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Multiband model for penetration depth in MgB 2

A. A. Golubov and A. Brinkman
Department of Applied Physics and MESA1 Research Institute, University of Twente, 7500 AE, Enschede, The Netherlands

O. V. Dolgov, J. Kortus, and O. Jepsen
Max-Plank Institut fu¨r Festkörperforschung, Heisenbergstr. 1, D-70569, Stuttgart, Germany

~Received 8 May 2002; published 19 August 2002!

The results of first-principles calculations of the electronic structure and the electron-phonon interaction in
MgB2 are used to study theoretically the temperature dependence and anisotropy of the magnetic-field pen-
etration depth. The effects of impurity scattering are essential for a proper description of the experimental
results. We compare our results with experimental data and we argue that the two-band model describes the
data rather well.
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The electronic structure of the recently discover
superconductor1 MgB2 is now rather well understood and th
superconductivity may be ascribed to the conventio
electron-phonon mechanism2–5. The Fermi surface consist
of two three-dimensional~3D! sheets, from thep bonding
and antibonding bands, and two nearly cylindrical she
from the two-dimensionals bands. The qualitative differ
ence between the 2Ds- and the 3Dp-bands in connection
with the large disparity of the electron-phonon interacti
~EPI! for the different Fermi surface sheets suggeste
multiband description of superconductivity.6–10 Recent re-
ports on quantum oscillations11 provided not only important
information on the electronic structure near the Fermi le
but it also probed directly the disparity of the EPI in thep-
and s-band systems. The excellent agreement of the ca
lated EPI with the de Haas–van Alphen mass renormal
tion clearly confirms the basic assumption of the two-g
model12. Further experimental support of this model com
from scanning tunnel microscopy and point-conta
spectroscopy,13–15 high-resolution photoemissio
spectroscopy16, Raman spectroscopy17, specific-heat
measurements,9,18 and studies of the magnetic penetrati
depth.19–21

There is still some debate concerning the applicability
the multiband description to MgB2, in particular since some
tunneling measurements22 show only a single gap with a
magnitude smaller than the BCS value ofD51.76 Tc . A
recently proposed multiband scenario for tunneling8 in MgB2
explains the reason for the differences in the observed
neling spectra and thus helps to settle this debate.

A similar discussion has been going on concerning
penetration depth. The measured magnetic penetration d
shows a large variety of behavior~see Table I!. In order to
interpret these results, a microscopic model is required
this paper we shall use the multiband model6,8,9 to calculate
the temperature dependence and the anisotropy of the
etration depth using the Eliashberg formalism and the res
of first-principles electronic structure calculations.
Generalization of the BCS theory to the multiband mo
was first suggested in Refs. 34 and 35 and it has been
served experimentally in Nb-doped SrTiO3.36 More recently,
Kresin and Wolf37 suggested a two-band model in the stron
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coupling regime for describing the properties of high-Tc su-
perconductors. Strong-coupling two-band-model calculati
of the microwave response, and in particular the penetra
depth, were performed in Refs. 38 and 39.

The penetration depth of the magnetic fieldlL,ab in the
local ~London! limit is related to the imaginary part of th
optical conductivity by

1/lL,ab
2 5 lim

v→0
4pv Im sab~v,q50!/c2, ~1!

wherea,b denote Cartesian coordinates andc is the velocity
of light. If we neglect strong-coupling effects~or, more gen-
erally, Fermi-liquid effects! then for a clean uniform super
conductor atT50 we have the relationlL,ab5c/vp

ab ,
where (vp

ab)258pe2(k jd(«k j )vF, j
a vF, j

b is the squared tota
plasma frequency andvF, j

a is thea component of the Ferm
velocity in thej band. Impurities and interaction effects dra
tically enhance the penetration depth, and it is therefore s
able to introduce a so-called ‘‘superfluid plasma frequenc
vp,ab

s f by the relationvp,ab
s f 5c/lL,ab . It has often been

mentioned that this function corresponds to the charge d
sity of the superfluid condensate, but we would like to po
out that this is only the case for noninteracting clean syste
at T50.

In the two-band model we have the standard express
~neglecting vertex corrections!,38,39

1/lL,ab
2 ~T![@vp,ab

s f ~T!/c#2

5 (
i 5s,p

S vp,i
ab

c D 2

pT (
n52`

`
D̃ i

2~n!

@ṽ i
2~n!1D̃ i

2~n!#3/2
,

~2!

where ṽ(n)5vnZ(vn) and D̃(vn)5D(vn)Z(vn) are the
solutions of the Eliashberg equations8,9 and the calculated
plasma frequencies for thes andp bands are given in Ref
8. Equation ~2! corresponds to the standard paralle
conductor formula and does not contain cross ter
D̃ i(vn)D̃ j (vn). It is a consequence of the fact that in th
©2002 The American Physical Society24-1



GOLUBOV, BRINKMAN, DOLGOV, KORTUS, AND JEPSEN PHYSICAL REVIEW B66, 054524 ~2002!
TABLE I. Penetration depth measurements by different methods and groups~MW5microwave,mSR
5muon spin relaxation, RF5radio frequency, FIR5far-infrared optical spectroscopy!. Values for the esti-
mated London penetration depthlL(0), superfluid plasma frequencyvp

s f , temperature dependenceDl(T),
superconducting gap valuesD0, and ratios 2D0 /kBTc are shown.

Method lL(0) ~nm! vp
s f ~eV! Dl(T) D0 ~meV! 2D0 /kBTc Ref.

ac 1 M (H) 200 0.99 ;T2.7 17
mSR 100 1.98 two gaps D156.0, D252.6 3.6, 1.6 19
Hc1 T 23
MW T2 24
mSR1ac 85 2.33 T2 25
RF 160620 1.24 BCS 2.860.4 1.760.2 26
FIR 300 0.66 BCS 2.5 1.9 27
MW 60 3.3 T, T,Tc/2 28
MW 110610 1.8 BCS 7.460.25 .4.5 29
RF BCS 2.61 1.54 30
FIR 218 0.91 2.5,D,7.5 31
MW (Tc537.9 K) 100 1.98 32
MW (Tc526 K) 1200 0.165 32
MW (Tc539 K) 110 1.8 BCS,T.5 K 3.8 2.26 33
MW (Tc536 K) 115 1.72 BCS,T.5 K 3.2 2.06 33
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local limit (q50) the bare current vertex equalsvF,id i j . The
Eliashberg equations were solved numerically as descr
in Refs. 8 and 9.

The influence of impurities is incorporated into the mod
by including shifts of the gap functionD i

0(vn) and the renor-
malization factorZi

0(vn),

D i→D i
01(

j
g i j D j

0/2Avn
21~D j

0!2,

Zi~vn!→Zi
0~vn!1(

j
g i j /2Avn

21~D j
0!2,

in the Eliashberg equations. Intraband scattering does
changeTc and the gap values~Anderson’s theorem!, but in-
fluences strongly the penetration depth.

Before we start discussing the exact solutions to
Eliashberg equations we present a simplified model con
ing of two independent BCS superconducting bands w
different plasma frequencies and different gaps~and conse-
quently differentTc’s!. In spite of the fact that this model i
clearly an oversimplification, it captures qualitatively mo
of the observed behavior. In this model the band with
largerTc has the smaller plasma frequency~see Fig. 1!.

For a clean system the resulting inverse squared pen
tion depth is the sum of the ‘‘superfluid plasma frequencie
~solid line!. The kink in Fig. 1 is an artifact of the simplifie
model which will be smoothed out by interband couplin
but an inflection point in the temperature dependence of
penetration depth remains which has been observed ex
mentally, as will be discussed below~see Fig. 2!. The low-
temperature dependence is determined by the band with
smallest gap, whereas the high-temperature behavior re
from the band with the larger gap. This is in accordance w
the temperature dependence for low temperatures obse
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in some experiments. If the superconducting band with
smaller gap will be ‘‘overdamped’’ due to impurities, the
the penetration depth is only determined by the other b
and it will show a BCS temperature dependence, which
also been observed in some experiments~see Table I!.

For a proper understanding of the observed physical
havior of MgB2 it is important that impurities are taken int
account properly. Recently, the influence of impurities on
two-gap superconductivity has been discussed.40 Using the
same arguments we shall discuss two cases:~i! The clean
case with scattering ratesgs5gp52 meV as realized in
low-resistivity dense wires41 and ~ii ! the dirty case withgs

554 meV andgp51.2 eV. The values for the scatterin

FIG. 1. Temperature dependence of the penetration depth in
model of two independent BCS superconducting bands~dashed and
dotted line! with different superconducting gaps. The resulting pe
etration depth~solid line! clearly shows a non-BCS temperatu
behavior. The low-temperature behavior will be dominated by
band with the smaller superconducting gap.
4-2
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MULTIBAND MODEL FOR PENETRATION DEPTH IN MgB2 PHYSICAL REVIEW B 66, 054524 ~2002!
rates in the dirty case, as well as negligibly small interba
scattering rates,40 are in accordance with the results on hi
resistivity films.31 The reason for weak interband scatteri
lies in the specific electronic structure of MgB2, namely the
electronic states in the 2Ds band only have a small overla
with the states in the Mg plane, where defects are most lik
to occur.

Exact calculations, i.e., solving the Eliashberg equati
for the effective two-band model with parameters deriv
from first-principle electronic structure calculations, ha
been carried out for the clean and dirty cases for a magn
field along thec direction or in theab plane. The results
obtained can be presented in the form of the effective su
fluid plasma frequency,vp

s f . Figure 2 displays the calculate
@vp

s f(T)/vp
s f(T→0)#25@lL(T→0)/lL(T)#2 as a function

of reduced temperature.
First we shall discuss the temperature dependence oflL

ab ,
when the magnetic field is oriented exactly along thec axis
~this means that screening currents run in theab plane!. In
the clean case the situation is similar to the model discus
above ~Fig. 1!. lL

ab(T)22 has an inflection point and th
low-temperature behavior is determined by the band with
small gapDp . In the dirty case the conductivity in thep
band is strongly suppressed. This means that the scree
currents in theab plane are determined by thes band with a
BCS-like temperature dependence with a large gapDs . For
the intermediate case the temperature dependence oflL

ab(T)
is between these limiting cases. One can even have situa
with a nearly linear dependence in some temperature in
val, as may be seen in Fig. 2. Experimental data from mic
wave experiments on single crystals26 and oriented films33 as
well as mSR data on polycrystals19 are shown for compari-
son in Fig. 2.

As may be seen from Eq.~2!, the penetration depth in th
c direction in the clean case is only determined by thep
bands because of the very small plasma frequency of ths
band in this direction. It is interesting to notice that the te

FIG. 2. The calculated temperature dependence of the pen
tion depth for the clean and dirty case~as defined in the text! in the
ab plane and along thec axis, as well as a BCS curve correspon
ing to a single band case. For comparison experimental data
microwave experiments on single crystals (n) ~Ref. 26!, oriented
films (s) ~Ref. 33! andmSR data on polycrystals (j) ~Ref. 19! are
shown too.
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perature dependence of the penetration depth in the d
c-axis case follows the cleanab-direction case. This is
caused by the fact that thes channel is blocked by the sma
plasma frequency and thep channel is blocked by impurity
scattering. However, the absolute values of the penetra
depths differ by a factor of about 8 in these two cases. O
may see that an inflection point is present in the tempera
dependence even for this single-band contribution, beca
of the induced superconductivity at higher temperatures
the p band.

The corresponding London penetration depths atT
54 K have the values lL,ab

clean539.2 nm, lL,c
clean

539.7 nm, lL,ab
dirty5105.7 nm, andlL,c

dirty5316.5 nm. One
may observe that even in the clean case the value
vp,ab

s f (T→0).5 eV from Eq. ~2! differs from the total
plasma frequency.7 eV as a consequence of stron
coupling effects due to electron-phonon interaction.

Table I summarizes the experimental information on
penetration depthlL(T→0), the temperature dependence
the penetration depthDlL(T), and the estimated supercon
ducting gap obtained by different experimental methods
groups. Our theoretical values of the penetration depths
the clean case are smaller than the smallest experime
value. On the other hand the values for the dirty case ar
reasonable agreement with experiment. Nearly all measu
penetration depths fall within our limiting cases~clean and
dirty!, and especially the observed BCS-like behavior
lower temperatures, reflecting thep-band contribution, is in
agreement with our theoretical calculations.

It is well known that in a clean superconductor the lo
temperature penetration depth is independent of the su
conducting gap. In this case, the anisotropy is only de
mined by the ratio of the plasma frequencies in theab plane
and c directions. Hence, if thep band is very clean the
penetration depth is nearly isotropic due to the small diff
ence in the effective plasma frequencies. This is shown
Fig. 3, where one may also see that impurities in thep band
drastically enhance the anisotropy. In the inset of Fig. 3
temperature dependence of the anisotropy is shown for
clean case. The reason for the strong variation with temp

ra-

m

FIG. 3. The anisotropy of zero-temperature penetration dept
impurity scattering rate in thep band. The inset shows the temper
ture dependence of the anisotropy for the clean limit.
4-3
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ture is that for high temperatures the difference of gaps a
contributes. A similar observation has recently been mad
a weak-coupling model.42

A final remark concerns the orientation of the magne
field. According to estimates in Ref. 8 thes band does not
contribute to the electronic transport for angles with thec
axis larger than of the order of 1°. This implies that f
larger angles the effective penetration depth is determine
the p band only. Only for angles approaching zero, thes
band contributes and the penetration depth decreases tow
the minimal value corresponding to the screening curr
flowing in theab plane, namely 39 and 106 nm for the cle
and dirty case, respectively.

The above-mentioned considerations must be taken
account when interpreting the experimental data. In po
crystalline samples the penetration depth is mostly de
mined by thep band and therefore practically isotropic an
it is similar to thec-axis penetration depth in Fig. 2. Ou
calculations for the dirty case describe qualitatively well t
data in Ref. 19. On the other hand, the data for single crys
and oriented films correspond to our calculations of
ab-plane penetration depth, provided the magnetic field
oriented with an accuracy better than 1° along thec axis.
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Therefore the data from Refs. 26 and 33 are described by
calculation for the clean case. Quantitative deviations can
attributed to a different impurity content and a possible a
mixture of c-axis contribution. The temperature dependen
of the specific electrical resistivity is not provided in the
papers however, which would be needed in order to estim
the impurity scattering rates.

In conclusion, we have used the results of first-princip
calculations of the electronic structure and electron-pho
interaction in MgB2 to calculate the magnetic-field penetr
tion depth. The measured temperature dependence of
penetration depth is qualitatively well reproduced in a tw
band model with the same set of parameters which was u
to fit dc resistivity.31,41 We predict strong dependence of th
anisotropy of the penetration depth on impurity scattering
thep band, while interband impurity scattering is negligib
small.40 This anisotropy increases with increasing tempe
ture.

We acknowledge many useful discussions with I. I. Maz
and A. D. Caplin. J.K. would like to thank the Schloeßma
Foundation for financial support. This work was support
by the Dutch Foundation for Research on Matter~FOM!.
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