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Order coupling in ferroelectromagnets as simulated by a Monte Carlo method
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Monte Carlo simulations of the magnetoelectric coupling between ferroelectric order and magnetic order in
ferroelectromagnets are performed based on the Janssen model in which the electric and magnetic subsystems
are coupled. The simulations reveal that a weak ferromagnetic transition can be activated both by the strong
magnetoelectric coupling and by applying external electrical and magnetic fields in either ferroelectric-
antiferromagnetic systems or antiferroelectric-antiferromagnetic~AFE-AFM! systems. In addition, a weak
ferroelectric order is favored at low temperature in AFE-AFM systems once the magnetoelectric coupling is
strong enough. We present in detail our simulated results under various coupling strengths and external fields.
A mean-field approach is developed based on the Heisenberg model to explain the simulated phase transitions
induced by the coupling. Finally, an experimental relevance of the simulated results is given with our prelimi-
nary experiments on the weak ferromagnetic order in Pb(Fe0.5Nb0.5)O3 single crystals.
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I. INTRODUCTION

Ferroelectromagnets~FEM’s!, i.e., substances where ele
tric order @ferroelectric~FE! or antiferroelectric~AFE!# and
magnetic order@ferromagnetic~FM! or antiferromagnetic
~AFM!# coexist with their unusual properties, have been
tracting scientists for a long time. FEM’s were discovered
Russians in the 1950s and subsequently received inten
theoretical and experimental investigations.1–5 For this type
of material, variation in magnetic parameters and electr
polarization can be observed respectively by applying an
ternal electric fieldE and a magnetic fieldH, i.e., the so-
called magnetoelectric~ME! effects.4,6 These interesting ef
fects enable one to propose different applications in d
storage and sensing technologies among many others,7 al-
though real applications are still a challenge. The first ma
rial exhibiting ME effect is Cr2O3 , while most FEM’s dis-
covered so far fall into the category of complex perovsk
oxides. A perovskite-type structure favors the occurrence
FE or AFE order and typically an AFM order, due to 18
and 90° superexchange in Me-O-Me bonds and strong J
Teller distortion. For an updated bibliography on FEM’s a
their preparation, crystal structures as well as physical pr
erties refer to the review articles of Venevtsevet al.3 and
Schmid4 and references therein. Furthermore, it was p
dicted that an extrinsic combination of two crystals with F
~AFE! order and magnetic order, respectively, may gene
the ME effect too.8

Intensive investigations on ME effects in various FEM
were performed in the past decades. Here, we limit our
cussion only to the theoretical~microscopic! aspect. One of
the earliest theoretical work can be traced back to 1959 w
Landau and Lifshitz predicted the possible existence of
ME effect in some ordered magnetic materials in which
allowed term in the free energy of the forma i j HiEj , where
a i j is the element of a tensor showing the correlation
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tween H and E.9 This phenomenological approach cons
tuted the starting point for the subsequent approaches10,11

Rado proposed his two-ion model to explain the tempera
dependence of the ME effect,12 followed by the improved
approaches of Hornreichet al.,13 Yatom et al.,14 and
Gehring.15 An extensive conceptual and theoretical descr
tion of ME effect can be found in the review article of Bon
fim et al.16 Without losing the generality, we consider th
ME effect induced by applying an electric field. It is no
understood that the ME effect originates from symme
breaking~symmetry lowering! of an AFM crystal or moment
canting in an AFM or FM crystal by applying an electr
field. There are five mechanisms needed to be conside
i.e., symmetric exchange, dipolar interaction, antisymme
exchange, single-ion anisotropy, and Zeeman energy.15 Un-
fortunately, calculations showed that none of the five mec
nisms seems to be dominant for many systems. This ma
an exact account of all the five mechanisms very difficu
Furthermore, most of the microscopic theories focus on
effect of an external field. The contribution of intrinsic co
pling between the electric and magnetic subsystems to
ME effect has been less emphasized. We name this coup
induced effect as the magnetoelectric coupling~ME cou-
pling!. Such coupling has its origin from at least four mech
nisms, i.e., ~i! ion displacement or distortion due to th
electric dipoles~FE or AFE!, which changes the exchang
interaction between magnetic ions separating by nonm
netic ions;~ii ! Zeeman splitting due to the exchange-induc
internal magnetic field, which affects the electron shell co
figuration of some magnetic ions and thus the local elec
polarization;~iii ! Stark effect due to the electric polarizatio
which changes the spin-orbital and orbital-orbital intera
tions and thus the magnetic moment; and~iv! coupling be-
tween the electric-mechanical interaction and t
mechanical-spin one. Experimentally, it was reported t
quite a few FEM’s show FE-FM coexistence instead of
©2002 The American Physical Society16-1
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~AFE!-AFM coexistence.17 It is interesting to know if this
difference is due to the ME coupling. In 1994, Janssen
veloped a model which considers a full combination of el
tric and magnetic orders.18 The present authors performed
Monte Carlo~MC! simulation based on the Janssen mode
the two-dimensional case and predicted a weak FM tra
tion induced by the coupling in FE-AFM system.19 Never-
theless, only a preliminary simulation was reported and
problem needed to be addressed.

In this paper, the ME coupling in a mode FEM system
studied by MC simulations. We study the phase transition
both FE-AFM and AFE-AFM systems. The mean-field a
proach to this problem will be developed with interesti
behaviors to be predicted. In order to establish an at-le
qualitative relevance of the simulated results with expe
ment, single crystals of Pb(Fe0.5Nb0.5)O3 ~PFN! were grown
and a weak FM transition was confirmed. The paper is or
nized as follows: we describe the model and the MC al
rithm in Sec. II. The simulated results are presented in S
III. In Sec. IV, we introduce a mean-field approach to the M
coupling. The experimental relevance and a short summ
are given in Secs. V and VI, respectively.

II. MODEL AND PROCEDURE OF SIMULATION

A. Model

The MC simulations are performed for a two-dimension
~2D! squared lattice for which periodic boundary conditio
are applied. In order to check whether the presented res
can be extended to the three-dimensional case or not, we
perform a sampling in a 3D lattice and compare it with t
sampling in the 2D lattice. At each site of the lattice a
imposed two order parameters,si andui , with si561 rep-
resenting the Ising spin for magnetic interaction andui the
electrical displacement for the electric interaction.ui is pro-
portional to the local spontaneous polarization. Theref
there are two subsystems in the lattice, one for magn
order and the other for electric order. The ME coupling b
tween the two subsystems is taken into consideration.
though this mode lattice was introduced in our earl
work,19 we repeat it here for readers’ convenience. Acco
ing to the Janssen model,20 the Hamiltonian of the lattice can
be written in three parts:

H̃5H̃e1H̃m1H̃me, ~1!

where H̃e represents the Hamiltonian of the electric su
system,H̃m the interaction of the magnetic subsystem, a
H̃me the coupling between the two subsystems.

As approached in theDIFFOUR model,20 the Hamiltonian
H̃e is given by

H̃e5(
i

S pi
2

2m
2

a

2
ui

21
b

2
ui

4D 2(
^ i , j &

U1uiuj2(
i

Eui ,

~2!

where ^i,j& represents a summation over the nearest ne
bors,pi is the momentum at sitei, ui is the electric displace
ment at sitei, a andb are the double-well potential param
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eters,U1 is the ferroelectric ordering factor,m is the mass
and E the electrical field. The three terms in the equati
represent the potential energy of sitei, the nearest-
neighboring electric interaction, and electric static ener
respectively.

H̃m in Eq. ~1! is the Ising Hamiltonian in which the cou
pling of the FM-type nearest neighbors and AFM-type co
pling of the next-nearest neighbors are taken into accoun

H̃m52(
^ i , j &

J1•sisj2(
@ i , j #

J2•sisj2(
i

H•si , ~3!

where J1 and J2 are the FM and AFM couplings factors
respectively,H is the magnetic field, and@i, j# denotes the
next-nearest-neighboring pair.

On grounds of the Janssen model, the ME coupling ta
the following form:

H̃me52 (
^k,i &,^k, j &

« i , j•g•uk
2
•sisj2(

@ i , j #
« i , j•k•E•sisj ,

~4!

where the first term is the coupling between the two s
systems,g is the coupling factor to scale the couplin
strength, the second term is a two-ion term and it takes
count of the effect of an electric field on the magnetic sp
order as a disturbing term,k is the electric-field coupling
constant. Subscriptsi, j in the first term of Eq.~4! denote the
nearest neighbors of sitek, but i and j refer to different sites.
Here we separate the magnetic subsystem into two magn
sublattices,a andb. Parameter« i , j in Eq. ~4! is determined
by magnetic sublattices to whichsi andsj belong.« i , j51 if
both i and j belong to the first sublattice; and« i , j521 if
both belong to the second sublattice,« i , j50 otherwise.

We consider the second order ofui in Eq. ~4! due to the
time-reversal and space-reversal symmetries. This prop
allows us to argue immediately that FE or AFE order has
same contribution to the ME coupling. The FE-AFM an
AFE-AFM systems will have similar behaviors in terms
the magnetic response to the coupling. The effect ofE on
magnetic order is partly ascribed to the second term in
~4!. Consequently, the free-energy function is

F52
1

b
ln (

i
exp~2bH̃ i ! ~5!

while the thermodynamic averaging of any physical quan
A is given by

^A&5
( iAi exp~2bH̃ i !

( i exp~2bH̃ i !
, ~6!

whereH̃ i is the i th eigenvalue of HamiltonianH̃ andAi the
expectation value ofA in the i th eigenstate,b51/kT is the
reciprocal of temperature.

Following the derivation given in the earlier work,19 the
magnetic and ferroelectric parameters can then be writte
6-2
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mi5
1

2L2 (
j

L3L

sj , ~7a!

pi5
1

L2 (
j

L3L

uj , ~7b!

Si5
1

L2 (
@ i , j #

L3L

« i , j•sisj , ~7c!

wheremi andpi represent the magnetic moment and elec
polarization at any of the MC chain. We therefore obtain
magnetic and ferroelectric parameters:

m5^mi&, ~8a!

p5^pi&, ~8b!

xm5b~^mi
2&2^mi&

2!, ~8c!

xp5b~^p2&2^p&2!, ~8d!

xme
1 5b~^mi•pi&2^mi&^pi&!, ~8e!

xme
2 5b~^mi•Si&2^mi&^Si&!, ~8f!

wherem is the magnetization,p the electric polarization,xm
the magnetic susceptibility,xp the polarization susceptibility
and xme the magnetoelectric factor that characterizes
magnitude of the ME coupling. It is separated into tw
terms:xme

1 andxme
2 . They count respectively the contributio

of the fluctuation correlation between the spin and elect
dipole order and the two-ion term to the ME effect. In t
thermodynamic framework,xme

1 is quite small. Therefore we
treat xme

2 5xme. In our simulation, all of these thermody
namic functions are obtained by statistical averaging the d
from the MC configuration chain.

B. Procedure of simulation

The parameters used in our simulations are listed
Tables I and II for FE-AFM and AFE-AFM systems, respe
tively, whereTN is the Néel point for AFM order andTE the
Curie point for FE order or Ne´el point for AFE order. The
parameters are chosen so thatTN;TE (TE.TN). The

TABLE I. Parameters selected for the FE-AFM system (TN

;TE).

Parameter a b U1 J1 J2 k

Value 2 20 14 21 0.2 1

TABLE II. Parameters selected for the AFE-AFM syste
(TN;TE).

Parameter a b U1 U2 J1 J2 k

Value 2 20 25 12 21 0.2 1
05441
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sample size for our simulations isN5L2 in the 2D lattice
and N5L3 in the 3D lattice, whereL524. Variablesi ran-
domly takes any value within@21, 1#, andui is uniformly
distributed over@20.5, 0.5#. The MC updating procedure fo
electric displacement and spin direction at any site is don
follows: at first, the system is initiated as a random latti
then si or ui is chosen randomly, and the system ene
change is calculated. Following the Metropolis algorithm t
state ~either ui or si! at site i is updated. We repeat thi
updating for all sites. The simulation is scaled in time w
unit of MC step~mcs!. One mcs represents one update s
tistically for each site in the lattice. At each temperature,
first 50 000 mcs are discarded and the thermodynamic a
aging are processed during the next 50 000–200 000 mc

III. RESULTS AND DISCUSSION

A. FE-AFM system

1. Phase transitions at gÄ0

The phase transitions for the lattice of no ME couplin
i.e., g50 is simulated, as shown in Fig. 1~a! wherem andp
and their susceptibilitiesxm and xp are plotted againstkT.
For the magnetic subsystem, a typical paramagnetic~PM!-
AFM transition aroundkT;kTN;3.9 is observed. The sus
ceptibility xm aboveTN roughly obeys the Curie-Weiss law
xm5C/(kT2D) whereC is the Curie constant. As for the
electric subsystem, the susceptibilityxp shows a sharp pea
at kT;kTE;5.0.kTN , indicating a first-order FE transi
tion. Therefore the FE and AFM orders coexist belowkTN .

2. Phase transitions at gÌ0

Before we present the main results for the ME coupling
is useful to see whether the simulated results in the 2D c

FIG. 1. ~a! Simulated magnetizationm, electric polarizationp,
their susceptibilitiesxm andxp as a function ofkT at g50, ~b! the
simulated magnetizationm as a function ofkT in 2D and 3D lat-
tices, respectively. The system is FE-AFM coupled.
6-3
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can be extended to the 3D case or not. An overall 3D sim
lation seems to be a challenge for us since our computati
capability is limited. As an example, the simulated quan
m as a function ofkT in the 2D and 3D lattices at two cou
pling factors,g52 and 6, is plotted in Fig. 1~b!. We leave
the details of discussion in sections below, however, it can
found that the results in both lattices are quite similar. T
3D data are slightly smaller than those for the 2D case. T
is due to the larger fluctuations in the 3D case than the
case. Therefore we are allowed to argue that the simul
results in the 2D lattice can be qualitatively extended to
3D case. In the sections below, we limit our simulations
the 2D lattice.

Imposing a ME coupling generates the response ofm and
p as well as ofxm andxp . In Figs. 2~a!–~c! are presentedm,
xm , andp as functions ofkT at various coupling factorsg. It
is demonstrated that a weak FM ordering occurs below
specifickT once the ME coupling is strong enough. At lo
coupling (g50 – 4), the magnetization shows a weak pe

FIG. 2. Simulated magnetizationm ~a!, its susceptibilityxm ~b!,
electric polarizationp ~c!, and magnetoelectric factorxm ~d! as a
function of kT at differentg in the FE-AFM system.
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over a temperature range (kT;2.5), corresponding to a PM
weak FM transition. The peak position shifts to lowerkT and
its magnitude increases withg. As kT is very low, the AFM
order is favored once more. However, when the coupl
becomes strong (g56), the AFM order at very lowkT is
suppressed, and only the FM order is preferred, withmgrow-
ing with decreasingkT up to a maximum value 0.25. Atg
510, a second weak peak~anomaly! appears atkT53.5.
This small anomaly disappears asg increases (g520). Such
an anomaly can be identified too by the two peaks in
xm2kT curve atg510, which indicates a favored weak FM
order even from the PM state as long as the coupling
strong enough.

There is only one peak in thexm-kT curves asg is small
(g52), which characterizes the PM-AFM transition. Asg
54 ~and 6!, a second peak appears in a lowerkT range. The
right peak reflects the PM-weak FM transition and the l
one is for the weak FM-AFM transition. Asg520 and larger,
one peak is left that characterizes the PM-FM transition
T;TE , while other ordering fluctuations at lower temper
ture are suppressed completely.

Unlike reported previously,19 a significant effect of the
ME coupling on the FE ordering is identified and the resu
are shown in Fig. 2~c!. At g50, the FE transition occurs a
kT;5.3, below which the saturated value ofp ~;0.5! is
approached with decreasingkT. As g increases from zero to
10, one observes a remarkable shift ofkTE to low tempera-
ture. As g510, the first-order FE transition occurs atkT
;3.0, the same point as for the appearance of the weak
order @see Fig. 2~a!, g510#, after a very weak fluctuation
appearing atkT;4.2. Note that at this temperature a sm
anomaly appears for the magnetic subsystem too. Fur
increasing ofg ~520 and larger! results in a surprising re
covery of the FE transition back to a temperatureT5TE (g
50), although the saturatedp at low kT is a little lower than
0.5. This suggests a complete collapse of the AFM order (J2)
in any of the two magnetic sublattices when the ME coupl
is extremely strong and virtually no more coupling betwe
the two subsystems exists.

3. Magnetoelectric effect

Figure 2~d! shows the ME susceptibilityxme as a function
of kT asg takes various values. Atg50, xme is very small,
indicating that no remarkable ME effect is activated. A we
peak appears atkT;2.5 atg52. As g increases, the secon
peak appears, and vanishes atg520 and above, leaving only
one peak. Therefore theg dependence of thexme2kT curve
is very similar to that ofxm . Note that the simulatedxme
shows a similar order of magnitude toxm andxp , confirm-
ing the strong-coupling-induced ME effect as revealed in
present system.

From the results presented above, the significant effec
the ME coupling between the electric and magnetic orders
the electric and magnetic properties and thus the ME effec
demonstrated by our simulations.

What should be mentioned here is that the theoretic
expected maximum magnetization for the system should
1.0 instead of 0.25, supposing the system is in a comp
6-4
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FM state, becausesi561 is taken for each site. Therefor
the observed FM ordering is a weak FM transition. Th
weak FM ordering can be explained by a competition
tween the ME coupling and the AFM interaction, i.e., t
competition betweenH̃me and H̃m. The former causes th
inequality of the spin moment in the two sublattices~a andb!
and consequently induces a nonzero moment. The la
however, plays the opposite role since it prefers the AF
order. In Fig. 3 we present the calculated Hamiltonian ter
per site for the ME couplingH̃me and the Ising energyH̃m.
As g is small (g52), the absolute value ofH̃m is greater
than that ofH̃me, indicating the dominance of AFM orde
But wheng510, situation reverses since a weak FM orde
favored.

To understand the effect of this competition, we discu
the detailed balance condition, which can be written as

Peq~x!W~x→x8!5Peq~x8!W~x8→x!, ~9!

where

Peq~x!5
1

Z
expS 2

H̃~x!

kBT
D , ~10a!

H̃~x!5H̃m~x!1H̃me~x!. ~10b!

As the coupling is weak,H̃me can be ignored when compare
with H̃m. Then the distribution of AFM ordering is favored
When the coupling is strong,H̃m can be ignored while com
pared withH̃me. So the weak FM ordering is favored.

FIG. 3. HamiltoniansH̃me ~a! and H̃m ~b! at differentg in the
FE-AFM system.
05441
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4. Effect of external fields

The external field-induced ME effect is also simulate
The results are shown in Fig. 4 (g50) as an example to
show the ME effect by applying an electric field. Just loo
ing at the second term on the right side of Eq.~4!, the two-
ion term, one easily understands that a weak FM order
be favored upon applying a nonzero fieldE, no matter
whether the factorg is zero or not. The weak FM transitio
point increases with increasingE. A weak second peak in the
xm-kT and xme-kT curves, respectively, appears at high
kT, when E is not too large. Further increasing ofE sup-
presses this weak peak~suppressing the AFM order at low
kT!, leaving the main peak at higherkT. These are quite
similar to the effects identified for the case of nonzero co
pling. Also note that the field-induced ME effect shows
order of magnitude similar to the case of strong ME co
pling, which on the other hand indicates the importance
the ME coupling.

As for the effect of an external magnetic field, one eas
understands that applying a magnetic field always favors
ordering no matter how the ground spin order configurat
is, as indicated by the third term of Eq.~3!, i.e., the static
magnetic energy term.

B. AFE-AFM system

For AFE-AFM systems, we modify the Hamiltonian fo
mulation for the electric subsystem, which reads

H̃e5(
i

S pi
2

2m
2

a

2
ui

21
b

2
ui

4D 2(
^ i , j &

U1uiuj

2(
@ i , j #

U2uiuj2(
i

Eui ~11!

FIG. 4. Simulated magnetizationm ~a! and magnetoelectric fac
tor xme ~b! as a function ofkT under differentE at g50 for the
FE-AFM system.
6-5
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whereU2 represents the AFE ordering factor and counts
next-nearest-neighbor interaction. The other terms rem
the same as in Eq.~1!. The parameters used in our simul
tions are listed in Table II. Quite clearly, a weak FM tran
tion can be expected in the AFE-AFM system once the c
pling factorg is large enough.

1. Coupling-induced ME effect

We investigate the phase transition behaviors of the
subsystems for various coupling factorsg. Parts of the results
are presented in Fig. 5. The simulatedm-kT, xm-kT, and
xme-kT curves are quite similar to those identified for t
FE-AFM systems, such as the weak FM ordering with
creasingg, appearance of a second peak at medium valu
g as well as its disappearance asg is large enough. Figure
5~a! shows the simulatedxme-kT curves as an example. Th
physics underlying these similarities remains the same to

An interesting effect as revealed here is the weak FE
dering due to the strong coupling. The simulatedp-kT and
xp-kT curves are shown in Figs. 5~b! and~c!. For g50, the
simulatedkT dependence ofp and xp shows a clear AFE
transition atkT;5.0, below which bothp and xp tend to

FIG. 5. Simulated magnetoelectric factorxme ~a!, electric polar-
ization p and susceptibilityxp ~c! as a function ofkT at differentg
in the AFE-AFM system.
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zero. This AFE transition is partially suppressed with i
creasingg and characterized with decreasing of the transit
point TN . However, some fluctuation of the simulatedp is
already detectable beforeT decreases down toTN , as more
clearly shown in thexp-kT curves. A weak FE order indee
appears forg>6 when kT decreases from high value, a
though the AFE order becomes dominant once more at v
low kT. The observed two peaks in thexp-kT curves forg
.6 mark the paraelectric-FE and FE-AFE transitions,
spectively. Asg is large enough (g520), both the AFE order
and AFM order are suppressed over the whole tempera
range.

While the appearance of the weak FM order can be
plained by the ME coupling as formulated by the right fir
term in Eq.~4!, the weak FE order developed with decrea
ing kT cannot be directly understood, because the FE or
and AFE order are degenerate in energy@term ui

2 in Eq. ~4!
remains equivalent for the FE and AFE configurations# in the
framework of a mean-field approximation, by which it ca
not be said that a FE order rather than an AFE orde
favored in the present system.

The AFE-FE transition due to the coupling is weak a
the obtained polarizationp at g520 is only 0.11@Fig. 5~b!#
instead of the possible maximal value of 0.40 as estima
from the DIFFOUR model @obtained by energy minimization
of Eq. ~11!#. It means that not all of the lattice sites adopt t
FE order. The weak FE and FM orderings due to the c
pling can be qualitatively understood by separating the fi
term of Eq.~4! into two terms. The two terms refer to th
two sublattices to which the spin at any site belongs. The fi
term of Eq.~4! is rewritten as~the second term is neglecte
here!

H̃me52 (
^a,i &,^a, j &

g•ua
2
•sisj1 (

^b,i &,^b, j &
g•ub

2
•sisj , ~12!

where the subscriptsa (« i , j51) andb (« i , j521) refer to
the two spin sublattices, respectively. For the favored F
order, the productsisj is positive. From Eq.~12! it is pre-
dicted that a large value forua and a small value forub are
favored, which result in a nonzero net electric polarizationp
over the whole lattice, i.e., a weak FE order. Therefore o
may argue that in an AFE-AFM system, the weak FM ord
ing is the consequence of the ME coupling, and the weak
ordering is the consequence of the FM ordering. T
coupling-induced second-order weak FE order must
weaker than the first-order effect~weak FM order!. In fact, as
g58 – 10, the FM order shows a saturated moment of 0.2
low kT, while the FE order generates a polarization of on
0.03, much lower than the possible saturated value of 0
Unfortunately, the above argument cannot be directly c
firmed with the present MC algorithm, since one cann
separateui ~i 5a or b! into two parts referring separately t
the two sublattices.

2. Effect of external fields

For the AFE-AFM system (g50), the effect ofE andH
on the static properties are simulated too. Similar to the F
AFM system, the external electric field can induce a we
6-6
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FM order. However, applying a magnetic field does not
tivate any AFE-FE transition. This is expected by looking
Eq. ~4! where no term correlatingH andui is included. What
should be mentioned here is that some earlier experim
indeed observed AFE-FE transition activated by applyin
magnetic field. This suggests that there are some other i
actions not accounted for in the present model should
considered to explain this experimentally identified effect

IV. MEAN-FIELD APPROACH

A. Mean-field approach

In the last section, we have presented in detail the M
results on the ME effects in both FE-AFM and AFE-AF
systems. In this section, we develop a mean-field appro
~MFA! to explain the simulated ME effects. The prese
MFA starts from the Heisenberg model on the magnetis
The Heisenberg Hamiltonian will be separated into t
parts,H̃e and H̃m1H̃me. Noting the fact that the ME cou
pling has small effect on the ferroelectric order, especially
small g, i.e., g52, 4, and for the FE-AFM system, we dis
cuss only the second part of the Hamiltonian. Using a st
dard molecular-field approach available in textbooks of s
tistical physics, we write the equivalent magnetic fie
imposing on spin at sitei:

2
]H̃m

]si
5J1(̂

j &
sj1J2(

@ j #
sj1H,

~13!

2
]H̃me

]si
5«•g•p2(

@ j #
sj1«•k•E(

@ j #
sj .

The mean-field approximation to Eqs.~13! yields

2
]H̃m

]si
5J1•z1^s&1J2•z2^s&1H,

~14!

2
]H̃me

]si
5«•g•p2

•z2^s&1«•k•E•z2^s&,

wherez1 andz2 denote respectively the average number
nearest-neighbor and next-nearest-neighbor ions to sitei, p
5^ui&, with the other parameters defined before.

When Eq.~14! is applied to the two sublatticesa andb,
we obtain

2S ]H̃m

]si
D

a

5J1•z1^sb&1J2•z2^sa&1H,

2S ]H̃me

]si
D

a

5g•p2
•z2^sa&1k•E•z2^sa&,

~15!

2S ]H̃m

]si
D

b

5J1•z1^sa&1J2•z2^sb&1H,

2S ]H̃me

]si
D

b

52g•p2
•z2^sb&2k•E•z2^sb&.
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The equivalent magnetic field imposed on the two sub
tices are:

Ha5H1J1•z1^sb&1z2•@J21~g•p21k•E!#^sa&,
~16!

Hb5H1J1•z1^sa&1z2•@J22~g•p21k•E!#^sb&.

The system Hamiltonian is thus written as

H̃5H̃m1H̃me52Ha•(
i

sia2Hb•(
i

sib . ~17!

The average magnetic moment for the two sublattices
be derived from Eqs.~16! and ~17!:

ma5
^sa&

2
5

1

2

(
si

sia• exp~2bH̃ ia!

(
si

exp~2bH̃ ia!

5
1

2

(
si

sia• exp~bHa•sia!

(
si

exp~bHa•sia!

5
1

2

exp~bHa!2exp~2bHa!

exp~bHa!1exp~2bHa!

5
1

2
th~bHa!, si561 ~18!

mb5
^sb&

2
5

1

2

(si
sib• exp~2bH̃ ib!

(si
exp~2bH̃ ib!

5
1

2
th~bHb!.

The system magnetic moment and its susceptibility ar

m5ma1mb , ~19!

xm5
]m

]H
5

1

2

]

]H
~^sa&1^sb&!

5
1

2 F]Ha

]H

]

]Ha
th~bHa!1

]Hb

]H

]

]Hb
th~bHb!G

5
1

2
b•@sech2~bHa!1sech2~bHb!#. ~20!

The magnetoelectric susceptibility is expressed as
6-7
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xme5
]m

]E
5

1

2

]

]E
~^sa&1^sb&!

5
1

2

]Ha

]E

]

]Ha
^sa&1

1

2

]Hb

]E

]

]Hb
^sb&

5
1

2
•k•z2•b@^sa&sech2~bHa!2^sb&sech2~bHb!#,

~21!

where th(x) and sech(x) denote the hyperbolic functions
Note that a calculation ofm, xm , andxme from Eqs.~19!–
~21! requires available values forpa and pb . This makes a
reliable comparison of the MFA with the simulation impo
sible, since we found from our simulation that the elect
polarization changes as the factorg takes different values.

B. FE-AFM system

We calculate the magnetic and ME properties using
parameters given in Tables I and II. For the FE-AFM syste
polarizationp at differentkT andg takes the simulated dat
supposingpa5pb . The temperature dependence ofm calcu-
lated from the MFA at differentg is shown in Fig. 6, where
the simulated results are inserted too for comparison. In
qualitative sense, the simulated and calculated magnetiza
as a function ofkT is quite similar. For instance, the MFA
predicts the PM-AFM transition asg50. As g increases, a
weak FM ordering with decreasingkT before the FM-AFM
transition at very lowkT is predicted. In particular, the AFM
order at very lowkT is completely suppressed asg is very
large (g510), leaving the weak FM order alone. Note th

FIG. 6. The simulated~dots! and MFA-calculated~lines! mag-
netization m as a function ofkT at different g in the FE-AFM
system. The arrow indicates the second anomaly.
05441
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the small anomaly aroundkT54.5– 3.0 asg510, as already
revealed by the simulations, is also predicted by the M
calculation~arrow indicated!.

However, the difference in the quantitative sense betw
the simulated and calculated results is substantial. Wheng is
small, the calculatedm in the weak FM range is larger tha
the simulated one, and the calculated FM transition poin
higher than the simulated one. Asg56, the AFM order is
dominant at extremely low temperature from the MFA pr
diction, but the simulated order is weak-FM type. As rega
ing the magnetic susceptibilityxm as a function of tempera
ture, a qualitative similarity between the calculated a
simulated results is shown too. However, the calculatedxm is
more than one order of magnitude larger than the simula
values. To illustrate the shape similarity, we present in Fig
the calculated and simulated relative susceptibilityxm /xm

max

for g50, 2, and 4 as a function ofkT. A reasonable agree
ment in shape between them is achieved although the p
location differs a little from each other. Wheng is larger, the
difference is even more remarkable.

Figure 8 shows the calculated and simulatedxme-kT
curves at differentg. Again, one finds the substantial diffe
ence in the order of magnitude between the calculated
simulated results. Nevertheless, wheng is small, i.e.,g52
and 4, they are roughly similar in shape. Wheng becomes
even larger (g56,10), one finds the difference is substant
and the MFA seems not work, especially at low temperatu

FIG. 7. Comparison between the simulated relative magn
susceptibilityxm /xm

max ~MC! and MFA-calculatedxm /xm
max ~theory!

as a function ofkT at differentg for the FE-AFM system.
6-8
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C. Possible origin of disagreement between MFA
and simulation

Basically, the MFA is a quite successful theory on pha
transitions far from the critical point. However, a quantitati
prediction from the MFA is not always reliable. For the di
agreement between the simulated results and the M
predicted ones, a satisfactory explanation is not availabl
us at this moment. The possible reason is that the sys
stochastic~thermodynamic! fluctuations are not effectively
taken into account in the MFA. These fluctuations are s
pressed in the MFA by the averaging processing. For
ample, the two sublattices of the spin configuration m
show quite different configuration forui due to the ME cou-
pling, which is, however, not considered in the MFA. T
MFA simply assumes that the local electric polarization
each lattice site is the same.

One of the consequent effects due to these fluctuation
disordering, while the FM transition and ME coupling a
ordering sequences. Because of these disordering fluc
tions, the simulated magnetization and susceptibility
smaller than the MFA-predicted values, and the simula
transition point is lower than the calculated point too,
identified in Figs. 6 and 7.

As for the ME coupling, the simulated and calculatedxme
are also different from each other in terms of the tempera
dependence, especially at low-T range. Since the ME cou
pling in the FEM’s is a second-order effect, it is specula
that the fluctuation-induced suppression may be even lar
which results in much smallerxme from the simulation than
that predicted by the MFA. This effect seems quite sign
cant in the present system.

On the other hand, the polarizationp in the MFA is as-
sumed to be an input variable and independent of the c
pling factorg. However, for the MFA calculation, the valu

FIG. 8. Simulated magnetoelectric factorxme ~dots1lines! and
MFA-calculatedxme @coarse lines,xme ~th.!# as a function ofkT at
different g for the FE-AFM system.
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of p is taken from the simulated data, which show a dep
dence on the ME coupling, as shown in Fig. 2~c!. We further
assumedpa5pb5p, which is not true in the rigorous sens
Because of the coupling, the real local polarization for su
latticesa and b is different from each other. This also con
tributes to the quantitative failure of the MFA, especially
temperature is low.

D. AFE-AFM system

When the MFA is applied to the AFE-AFM system, n
remarkable change inm and xm as a function ofkT with
varying g is obtained, if ones takes the simulated syst
averagep as input for the calculation. The failure of the MF
is explained as follows. As suggested from Eq.~16!, the sys-
tem average polarizationp in case of AFE order is so sma
that even large change ing cannot contribute much toHa and
Hb .

We give a more detailed but qualitative discussion belo
As stated previously, it isui

2 instead ofui that enters the
coupling term in Eq.~4!. We divide the electric subsystem
into two sublatticesc and d and ui takes positive value in
sublatticec ~with an average polarization equal to1p0! and
negative value in sublatticed ~with an average polarization
equal to2p0!, thus constituting an AFE alignment. The a
erage polarization for the whole lattice may be smallp
5p02p0;0) due to the AFE order, but in each sublatti
the polarization is not. We rewrite Eq.~16! as
for sublatticec,

Ha5H1J1•z1^sb&

1z2•$J21@g•~1p0!21k•E#%^sa&,
~22a!

Hb5H1J1•z1^sa&

1z2•$J22@g•~1p0!21k•E#%^sb&,

for sublatticed,

Ha5H1J1•z1^sb&

1z2•$J21@g•~2p0!21k•E#%^sa&,
~22b!

Hb5H1J1•z1^sa&

1z2•$J22@g•~2p0!21k•E#%^sb&,

which thus explains qualitatively the simulated weak F
order in the AFE-AFM system.

V. EXPERIMENTAL RELEVANCE

Most FEM’s discovered so far, in particular those pero
skite oxides, show the FE~AFE!-AFM order at lowkT. The
AFM Néel point is much higher than the FE Curie point,
many cases. This suggests that the AFM superexchang
very strong in most FEM’s.4 However, there are quite a few
exhibiting the FE-FM~weak! order too.3 Among many other
possible mechanisms responsible for the weak FM order,
argue that the ME coupling between the electric and m
netic subsystems is one of the dominant mechanisms. In
section, we report our investigation on the single crystal
PFN, one of those FEM’s showing coexistence of FE a
6-9
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weak FM orders under certain temperature although it t
FE and AFM orders at very lowkT.21,22

PFN has a typicalA(B8B)O3 perovskite structure. It is
well established that many perovskite niobates are ferroe
trics with quite highTE . Many iron-based perovskite oxide
are strong AFM’s due to the strong Fe-O-Fe superexchan
such as Pb(Fe12xTax)O3 , Pb(Fe12xWx)O3 , etc. The re-
portedTE for single-crystal PFN is 387 K, for powder PFN
is 143 K. The reportedTN for polycrystalline PFN is;150
K. In our study, the single crystals of PFN are grown fro
high-temperature solution with PbO as flux with high qual
in terms of structure defects and stoichiometry. The h
sensitive Mo¨ssbauer study on the single crystals was ma
with the experimental details reported elsewhere.23 It is con-
firmed that Fe ions in PFN crystals prefer Fe31 high spin
state with no Fe41 identified, similar to earlier reports.22,24

The distribution of Fe and Nb ions in the lattice is not qu
ordered. The most important fact as revealed by the Mo¨ss-
bauer spectroscopy is that the PM state is favored aT
.150 K while the weak FM state is demonstrated asT
,150 K. This predicts the possible coupling between
electric order and magnetic order. Here, we present our
brating sample magnetometer~VSM! data at a very low
magnetic field (H51.0 kOe) in Fig. 9 where the temperatu
range covered is 80–320 K. With decreasingT, the sample
magnetization increases with a clear anomaly atT5Tm
;150 K, very close to the weak FM transition point a
evaluated from the Mo¨ssbauer spectroscopy. BelowTm , the
magnetization shows no decreasing but further increas
As T falls down to as low as 80 K, no decaying tendency
the magnetization can be detected. The magnetic hyste
measured atT590 K is formed with a ferromagnetic loop
although the remanent polarization is small. Because

FIG. 9. VSM-measured magnetic moment as a function ofT for
PFN single crystal. The arrow indicates the anomaly at which a
ordering is initiated.
a
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magnetic field for the VSM is so low, one excludes that th
magnetization is dominantly field induced, it can be argu
that PFN single crystals prefers weak FM order atT
,150 K, with no trace of AFM ordering asT.80 K. In fact,
the susceptibility measurement presented similar results.22

The above experiment does establish the relevance
tween the weak FM order observed in some FEM’s, such
PFN, and the coupling between the electric order and m
netic order. From the point of view of practical application
coexistence of FE and FM orders rather than that of FE a
AFM orders in FEM’s is preferred. Although we do not ye
have direct evidence on the coupling-induced ME effect, t
present simulation discloses the essential role of the ME c
pling in modulating the ME effect, and thus provides a tec
nical routine for searching for new FEM’s with giant ME
effect.

VI. CONCLUSION

In conclusion, a Monte Carlo simulation on the magnet
electric effect induced by the ME coupling between electr
order ~FE and AFE types! and magnetic order~AFM type!
in ferroelectromagnetic systems has been performed, ba
on the Janssen model. It has been revealed that upon
ME coupling strength of the two types of orders, a wea
ferromagnetic transition can be activated at low tempe
ture for ferroelectric-antiferromagnetic systems, and bo
weak ferroelectric and ferromagnetic transitions occur
antiferroelectric-antiferromagnetic systems. We have p
sented in detail the simulated results on the magnetizat
and electric polarization as well as their susceptibilities as
function of temperature at different coupling strengths. T
magnetoelectric susceptibility has been calculated too.
parallel to the simulation, we have also developed a me
field approach to calculate this coupling induced magne
electric effect. It has been shown that the mean-field a
proach can explain qualitatively the simulated phenomena
small coupling strength. Finally, an experimental relevan
of the simulation, taking Pb(Fe0.5Nb0.5)O3 single crystal as
an example, has been presented, which helps us to un
stand roughly the weak ferromagnetic order in this crystal
temperature is lower than 150 K.
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