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Low-lying excitations and magnetization process of coupled tetrahedral systems
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We investigate low-lying singlet and triplet excitations and the magnetization process of quasi-one-
dimensional spin systems composed of tetrahedral spin clusters. For a class of such models, we found various
exact low-lying excitations; some of them are responsible for the first-order transition between two different
ground states formed by local singlets. Moreover, we find that there are two different kinds of magnetization
plateaus which are separated by a first-order transition.
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I. INTRODUCTION coordinations. Although the coupling between the tetrahedra

is not so simple, the crystal structfi@®4) suggests that the

Recently, there has been substantial interest in the progmodel HamiltonianH,,, with J;=J, is one of the simplest
erties of strongly frustrated low-dimensional quantum spincandidates to describe the telluraté= chain axis is parallel
systems such aS=1/2 Heisenberg models on the kagometo thec axis of the tellurates On the basis of experimental
and pyrochlore lattices. In such systems, various groundresults obtained for static magnetic propeftiaad for Ra-
state phases, e.g., valence-bond crystals, resonating valenggn scatteringit was argued that the parametéss-J, and
bands, long-range-ordered phases, etc., appear as we vary tie- J,<J, may be appropriate for the two compounds. We
control parameters. In particular, the possibility of a spin-will also include some results for a more general case with
liquid phase with unconventional singlet excitations would\]ﬁ&\]4 (hence we call igeneralized modeh the following
be interesting. which may clarify to what extent our results are general.

In the following, we consider a simple model system built  Our aim here is to investigaté) general excited states
up from tetrahedral clusters &= 1/2 (we label each tetra- and their relation to the ground-state phase transitions and
hedron by Latin indice$) with the Hamiltoniansee Fig. 1 (i) the magnetization plateaus. In what follows, we will use

eigenstates of the folB= 1/2 spins on a single tetrahedron in
- . .g . _.g g the notation as shown in Fig. 3. The ground state of the chain
Ho E S AL SJAHZ 2152 of noninteracting tetrahedrdy=J,=0 is obtained as a se-
guence of tetrahedra in state “1” fal;>J, and as that of

TS2 S5t S5 Gat Sa S @ tetrahedra in state “2” ford;<J,.
These tetrahedra form a chainlike structure and interact with We conclude this introduction with a few comments on
each other by the following couplingroken lines: the ground-state phase diagram for the symmetric m@atel
cluding the couplingl;=J,) which was investigated already
B in Ref. 5. The main purpose of this part consists not in ob-
= 2 [s(S2 §+157 G4 S410) T Ia(S 2 S1a taining the phase diagram itself but in demonstrating how the
Si+19]- 2

For J,=J3=1J,, this model reduces to a known model of
a frustrated spin ladder with diagonal couplinggeneral-
ized Bose-Gayen model®). The choicel;=J,#J, (sym-
metric model hereafter introduces explicit dimerization in

the leg direction. As can be seen in Fig. 2, an assembly of I - S
decoupled tetrahedra describedMy has singlet modes with N,
energies much lower than the singlet-triplet gap. Therefore, (a) P

the model withJ; ,J,>J5,J, would provide a good starting et AL
point to study the unconventional properties mentioned 2 j+1
above.
The study of the model described by the Hamiltonian _———- - S
Hio=Ho+ H, was inspired by the discovery of the tellurate
material§ Cu,Te,0sXs (X=Cl or Br) and the phase dia- (b) m E E
gram, triplet excitations, and the optical spectrum of this Yo AN sy
model have been investigated quite recehtlying both nu- 2 j+1
merical diagonalization and the bond-operator mean-field ap-
proximation. In these materials, €uions formS=1/2 tet- FIG. 1. Spin tetrahedron and two models considered in the text:

rahedra, which are connected with each other by Te-Gymmetric modela) and generalized modéb).
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low-lying singlets dictate the transition. To discuss the struc- FIG. 4. Ground-state phase diagram for the symmetric model
ture of the phase diagram from th_e vi(_awpoin'g of the sing_let(J3:J4)_ Note that the phase diagram is symmetric untier Js.
spectra, we use an effective Hamiltonian derived by payingrhe phase boundary between RD and Haldane phases as obtained
particular attention to low-energy singlets. This approachyom the effective HamiltoniafHigng [Eq. (4)] is shown by a solid
gives a simple and clear picture of the transition betweemine and that from numerical daftor 16 sites oiN =8 (Ref. 10] by
singlet phases and will be useful also for a discussion of thgpen squares. The inset shows the same data using the parametri-

line). Energy is measured from the ground state. Note that the
ground state changes &t=J,.

low-energy singlet dynamics. zation adopted in Ref. 5.
The classical modelS, ") has two different kinds of
antiferromagnetic phases separated by a lipeJ,+J;. It was argued in Ref. 5 that the quantum phase diagram

Along the transition line, the ground state exhibits a hugecontains three different phases: rung-diniRD), Haldané
degeneracy, which is reminiscent of what occurs to the clasH), and spin-1 dimerized(S1D, or plaquette singlet
sical pyrochlore antiferromagneltsAs was already pointed phasé*® the first one is characterized by the formation of
out in Ref. 5, the symmetric modeBE 1/2) preserves the local singlets on dimerJ;) bonds. On the other hand, the
basic propert of the generalized Bose-Gayen model: thelatter two are phases of the modeIS=! [Eq. (3)] and are
total spinsS; ;+ S; , andS; 5+ S 4, on individual dimer bonds distinguished® according to whether the string-order
(J,) are well-defined quantum numbers. This allows aparametétt is vanishing or not. Note that we can use a varia-
simple classification of the eigenstates?df; by specifying tional argument to showigorously that the RD phase is
these quantum numbers for alN2(N is the number of tet- actually realizedat leastfor J;>J,+J3 (J,,J3>0) in the
rahedra dimer bonds. When all dimers are occupied by trip-sense that no admixture of singlets 1 and 2 occurs.
lets, the HamiltonianH,, reduces to an effective spin-1  To investigate the effect of the couplidg between tetra-
chairf hedra on low-lying singlets analytically, we derive an effec-
tive Hamiltonian acting on the "2dimensional subspace
3) spanned by two nearly degenerate states 1 and 2. At “site”
(i.e., jth tetrahedropy we define an Ising spin with a value
) _ +1 (—1) when the tetrahedron is in staté¢l2. The coupling
where T, denotes an effective spin-1 opera®{ .12  petween tetrahedra is taken into account by degenerate per-
+ S+ 1)z (for ki odd) or Spyp+ Sypqz (for k even. Onthe  yihation theory and the resulting effective Hamiltonian is

other hand, interaction, andJ; effectively vanishwhen all - given py a ferromagnetic Ising chain in an external field:
dimer bonds are occupied by singlets.

HS1=0; > T Terr+ds X T Tien,
k: odd k: even

1 4 Hlsing:‘Jlej: 0101+1_hw|; gj, (4
3 2 J2 JZ
©) ©)] -6 ©-® (OR®) (BET] _ Vs o 3

o B v Jm= 63, hu=J—J1+ 33, (5

FIG. 3. Eigenstates of a single tetrahedron. SingletS0) and We have different ground states according to the sign of the
2 (S1D). Triplets:a=(3,4,5), 8= (6,7,8), andy=(9,10,11). Quin-  €ffective magnetic fieldh,y: For h;y<0 the Ising spins
tet: (12,13,14,15,16 Arrows denote singlets and dashed lines andalign downward and the RD phase realizes, while a positive
ovals triplets. In the dimer picture, 2, 9-11, and 12-16 can be viewed&alue ofh),, makes Ising spins point upward to form the S1D
as the two-triplet bound states. phase. The conditiom,,=0 determines the line of first-
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order transition between the RD and S1D phases. The excitation energy
mechanism of the transition will be discussed in the next O\ Z
section from the viewpoint of the excitation spectra. In Fig.
4, we show the transition line obtained above by a solid line.
This result implies that at the symmetric poig/J;=1 a
small perturbatiord; resolves the huge degeneracy and S1D
phase is selected as a unique, spin-singlet ground state.
The explicit form of the ground state is known analyti-

cally in the whole RD phaséall tetrahedra in state)land
only on the lineJ;=0,J,>J; in the S1D phaséall tetrahe-
dra in state 2 In the remaining part of the phase diagram,
the ground state is known numerically from the studySof 0.6 0.8 1.2 1.4
=1 chains with alternating exchangé® In particular the

S?paratlon line between the Haldane and the S]'D. phase {frbation expansion id; (some of them are exacas a function of
given by J3/J,~0.6, where a second-order transition de'J2 (33 is fixed). We chosel;=0.3J,; (hence the first-order transition
scribed by thef= O(3) nonlinears modef occurs. The occrs atd,/J;=j,=0.969@! . . .). Elementary singlet and bound
quantum critical point, where all three phases meet and thgtes are shown by the solid line, while scattering states are shown
gap of the first order transition disappears, is of particulay gashed lines. Note that we show only a part of the entire singlet
interest, but will have to be treated beyond perturbationspectrum and actually a gap between the singlet ground state and
theory. In Sec. 1V, we briefly discuss the effectinferchain  the lowest triplet(shown by gray linesis filled up with singlets
couplings in conjunction with three-dimensional ordering. composed of the elementary singlet discussed in Sec. Il A 1.

As an independent check of our method, we also deter-
mined the RD-S1D boundary by adapting numerical data of II. EXCITATIONS
Ref. 10(open squares in Fig,)5(Note that this is essentially
the same as that given in Ref) The resulting ground-state Because of the fuIIy_frustrated te_trahedra! structure, there
phase diagram is shown in Fig. 6 as a functiodof), and ~ are various type; o_f smglgt _and trlplet excitations. Ampng
J3/J; with J; as the energy unit. The merit of this represen-them, 5'”9|§EEXCItQt|0nS within the triplet gap are of particu-
tation is that the phase diagram clearly exhibits symmetr)}ar |_nterestl. Main results of this section are summarized
under the exchange df, andJs. In the inset, we also show N Figs. 6, 7 and Table I.
the same data in thel{/J,,J,/J5) plane, the parametriza-
tion used in a recent papeim order to facilitate a compari- A. Excitations in the rung-dimer phase
son. Although we used a completely different method, the
result is consistent with the one obtained by the bond-
operator mean-field approatfThe inclusion of higher-order As can be easily seen from Fig. 7, low-lying singlet de-
terms hardly changes the boundary and we may expect thgtees of freedom do exist in the neighborhood of the point
the convergence of our calculation is good. We would like toJ;=J, which corresponds to perfect tetrahedra. The lowest
stress here that our simple effective Hamilton{dnnot only
yields a fairly good resulf but also gives us a clear picture excitation energy
of the transition as will be described in the next section.

For the generalized model, the phase diagram is not sym
metric and the relation to spin-1 chains is no longer useful.
For smallJ; (or equivalently,d,), however, the mapping to
the Ising chain(4) goes in a similar manner to give

2

FIG. 5. Several low-lying singletén unit J;) obtained by per-

1. Singlet excitations

(3,—3J,)235

¥

M 283,23, 3,3,
N €[ s PR 1
IMT¥2 Y1 243,3,(3,—23,) %
: ; J2
Setting J;=J,, we obtain a negative valuehy= 0.6 0.8 1.2 L4

2 . .
_JS/(lle.)'. Contrary to the previous casgsymmetric FIG. 6. Several low-lying tripletgin unit J;) obtained by per-
mode), this implies that for perfect;=J,) tetrahedra the yhation expansion ids (some of them are exacts a function of

intertetrahedron coupling selects not the S1D ground statg,;j, parameters are the same as in Fig. 5. The one-triplet band
but the RD one. The results obtained in this section lead us tgnd two-triplet continuum are shown by light- and dark-gray re-

conclude thatf the value J=J, is reliable for the real com-  gions. Note that the dispersion of the lowest triplet suddenly
poundsCu,Te,OsX, (X=ClI, Br), they should be treated in changes at the transition since the ground states on both sides are
the S1D phase. completely different.
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TABLE I. Energy, spin, degeneracy, and symmetry classificdiioterms ofS,) of typical excitationsN
denotes the number of tetrahedra.

Phase Energy Spin Degeneracy Symmetr¥/ at
RD AED [see Eq(7)] Singlet N B
AERH2(n—1)|hyy| Singlet N A (n even B (n odd)
2N|hpl Singlet 1
Jq Triplet N E
21,353 Triplet N A
S1D AShg Singlet N
AZR+2(n—1)hy Singlet N A (n even B (n odd
A Tiplt N e
type-2 plet Nondegen. band B

singlet in the RD phase is created by promoting one of the On top of them, there are several singlet bound states
RD tetrahedra to an S1D singl&dtate 2 in Fig. B For the  composed of twdriplet tetrahedra. For example, a singlet
symmetric model, this is an exact eigenstate with energgombination of two triplet tetrahedr@tatesa and 8) con-
2(J1—J,) since the interaction Hamiltonial; annihilates nected by a weakJg) link has an exact energyJ2—2J;,

this state. For an estimate of the interaction effectds),  which lies between the two-triplet threshold,2and the el-

the effective Hamiltoniar(4) can be used and leads to the ementary singleﬁgﬁg.
results

. ) 2. Triplet excitations
ARP=2(3,—J,) for thesymmetric model ) ) ) )
In this subsection, we discuss several exact magnetic ex-
_ J% 3 1 citations for the symmetric model. Although most of the fol-
ARN=2(3,—3y) + 2\ H) lowing results hold also for the generalized model, the ex-
1 2 cited states are no longer exact.
for the generalized model ) 'Ifhe. simplest such excitati.on is an immobil_e dimer triplet
excitation created by replacing one of the singktate 1
Alternatively this state can be viewed as a singlet bound statgtrahedra by a tetrahedron in stateor 8. The exact exci-
made up of two dimer triplets in the dimer regiody &J,).  tation energy isl;, independent of], and J;. These are
The expression for the generalized moficond equation nothing but dimer-triplet excitations of the standard two-leg
of Eq. (7)] is, of course, not exact, but we can show, at leastadder with Bose-Gayen-type couplings.
in a perturbative sense, that this excitation is completely lo-  Another triplet with energy 2,—J, can be created by
calized(i.e., dispersionlessalso in the generalized model. promoting one tetrahedron from state 1 to stﬁteomposed
What is more interesting is that there exist multiparticleof two dimer triplets. In the dimer limit I:>J,,J3), this
bound states which are given by=2) successive S1D sin- state can be viewed as a triplet bound state made up of two
glets; the ferromagnetic interaction in the effective Hamil-dimer triplets(with binding energy—J,). If two dimer trip-
tonian provides the attraction between these partiles  |ets are bound on a weakl4) link, then they form another
binding energy is—4(n—1)|J,y|]. For both symmetric and  exact bound state with energy2-Js, corresponding to ad-
generalized models, the total energy of this kind of boundacent tetrahedra in statesand 3. By a logic similar to that
states is given by used in the previous subsecti¢8ec. A1, we can show
. that these triplets are completely localizee., dispersion-
Aound= ARpH 2(n— 1) [yl ®  |esy even if we relax the conditiod;=J,.

Thus, when the phase boundary is approached from the RD

side (h,,— —0), all these bound states collapse onto the B. Excitations in the S=1 dimer phase
lowest singlet(while a small gap of orded;—J, remains
between the singlet ground state and the lowest singlet
excitation—see Fig.)7 This collapse triggers phase separa- Starting from the ground state of the S1D phase, elemen-
tion and leads to the first-order transition from singlet RD totary singlet excitations for the symmetric model are obtained
singlet S1D. In particular, the largest one with the gapby changing some tetrahedra to state 1. Since the intertetra-
ANDound= 9N h,y| hits the ground state at the transition hedra couplingH; annihilates links with at least one tetra-
point and after the transition these huge bound states constiedron in state 1 on their edges, this change results in a
tute low-lying excitations of the new phase. The contributionsequence of finit&&=1 chains. The excitation energy, how-

of these low-lying singlets to such physical quantities as speever, cannot be calculated analytically because of quantum
cific heat can be calculated by using the solvable Hamilfluctuation coming fronS5=1 segments. For the lowest sin-
tonian Hgjng- glet excitation, obtained for one tetrahedron in state 1, the

1. Singlet excitations
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energy is obtained in second-order perturbation (&  out in Ref. 5 in conjunction with the Raman spectrum. The
second-order correction in the following expression is thedetails will be reported elsewhere.

contribution from the open ends of tw&=1 chain$ Because of the large bandwidth, a crossing between the
A ) type-2 mobile triplet and the lowest gapped singkgate )
AS18=2(J,—31) +433/(37,). occurs at relatively small values d/J, (1.47 for J3/J,

=0.3). For 0.5xJ,/3,<(J5/31) 2, the system isinusualin
the sense that the ground state is dimer likeSerl like
'S , while the singlet-triplet gap is filled with many low-lying
sition point|hyy|=0. singlets. For larger values af,, the tetrahedral chain is

As in the case of the RD phase, we can consider severglyivalent to a standar=1 chain not only for the ground
multiparticle states made up of state-1 tetrahdbmh scat- state but also for low-lying excitations.

tering states and bound stgte&mong them, the most im- — \we symmarize the resuilts obtained in this section in Figs.
portant is am-particle bound state. The energy of immobile 6, 7 and Table I. In Fig. 7, we can see clearly the collapse of

n-particle bound states can be calculated in perturbationy huge number of singlet states mentioned above. Among
theory as them, the longest on@vhich is not shown hejecomes down

A9 2(n—1)h from infinitely high energies and hits the RD ground state at
S1D IM - J513;=(3,/31)c1- In Fig. 7, some triplet branches appear
Again, whenh,,~0, the binding energy is so large that all discontinuous at the transition. This is because the corre-

multiparticle bound states have the same enex§j. This ~ SPonding state acquires an extensive dispersion when the
is the origin of instability towards the first-order transition critical valueJ;=J: is crossed from the RD side. The dif-
from the S1D to the RD. It is important to note that all the férence between a given type of excitation in a background
above excitations areot included in the effective spin-1 Of states 1 and 2, respectively, i.e., the discontinuity appear-
chain, but correspond to an internal degree of freedom on B9 in Fig. 7, vanishes as the coupliny decreases. For
pair of dimer spins. example, the level corresponding to the gﬁﬁg,ﬁfe}l has a

discontinuity* of the orderJ3.

We haveA$"9>0 in the S1D phase. It is easy to verify that
AZTR coincides with the first equation of Eqg) at the tran-

2. Triplet excitations

Two different types of triplet excitations exist. The first IIl. MAGNETIZATION PROCESS
one is essentially a single tetrahedron in swt¢p) in the In this section, we investigate the magnetization process

S1D background; it creates a single dimer singlet in the Segf he tetrahedral chain for fields up to the saturation field,

of dimer triplets and isotincluded in the usuab=1 chain. ~ paving particular attention to the magnetization plateaus
This is highly localized because an “unpaired” spin-1 object,, - appear am?/m,=1/2 and are related to two different

appearing at the edge of the effecti®e=1 chain(with an quantum states. Since the real materials hake-J,

odd ”“mber_ of_eﬁg_(igve spimscan_ hardly move due 1o _ 4o K, these plateaus may be detected in high-field mag-
strong dimerizatiod®~1° The energy is given by netization measurements.

The appearance of two different types of plateaus at
m?/mg,=1/2 is apparent already in the limit of isolated tet-

Triplet excitations of the second type are contained in thd@nedrali.e., J3=0); for J,<J, this plateau occurs for mag-
excited states of th8=1 chain and are obtained by promot- netic f'EIds.Jl<H<Jl+J2 and with the system either in
ing a single tetrahedron to staje The excitation discussed State 3 or in state @ype-| platealy whereas fod,>J, the
in Ref. 5 by a mean-field approximation, etc., is of this type_plate_au occurs for magnetic fields<H<2J, with the sys-
Contrary to they tetrahedron in the RD phase, this magnontem in state dtype-Il plateau.

excitation can propagate freely due to the “background” of For a Qiscussipn of the magnetization process ir) the pres-
dimer triplets and the dispersion is given by ence of interaction J;#0), we start by considering the
dimer limit J;>J, ; where the plateau of type | is realized. It
8J3 ) (433 233

432 is well known that the magnetization process in this limit can
3 + 37) cosq— ﬁcos x. be reduced to that of an effectige= 1/2 modet® by regard-

2 2 ) ing a triplet on a dimer bond as an upward sp#={ + 3)
and, correspondingly, a singlet as downward sgfi=(— 3).
Note that this has a relatively large bandwidth of @9&or  The effective Hamiltonian obtained in this way is
J;=J, and J3/J,=0.3). This fact shows that the effect of
intertetrahedra couplings on low-lying excitations is drasti- _ XX YR 7.2
cally different accor?jing to the spir)llbaglckground. This differ- | e (i,i+1)ebzetween tetra[JXy(Si Siea SIS )+ JSiS]
ence may be crucial also in considering possible scenario of

Aphet=—J1+2J,+0(J3).

triplet —
wtyge-z( q)=

three-dimensional orderingee Sec. IV. 2z _yg_1 _ E

Furthermore, by solving a two-magnon problem - (j,j+12)etetras Si+1 (H J1 ZJZZ
explicitly, 2’ we found singlet and triplet bound states around
g= m, whose binding energies are a few percent of the triplet _ EJ ) 2 oZ (10)
gap. The singlet one agrees qualitatively with that pointed 272 e
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whereJ,, andJ,, are Js
_ Hino== 7 2 05011+t (H= 3D of . (14
0 for symmetric model, ] ]

JXV:J3 for generalized model, This is nothing but the Blume-Capel model whose phase
diagram is well knowf?; for sufficiently low temperatures
J;  for symmetric model, (zero, in our casethere are a ferromagnetic phase withell
J (1)  taking 1 or—1 and the so-called vacancy phase where

27— .
Jaf2  for generalized model . =0 at all sites and these two phases are separated by a first-

WhenJ, is sufficiently larger thads, crystallization of up- order transition. In the language of the original quantum
ward sping(or hard-core boson®ccurs and a “solid” phase spins, the ferromagnetic state corresponds @tﬁ3>j or
...33333... or ...66666... isrealized. Note that ®;|6); and the vacancy state ®;|9); . Therefore, the afore-
both states spontaneously break link parityanslational mentioned two plateau phases correspond to the ferromag-
symmetry is not broken While this crystallization is obvi- netic and the vacancy phases, respectively.
ous for the symmetric model, the situation is slightly subtle The above argument is based on the lowest-order effective
for the generalized model since the coupling between tetraslamiltonian. If we proceed to the next order, a new interac-
hedra isXY like. Fortunately, even in this case we can showtion appears:
that either of the two is selected by a weskcoupling.

I_n order tp _excne this “crystallized” ground statmag- 2 0 1(0— ;4 1). (15)
netically, a finite amount of energy«{J,+Js3) has to be ]
spent and this leads to a type-l plateaun@&tmg,=1/2. In
particular, it is clear from the absence of any kind of kinetic
terms that the magnetization process for the symmetri
model is steplik& under the conditions assumed herh (
>J,,J3).

As is obvious from Fig. 7, fod,~J, two different mag-

Fortunately, this type of interaction does not affect the two
ghases mentioned above and we may expect that our result
will remain qualitatively correct in higher orders of pertur-
bation theory.

We determine the phase boundary by perturbation expan-
sion. By comparing the energies of both states obtained by

netic particles(3 or 6 and 9 degenerate and competition - : ;

betwere)n WO d(iﬁerent plateagu pf?as{ es | and I ocF::urs pertur_banon ex_pansmtup to second ordgrwe obtain the
; : : 126 " .following equation for the phase boundary:

To investigate it, we can use a similar method to that used in

Sec. | forJ,~J; andJ;<<Jq,J,. Let us fix the magnetization 1 53]§
m?/mg,=1/2. Then the half-magnetized state is dominated Ji— I+ Z‘]3_ 643,
by the three types of tetrahedra triplets 3, 6, and 9 and we 2
can construct an effectivé=1 Hamiltonian using these The leading ternd; —J,+ J5/4 coincides with that given by
nearly degenerate states. We identify the tetrahedron statgg). (14). In Fig. 7 we show the phase diagram for finite
(11/2)(|3)=|6)) and|9) with S’=*1 andS*=0, respec- magnetizatiorm?mg,=1/22* Inside the boundary, we have
tively, and obtain, in lowest nontrivial order, the following parity breaking states .(..3333... or ...6666...)
effective Hamiltonian: similar to that found in Ref. 25 and a unique parity-
symmetric state (..9999®...) outside.

0. (16)

J ~ ~ ~ ~
Hero= =5 2 (8= E)2(E 0>~ (F, )7
i IV. SUMMARY AND DISCUSSION
~ Motivated by the recent discovery of tellurates
HJZ_Jl); (SJZ)Z' (12) Cu, Te,Os5X5 (X=CI or Br), we considered low-lying exci-
tations and the magnetization process of a system of coupled
It is clear that the above model has two phases: Wheis  tetrahedra built of four spin§= 1/2.
much larger thad,—J; (>0), the ground state is given by ~ To investigate possible low-lying singlets and transitions
a prOdUCt®j(1/\/§)(|3>ji|6>]’) while the trivial product petween several ground states, we derived a classical Ising
®;]9); becomes the ground state whe®f)? is dominant. chain in a magnetic field as an effective Hamiltonian. Using
If we notice that the above model is in fact classical, it isit, we showed that the growth of the binding energy between
not difficult to know what kind of transition occurs between singlet particles triggers a first-order transition between the
two phases. Although the Hamiltonigi2) looks compli- simple RD phase and the S1D phase.
cated, the fact tha@(é}‘)z—(NSjy)z,(NSf)z]=O enables us to Most of e>§C|tat|ons in the RD phase are |mmot:|Ie or
rewrite it in terms of classical spins; which take three strongly localized due to the geomet(the so-called “or-
values —1, 0, and 1. That is, if we identify (1//2)(|1> thogonal dimer structur®). On the other hand, in addition

: _ _ ' to immobile singlets, excitations with much larger mobility

+|-1 ho==*1 = I o ; :
pe|rforr>r2 tigdrfglz;ﬂégmgnt ando=0, respectively, and (with dispersion~J3) are also allowed in the S1D phase. In
both phases, there exists a “window” in the vicinity of the

aj=(~S}‘)2—(~S}’)2, (Tj2:(~3jz)2, (13) pomtJl_:Jz, Whe_re t_he lowest excitation is not a triplet, bu_t
many singlet excitations populate the gap to the lowest trip-
the Hamiltonian(12) reduces to let. A similar situation is known to occur for a frustrated
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creates singlet combinations of twotetrahedra in the S1D
phase[The Raman operator corresponding to heepre-
sentation takes the fornXiK(S;;—S;j) (Sj+1— Suj+1),
which excites elementary singlets and two-triplet bound
states both in the RD and S1D phages.

In Sec. lll, we investigated the magnetization process.
There appears a 1/2 plateau in the magnetization curve. In
the dimer regionJ;>J,,J3, the plateau is accompanied by
discrete symmetryparity) breaking and is attributed to the
ordered state ...333333... or ...6666666...,
whereas in theS=1 region a parity-symmetric state
... 999999 ... isrealized. Note that the translational sym-
metry is not broken at all. The transition between these two
types of plateaus is described by a simple pseudospin (
=1) Hamiltonian equivalent to the classical Blume-Capel

model.

FIG. 7. Phase diagram fon?/mg,= 1/2 obtained by low-order Finally, we give some brief comments on the effects of
perturbation. Inside the boundary(&6) plateau occurs. Transition POSSible  three-dimensional ~ couplings ~ which  recent
points determined by a similar method to that used in Sec. | ar@XPerimentdsuggest are relatively large. We carried out pre-
plotted by small dot§numerical data were taken from Ref.)28  liminary calculation assuming the simplest interchain cou-
large dot on the symmetric line, which separa@$) plateau and  pling (J,) compatible with the crystal structure and found
nonplateau phaséshown by a thick ling was taken from Ref. 22.  the following: (i) the ground-state problem is again described
From the results for the bond-alternatiBg-1 chain(Refs. 26 and by the classica{3D) Ising model at least for small couplings
27) we believe that the nonplateau phase is realigety on the  and(ii) the phase boundary between RD and S1D phases is
symmetric line. The poor convergence around the symmetry axiselatively insensitive to the interchain couplidg . There-
J>=J3 may be attributed to the proximity to the criticality. fore we may expect that if we are in the S1D phase when

J, =0, then so are we even for small but finile(#0).
ladder (,=J;=1J,).%° In certain limits, these singlets can be However, new phenomena show up when the dynamics in
viewed as bound states of dimer excitations. It would bethe triplet sector is considered. An analysis analogous to the
worth mentioning here that these low-lying singlets in theone presented in Sec. |l B suggests that the triftgap
S1D phase araotincluded in the Hilbert space of the effec- gets reduced substantially while the singlet-singlet gap
tive spin-1 chain. slightly increases as we increagandJ, ; spin gaps in the

We also determined the phase boundary by two differeneffectivespin-1 sector finally close and three-dimensional an-
methods (effective Hamiltonian and a numerical method tiferromagnetic ordering may take place in the effective
and compared the results to obtain satisfactory agreement. Bpin-1 systeninot in the original spin-1/2 systemThe re-
particular, for the symmetric couplingg=J,, we concluded gion of the above ordered phase blows up from the transition
that weakly coupled perfectl{=J,) tetrahedra are in the line between S1D and Haldarigee Fig. 7 and grows ad,

S1D phase while fod;>J, they are in the RD phase. As is is increased.
suggested by this, the effect of couplings between tetrahedra

(in particular, the resulting ground statés sensitive to the

detail of the couplings and detailed information on the cou-

plings is crucial in comparison with experiments. This work was supported by the German Federal Ministry

One way to distinguish between two phas&D and for Education and ReseardBMBF) under Contract No.
S1D experimentally would be to use optical probes. ForO3MISHANS. The hospitality and support of Hahn-Meitner-
example, the Raman operator which creates singlet excitdnstitut Berlin, where this work was completed, is gratefully
tions belonging to thé\ representation 08, is given essen- acknowledged. The authors thank W. Brenig, A. Harrison, F.
tially by H,; with J;=J,. Since it annihilates the RD ground Mila, Y. Nishiyama, and T. Vecua for discussions. They are
state, the scattering intensity should be very weak(émj  also grateful to P. Lemmens and P. Millet for discussions and
polarization the ¢ axis is parallel to the chain ajiswhile it~ helpful correspondences.
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