. Furthermore, a key consideration fof€ntly, a universal scheme of correcting errors due to the
any type of physical qubit is that the decoherence must b€ff-resonant coupling in &l-level qubit has been presentéd.
weak to allow fault-tolerant quantum computatfhSuper- N this scheme errors are eliminated by applying a sequence
conducting qubits based on the quantum dynamics of mag?f additional 2N —2) rf pulses with frequencies;; and
netic flux (phasg and/or electric charge have the potential to @iz, i =3,...N, wherew;;=(E;~E;)/#, to the qubit. How-
fulfill both requirement$~° For instance, recent experi- €Ver, in practice this method could be quite difficult to imple-
ments with Josephson-effect-based devisegh as the su- ment in rf SQUID qubits because of the large number of
perconducting quantum interference devi8QUID) and the  levels, and hence rf pulses,. involved. In comparison, the
single Cooper pair bdxhave not only demonstrated the Scheme proposed by us requires only two rf pulses with fre-
quantum nature of these superconducting devices, but alg@/enciesw,; andw,, and therefore is much easier to imple-
that a very weak dissipation can be achievkd’ ment experimentally.
However, compared with other qubit candidatssch as
trapped ions® nuclear sping? and cavity QEBY, decoher- Il. SQUID QUBIT
ence presents a much more formidable challenge to super- ) _ )
conducting qubits. For a true two-level qubit, decoherence A SQUID consists of a superconducting loop of induc-
occurs due to the coupling of the qubit to its environment.l2NCeL interrupted by a Josephson tunnel junction. Applying
However, all of the proposed superconducting qubits hav&€ resistively shunted junctiofRSJ model;™ the junction
multiple energy levels which result in adverse effects onlS characterized by its critical currefy, shunt capacitance
quantum gate operations. This problem is more severe fo?’ and shu_nt resistande The cla_ssmal deterministic equa-
flux-based qubits of the conventional two-level configurationti®n of motion of such a SQUID is
since the noncomputational states are not well separated
from the two computational basé€Big. 1). In fact, even in Ch+R 1b=— ﬂ 1)
the case of an isolated SQUID qubit, coupling between the P’
computational basg) and|1) and the stategn=2) of the
noncomputational subspace results in significant errors f
one-qubit gate operations, as in tkeT (bit-flip) and Had-
amard gate$
In this work, we study how the properties of one-qubit
gate operations, using theoT gate as a specific example (D=2 @
because of its importance to the two-qubiMoOT gate, are U(P)= ——=———E, cos( 277_) 2
adversely affected by the multilevel structure of SQUID’s 2L Do)

Where(b is the total magnetic flux enclosed in the SQUID
o, . g ) .

loop. Equation(1) is isomorphic to that of a particle of mass
C moving in a one-dimensional potentidl(®) with damp-
ing coefficientR™ 1. The potential is given by
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where E;=1.®/27 is the maximum magnitude of the Jo- /
sephson coupling energp, is the external magnetic flux 25.04 L N L PN
applied to the SQUID, an®,=h/2e is the flux quantum. In
the presence of an external flux the SQUID generates a su-
perconducting current circulating the loop to keep the total
number of fluxoids,f, in the SQUID quantized. Fox, -
=P, /Py=1/2, the potential has symmetric double wells. o
The left (right) well corresponds to thé=0 (f=1) fluxoid GCJ
state. Increasingdecreasing x. slightly from 1/2 tilts the L
potential to the rightleft), which provides an easy way to
control the potential and interwell level separatidRig. 1).

The Hamiltonian of a SQUID isHq(d)=p2/2C
+U(®P), wherepy=—ihd/od is the momentum operator
conjugate to®. By introducing the masm=C¢>§ and the
position x=®/® of the “flux” particle, the Hamiltonian
can be written as

Ho(X)=pZ/2m+U(x), 3)
_ o 25.0-
with the potential given by
1 2 1 2

U(x)= EmeC(x—xe) - mmecBL cos 2mx, (4) - 24.5

2

wherep,=—ifdldx, o c=1/LC is the characteristic fre- Gc')
qguency of the SQUID, an@, =27xLI./®,. The shape of L 24.01

the potential is determined uniquely by the dimensionless
parameter3,; and the external flux,.

The eigenenergies, and eigenstatels) of a SQUID qu-
bit can be obtained by numerically solving the Sdinger
equation with an anharmonic Hamiltoniady(x). It has ' ' '
been shown that the eigenstates depend only on the potential ’ ’
shape parameteB, and the characteristic impedan@g X
=/L/C and that the eigenenergies are scaled:q .%*
The potential and the energy levels of a SQUID with SQUID with L =100 pH, C=40 fF, andl,=3.95A (Zo=500Q,
=500 (|.e.,lL=100 pH and C.=40.fF), BL=1.20, and BL=1.20, andw c=5x%10"rad/9. The static flux bias isx,
w c=5%10" rad/s are plotted in Fig. 1 for external flux =—0.501.(a) The conventional scheme of two-level gate opera-
xe=—0.501. Note that the SQUID’s energy level structurétions: the microwave frequency is tuned to level separation
can be controlled by adjusting, andx.. For example, the g,.E;, resulting in direct transitions between the computational
total number of levels in the two well®y, +Ng, increases bases|0) and [1). (b) The same SQUID operated as a three-level
with 8., while the differenceN, — Ng increases withx, . A-SQUID qubit, where an auxiliary level, in this example the level

|4), is used to facilitate transitions betwef@) and |1).

23.5+

FIG. 1. Potential energy and the first six energy levels of a

Il. EFFECTS OF MICROWAVE PULSES .
for 0<t<r, and zero otherwise. Here,, ¢,, andr, are

The conventional configuration of SQUID qubits utilizes the frequency, amplitud@ormalized tob,), and duration of
the lowest level in each of the double weltienoted ag0)  the microwave pulse. The Hamiltonian of the system,
and|1) in Fig. 1) as the computational basis. Unitary trans- j(x,t) = Hy(x) + V(x,t), is now time dependent. The time
formations required to accomplish one-qubit rotations, suckygjution of the system can be obtained by numerically in-

ling the pulse area of the microwaves with frequency tunegquation(TDSE)

to the level separation. The interaction between the SQUID

and the microwave pulse, treated here as a linearly polarized P

electromagnetic field with its magnetic field component per- i7 — () =THn(X) + V(x.t X t 6
pendicular to the plane of SQUID loop, is given by at YOO =[Ho(X) +VOGDIYX.L). ©

To compute the evolution of the populations on the eigen-
states of the SQUID qubit, the time-dependent wave function
(5) is expanded in the eigenstat@s of Hy(x):

— 2 H 1 2 2 I’TZ
V(x,t)—meC(x—xe)qusmwﬂt+EmeC¢MS| o t,

054527-2



QUANTUM COMPUTING WITH SUPERCONDUCTING . .. PHYSICAL REVIEW B6, 054527 (2002

N rate, which measures how often the outcome of a gate opera-
(X, t)= Z Cn(t)|n), (7)  tion, through pulsed microwave stimulation, produces a er-
n=0 roneous result. The last issue is fleakage to noncomputa-

whereN is the number of eigenstates Hfo(x) included in tional StatedLNCS)—namely, the pl’obablllty of f|nd|ng the

the expansion. The expansion coefficients are obtained Hyubit has leaked out of the computational bggand|1) at
solving the time-dependent matrix equation the end of gate operations. Note that LNCS would not occur

in ideal two-level qubits, but is a ubiquitous problem for
9 N 5 qubits having more than two levels. We show that, due to the
[ &_TC”(T): > Ho (1) Chi(7), (8 multilevel structure of the SQUID qubits, the IGE and LNCS
n’=0 cause significant errors even to simple one-bit SQUID quan-
where 7=/ ¢t is the reduced time and the matrix elementstum gate operations. Taking into account these effects results
R itoni i in a difficult-to-meet requirement on the speed of gate opera-
Hyn Of the reduced Hamiltonian are given by tions of the conventional two-level SQUID qubits. To cir-
" 1 cumvent the fundamental shortcomings of the 2LSQ, we pro-
Hin ()= 2——[Endn +(n[V(X,7)|n")]. (9 pose a three-level SQUID qubit with A-shaped level
Le structure, which we call theA\-SQUID qubit or simply
Generally speaking, the expansion coefficietsin Eq. ~ A-Squbit. By comparing the gate operation time, IGE, and

(7) are complex and can be divided into real and imaginary-NCS of the 2LSQ and\-Squbit we show that tha-Squbit
parts as is much faster and much less error prone than its two-level

counterpart.
Cn(7)=Rn(7) +iSp(7). (10)

After substituting Eq(10) into Eq.(8), we obtain a canonical A. Gate speed
equation for coefficient vectoR={R,} andS={S,}, which
can be expressed in matrix form as

d (R) 0 H
dr{s/ " {-H o
whereH={H§n,} is the reduced Hamiltonian matrix. The

time evolution of the expansion coefficients can be obtaine

by solving the canonical equatiqidl) using the symplectic However, this approach would not work because real

schemé® The method is efficient and capable of providing SQUID’s have finite damping resistan@and thus finite

Eﬁcﬁﬁ;e '?JO;mZ:gno?EﬁgtStggo(:])g_]g:ggrseoxf tl?gter;JI?egt?édecoherence time which decreases as the coupling matrix
’ propag P ymp element increases. In fact, at low temperatUrethe dephas-
scheme is given by

ing time is proportional tdR/T,?%1°while the energy relax-

For one-bit gate operations based on microwave pulse-
driven Rabi oscillations, the shortest gate times agg
R =7/2Q) and 7/} for the Hadamard gate amT gate, re-
S)’ (12) spectively, wherg) is the Rabi frequency. Since the value of

Q between levelg0) and|1) is proportional to|x,,|, where

X01=(0|x|1) is the coupling matrix element between the two
levels, it appears that one could speed up gate operations by
educing the potential barrieAU, thus increasingXoy.

Uk=RK+ A 7HK* 12gk/2. ation time from an upper levelj) to a lower levelli) is
proportional toR/|x;;|*." Hence, for a 2LSQ one has,,

G+ gk A pHKH 12K «|xo1l 1, indicating that speeding up the gate operation

’ through barrier reduction is actually counterproductive. It is

R+ 1= Uk A pHKHL2gk+1)/0 (12) straightforward to show that, in order to have a reasonably

high value ofn,, it is necessary to have at least two levels
whereRK=R(7¥), R“"1=R(7**1), H*"¥2=H(7**2) "and  in each potential well of the SQUID.

so on, andAr is the time step. Another option is to increase the amplitude of the micro-
waves becausé€lx ¢, for a weak microwave field. Here
IV. THREE-LEVEL SQUID QUBITS “weak” means roughly thaf) is much smaller than the level

) _ separation frequencyy;. However, this approach encoun-
Three fundamental issues of any SQUID qubit must beers two difficulties for the 2LSQ. First, the coupling matrix

evaluated to asses its practical usefulness. The first is t'“@ement|xi-| is small for levels in different wells and much
gate speedSince coupling between solid-state qubits and thggrger for levels in the same welincluding the delocalized
environment, which results in decoherence, is inevitable, it iseyels above the barrierTherefore, ash,, is increased, the
important to have a typical gate operation timg, much  |GE and LNCS grow rapidly. In contrast,&Squbit uses the
smaller than the decoherence time. The number of gate  girong intrawell coupling to speed up gate operations. Figure
operations per decoherence timeg,,=174/70p, Provides  1(p) shows the principle oNoT operations in aA-Squbit.

a good measure for the merit of physical qubit€onsider- Here the logic state of the qubit is still represented by|the
ing that the decoherence time in Josephson-effect-based gand|1) states of the SQUID. However, a rotation in the two-
bits is on the order of 1-1@s!’ reducing the gate time,,  dimensional Hilbert space spanned [by and|1) is accom-

to the order of 1 ns is essential for error-tolerant quantunplished through a two-step process that involves an auxiliary
computing. The second issue is ih&rinsic gate error(IGE)  state|a). The gate time of a-Squbit, 7, , is thus the sum of
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FIG. 3. Speed ofloT gates—namely, the number of operations
per decoherence timeg,, vs microwave intensityp,, for a SQUID
qubit with the same parameters as that depicted in Fig. 1. The solid
circles and open circles are numerical results for AREqubit and
- 2LSQ, respectively. The dashed line is obtained analytically using
.;_,3 the weak-field approximation.
§. SQUID is prepared in th{0) state att<<0 and a microwave
a K Y pulse tuned to the relevant level separation is applietl at
=0 as shown in the figures. The microwaves are turned off
: - . . : once the probability amplitude of the initial stat€q(t),
1 reaches its first minimum. In the case of theSqubit, the
§ O-J\/\/\A/\/M process is followed by the application of a second pulse with
g -1 frequencywq,=(E,—E4)/A. This pulse is turned off when
S 4 C1(t) reaches its first maximum. Note that the time evolu-
2 o 2nd pulse o, W tion of probability amplitude€,,_q; , (t) contains all infor-
A mation about the qubit, including the gate speed, IGE, and

LNCS. It can be seen from the figures that the proposed

A-Squbit is about an order of magnitude faster than its 2LSQ
ot counterpart.

FIG. 2. Time evolution of populations on the relevant eigen- N Fig. 3 we show the calculatet},, vs ¢, from numeri-

states ofa) a 2LSQ andb) a A-Squbit. The SQUID parameters are @l simulations of the SQUID qubit. It is clear that for the
the same as in Fig. 1. The time is in units@f. The microwave ~Same microwave amplitude, the gate time of the 2L(8@en

pulses are shown to illustrate the timing and pulse shape. circles is much longer than that of thé-Squbit (solid
circles. Note that the analytical result of the weak-field ap-

proximation (dashed ling agrees well with the numerical

Note that two microwave pulses of different frequencies ar calculations only at a very low rf field intensity. The use of
P 9 Sifferent states, including the levels localized in a well and

needed to select the desired transitions. Smoeis one of  ,,56 delocalized levels above the barrier, as the auxiliary
the most common one_-qublt gates and is also the foundatlogate|a> for the operation of a\-Squbit was examined. We
for realizing the two-bitcNOT, we useNOT as a benchmark 40 that the shortest gate time was achieved when the aux-
for the performances of the 2LSQ aidSqubit in the fol- jjiary |evel |a) is the first level above the potential barrier, in
lowing discussions. this case the leval). This is expected since the gate time
We emphasize again that the goal here is to maximjge TA%|Xoal "1+ [Xa1| "t is @ minimum when|xo,|=|Xa|, @
and to reduce IGE and LNCS. For definitiveness, we choseondition that is most closely met by havif®) as the aux-
R=1 MQ in our calculations ofry. Figure 2 shows the time iliary level. Furthermore, as we will show later, significant
evolution of the population of the relevant SQUID levels, IGE and LNCS occur at much smaller valuesdf for the
with the same device parameters as that depicted in Fig. PLSQ than for the\-Squbit. Therefore, under the constrains
The results are obtained by numerically solving the TDSE. Irof the same error rate, the-Squbit provides approximately
addition, ¢, =5X 10 * was used for both cases. Figurg¢g)2 an order of magnitude improvement in the speed ofnbe
and Zb) show the time evolution of the level population and gate.
the pulse sequence applied for the conventional 2LSQ
scheme and the three-lev&iSqubit using the leve#) as the
auxiliary state, respectively. We emphasize that the SQUID’s Implementation of quantum algorithms requires precise
used for both schemes are identical. In both cases, thgate operations. A qubit that is fast but results in significant

0 1000 2000 3000

the times needed for transitio®)«|a) and |a)«|1).

B. Intrinsic gate error
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FIG. 4. Bit-flip error ratePgre vs gate speed,, for the same FIG. 5. Degree of leakage to noncomputational subspagevs
SQUID qubit depicted in Fig. 1. The solihpen circles are the gate speed,, for the same SQUID qubit depicted in Fig. 1. The
numerical results for thé-Squbit(2LSQ). solid (open circles are the numerical results for the-Squbit

(2LSQ.
error, even in the ideal case of infinite decoherence time, has
little value. For instance, the matrix representation of a perciple, this type of intrinsic gate error could be eliminated by
fect one-bit flip (NOT) operation in two-dimensional2D)  applying a sequence of carefully designed and controlled mi-
Hilbert space is one of the Pauli matrices crowave pulses, the method is rather complic&tethe pro-
posedA-Squbit utilizes only two pulses of constant intensity
and thus is one of the simplest realizations of the general
scheme.

0 1

1 ol (13

NOT= oy =

One type of error caused by the multilevel structure of the

SQUID qubit is the incomplete flip of a qubit, which results C. Leakage to noncomputational states

in bit-flip error (BFE) as discussed below. The corresponding  The last issue we want to address is the qubit state

matrix representation for an incompleteT operation on  |egkage—namely, a qubit started from a general state

SQUID qubits can be written as |4(0))=Co(0)|0)+C4(0)[1) at t=0 with |Co(0)?
+|C1(0)|2=1 will “leak” to other states upon the comple-

1 g 1 (14) tion of a gate operation. The amount of leakage into NCS's is
NOTso™ M+e2\l —g)’ characterized by the probabiliBy, ¢ of finding the qubit out-

side the subspace consisting |6f and |1) at the end of a
wheree <1 is assumed to be real and positive for simplicity. one-bit rotation(e.g., NOT). Obviously, qubits with smaller
Although NOTg, remains a unitary operator, it does not com- P are preferred over those having lardgr, . We studied
pletely transform0) to |1) and vice versa. For example, after the leakage problem by extracting,  from the time-
the application ofNOTs, to the qubit stat¢0), the probability — dependent evolution of qubits afteoT operations. The re-
of finding the qubit remains in thi®) state ise?/(1+&?). sult for a 2LSQ and its correspondingSqubit counterpart
Hence it is crucial to have as small as possible. is presented in Fig. 5, whe, « is plotted as a function of

We investigated the bit-flip error ralgee=2/(1+5%)  gate speedi.e., n,y). Again, the A-Squbit has much less
of the conventional 2LSQ and the proposé&eSqubit as a leakage than the conventional 2LSQ at the same gate speed.
function of gate speed,, by numerically solving the TDSE  Qualitatively, the leakage is caused by coupling of [Be
as described in previous section. Figure 4 shows the value @nd |1) to other states of the SQUID. Because the coupling
Pgre Of the SQUID, with the same device parametéfg,  strengths|xy) and |x;4 are far greater thafxy,| and the
BL, andw ) as before, operated as a 2LSQ anl-8qubit  detuning is rather small for the undesired intraw@llg.,
with level |4) as the auxiliary state. Note that at the same gat¢0)«|2)) and interwell(e.g.,|1)«|2) and|2)«|3)) tran-
speed, the bit-flip error rat®ge of the 2LSQ is much sitions, substantial population transfer to NCS’s occurs at
greater than that of its\-Squbit counterpart. Our results relatively low microwave intensityhence low gate spegd
show that in the entire range &?gez, the speed of the As the microwave intensity is increased, cascade excitations
A-SqubitNOT gate is much faster than that of a 2LSQ thatand various multiphoton processes also become more signifi-
has an identical set of SQUID parameters as AkBqubit.  cant, resulting in a rapid acceleration of the LNCS for the
Because the gate error described here does not arise fro2abSQ. In contrast, for the\-Squbit, the coupling strengths
decoherence due to coupling to the environment, but origitx,,] and|x,;| are comparable to the intrawell coupling. In
nates from the intrinsic energy level structure of the SQUID,addition, for undesired transitions, the microwave is far off
we refer to it as the intrinsic gate error. Although, in prin- resonance(large detuning Therefore, one expects that
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LNCS presents a much smaller problem to theSqubit, ns compared with the 30 ns for its 2LSQ counterpgage
which is confirmed by the result of our numerical studiesFigs. 4 and b Since the gate speet, of SQUID qubits is
presented in Fig. 5. proportional tow, ¢ for constant values o, and 83, , it is
straightforward to increase gate speed by reducing the loop
inductance and junction capacitance by the same factor and
In summary, we investigated the effects of the multilevelincreasing the critical current to kegfy constant* For ex-
structure of real SQUID qubits on single-qubit gate opera@mple, SQUID's with L=25pH, C=10fF, and I,
tions. The SQUID is treated quantum mechanically, while=15.8 A will speed up the gate operation by exactly a
the microwaves are treated classically. The numerical solufactor of 4. SQUID's with such parameters require 026
tions of the corresponding time-dependent Sdimger equa- Nb/AIO/Nb tunnel junctions with a critical current density
tions were obtained using a nonperturbative method. Wd.=6.32 kA/cn?, which are readily available with present-
found that due to the multilevel structure of the realday Josephson tunnel junction fabrication technofégy.
SQUID’s, the conventional scheme of the two-level SQUID  Finally, compared with the conventional 2LSQ scheme,
qubit, in which the state of the qubit is assumed to be conwhich requires a single microwave pulse for any one-bit ro-
fined within the computational basis {ff) and|1), has fun-  tation, the proposed-Squbit requires two microwave pulses
damental problems such as the intrinsic gate error and lealef different frequencies to accomplish any one-qubit rotation.
age to the noncomputational states. Although these problent$owever, considering the significant improvement in the
could be reduced by using very weak microwave pulses, thigate speed and large reduction of the intrinsic gate errors, the
would significantly decrease the speed of the gates, limitingdvantages oA-Squbit seem to far outweigh its drawbacks.
the practical usefulness of the qubits when the effect of de-
coherence is taken into account. Interestingly, while the
SQUID’s multilevel structure is largely responsible for pro-
ducing IGE and LNCS in the conventional 2LSQ’s, it could We thank R. Alexander for his help in preparing the
also be utilized to combat these problems. We showed thahanuscript. This work was supported in part by the U.S.
by adding an auxiliary level, the resulting three-level NSF (EIA-0082499 and by AFOSR Grant No. F49620-01-
A-Squbit is much faster and more reliable. Therefore, thel-0439 funded by the Defense University Research Initiative
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