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Tunneling with dissipation and decoherence for a large spin
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We present a rigorous solution of problems of tunneling with dissipation and decoherence for a spin of an
atom or a molecule in an isotropic solid matrix. Our approach is based upon switching to a rotating coordinate
system coupled to the local crystal field. We show that the spin of a molecule can be used in a qubit only if the
molecule is strongly coupled with its atomic environment. This condition is a consequence of the conservation
of the total angular momentum~spin 1 matrix!, that has been largely ignored in previous studies of spin
tunneling.
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The problem of tunneling of a large spin1–9 has received
considerable attention lately in connection with spin-10 m
netic molecules, Mn-12 and Fe-8.10–17 High-spin molecules
have been proposed as qubits for quantum computers.18 It is
therefore important to understand the effect of the ato
environment on spin tunneling and decoherence. T
Caldeira-Leggett approach19 to the problem of spin tunneling
with dissipation due to phonons was outlined in the sec
of Refs. 4. It has been applied in Ref. 20, though a gen
expression for the effective action has not been obtained.
correct formulation of the problem should account for t
conservation of the total angular momentum: spinS plus the
angular momentumL of the atomic lattice, as has been dem
onstrated for tunneling induced by the magnetic field in
biaxial spin system.21 In this paper we obtain rigorous gen
eral solution of problems of tunneling with dissipation a
decoherence for arbitrary spin Hamiltonian. A remarka
feature of our answer for the decoherence rate is that
expressed in terms of measurable parameters: tunnel s
ting, speed of sound, and density of the solid.

To illustrate the significance of the conservation of t
total angular momentum, consider tunneling ofS between⇑
and ⇓ in the absence of the external field. Conservation
J5S1L requires simultaneous co-flipping ofL , which is
possible only ifJ50. This can be satisfied by an integer b
not by a half integerS, which is another way to look at th
Kramers theorem. The necessity to haveL5S in the tunnel-
ing state results in the mechanical rotational energyEr
5(\S)2/2I whereI ; r l 5 is the moment of inertia of the
atomic lattice;r and l being the mass density and the line
dimension of the solid matrix containingS. This energy
should be compared with the tunneling splittingD. The con-
dition D . Er is needed for the tunneling state withL5S,
J50 to be the ground state of the system, while in the
posite case ofD , Er the ground state should beL50, J
5S, with S frozen along the anisotropy axis. This transla
into a minimal sizel ~typically of order 1–10 nm! of a free
particle whose spin can tunnel between equilibrium orien
tions. In that respect, the decay of a metastable spin sta
somewhat similar to the Mo¨ssbauer effect.

The problem of the decoherence is even more subtle
cause the matrix elements of the conventional spin-lat
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interaction due to the electrostatic crystal field vanish
tween (u⇑&1u⇓&) and (u⇑&2u⇓&) tunneling spin states.22 In
this paper we show that the decoherence is caused by
oscillating shear deformation of the solid that accompan
~through the conservation of the angular momentum! the
real-time coherent quantum oscillations ofS. The relevant
size of the solid involved in that process isl c5ct /vc , where
ct is the velocity of the transverse sound andvc5D/\ is the
oscillation frequency. We shall see thatG5Er /\
; \S2/r l c

5 emerges as the frequency scale that determ
the decoherence rate.

The imaginary-time action of the system consists of
action of the spin in a crystal field of the atomic lattice a
the action of the lattice. The spin action can be written a

I s@n#5I WZ@n#1E
0

\b

dtEs~n!, ~1!

where I WZ is the Wess-Zumino action,9 Es is the energy of
the magnetic anisotropy due to the crystal field,n(t)
5S(t)/S, andb51/T. The anisotropy is determined by th
local atomic environment of the atom or molecule with sp
S. The global symmetry of the lattice is less important sin
the wavelengths involved in the problem~see below! are
always large compared to the atomic scale. For that rea
and in order to simplify calculations, it is convenient
choose an isotropic~e.g., amorphous! solid that is character-
ized by two elastic moduli only,m andl, which determine
velocities of the transverse and longitudinal sound,ct
5(m/r)1/2, cl5@(l12m)/r#1/2. Within linear elastic theory
the corresponding phonon action is

I l@u#5E
0

\b

dtE d3r H 1

2
ru̇21m~ui j !

21
l

2
ukk

2 J , ~2!

where u(t) is the phonon displacement field andui j
5 1

2 (] iuj1] jui) is the strain tensor.
We shall assume throughout this paper that the interac

of the spin with its atomic environment is containedentirely
in the structure of the crystal field responsible for the ma
netic anisotropy. For example, in Mn-12 the spin Ham
tonian is dominated by the uniaxial anisotropy,Hs52D(e
©2002 The American Physical Society12-1
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•S)2 where e is the unit vector along the anisotropy axe
The conventional way to introduce the spin-phon
interaction11,14 is to consider a small perturbation ofe by
phonons,de5@df3e#, wheredf5 1

2 ¹3u is the local rota-
tion. This results in the spin-phonon Hamiltonian

Hsp5D$Sz ,Sx%vzx1D$Sz ,Sy%vzy , ~3!

where $Si ,Sj% is the anticommutator andv i j 5
1
2 (] iuj

2] jui). The effective spin action,

I e f f@n#5I s@n#1I env@n#, ~4!

should be obtained by computing the environmental ac
I env ,

expS 2
I env@n#

\ D5
1

Zl
R Du expS 2

I l@u#

\
2

I int@n,u#

\ D ,

~5!

where

Zl5 R Du~r ,t!expS 2
I l@u#

\ D . ~6!

The conventional approach4,20 is to choose I int

5*0
\bdtHsp(n) with Hsp of Eq. ~3! or similar. Then the

integration in Eq.~5!, though cumbersome, is Gaussian an
in principle, can be performed exactly. As has been discus
above, the problem with such an approach is that the tun
ing of S from the ⇑ state att52` to the ⇓ state att
51` must formally involve the co-flipping ofL , that is, the
change of the mechanical rotation of the solid from cloc
wise to counterclockwise. In a fixed coordinate system
corresponding instanton involves large dispacementsu
which are difficult to work with.

The difficulty mentioned above can be avoided by switc
ing to a coordinate system that is centered at the spin an
firmly coupled to the local anisotropy axes. It rotates in t
presence of the time-dependent shear deformation. In su
coordinate system the magnetic anisotropyEs@n# remains
unaffected by phonons and the tunneling of the spin is
companied by small lattice displacements only. The n
term appears in the energy, though,

Es852\S•V, ~7!

whereV5dḟ5 1
2 ¹3u̇. This can be considered as the co

sequence of the fact that rotation is equivalent to the m
netic field. In the rotating coordinate systemI int in Eq. ~5!
becomes

I int52 i\SE
0

\b

dtṅF1

2
¹3uG

r50

, ~8!

where we have integrated by parts to move the time der
tive to n. Consequently, Eq.~5! is again a simple Gaussia
integral on phonon variables.

Equations ~7! and ~8! can be mistakenly taken for
parameter-free spin-phonon interaction.11 It is important to
understand that they are the consequence of the fact tha
spin Hamiltonian due to a particular crystal symmetry
05441
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valid in the coordinate system coupled to the local crys
axes. The dynamical rotation of these axes by a phonon
duces, through the Larmore theorem, an additional effec
field of Eq. ~7!. Thus the interaction betweenS and the lat-
tice is contained, to all orders onu, in Eq. ~7! and the an-
isotropy energyEs@n#. In the absence of tunneling, this ap
proach is equivalent to the conventional method of studie
the spin-phonon interaction. To illustrate this fact, let
compute, e.g., the widthG1 of the T50 spin-precession
resonance forHs52DSz

2 , that is the rate of the one-phono
decayum5S21&→um5S&, provided by Eq.~3! and, inde-
pendently, by Eq.~7!. After standard quantization ofu ~see
below for details! Eq. ~3! gives11,14,23 G15S(2S
21)2D2v1

3/12p\rct
5 , while Eq. ~7! gives G18

5S\v1
5/12prct

5 , where \v1 is the distance between th
m5S and m5S21 levels. Observing that this distanc
equals (2S21)D, one immediately obtainsG15G18 . The
equivalence of the two methods can be traced to the equa
of motion for the spin operator,\(dS/dt)5@H,S#.

We now proceed to the computation of the Caldei
Leggett action. In terms of phonon modes,

u~r ,t!5
1

AN
(
kl

eik•rekluk,l~r ,t!, ~9!

I l and I int become

I l@u#5E
0

\b

dt(
kl

1

2
M ~ u̇2klu̇kl1vkl

2 u2k,lukl!,

~10!

I int@u,n#52 i E
0

\b

dt(
kl

ṅ•Cklukl ,

where

Ckl5
1

2AN
\S~ ik!3ekl , ~11!

ek,l are phonon polarization vectors,e2k,l•ekl85dll8 , M is
the unit-cell mass, andN is the number of unit cells in the
lattice. The result of the integration over phonon variables
Eq. ~5! can be presented as a sum of the local and nonlo
terms,

I env@n#5I env
l @n#1I env

nl @n#, ~12!

where the local part is given by

I env
l @n#5

\2S2

12mVc
E

0

\b

dtṅ2, ~13!

and the nonlocal part is

I env
nl 52

9\2S2

32pmct
3E0

\b

dtE
2`

`

dt8 f ~vD
t ut2t8u!

3
@ ṅ~t!2ṅ~t8!#2

ut2t8u4
. ~14!
2-2
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Here Vc5M /r is the unit-cell volume,vD
t 5ct /Vc

1/3 is the
Debye frequency for the transverse phonon branch, and

f ~x!5
1

6E0

x

dx8x83e2x8. ~15!

The typical scale of the time derivative in Eqs.~13! and
~14! is set by the instanton frequency,v i , which also deter-
mines the temperature,Tc;\v i , of the crossover from su
perparamagnetism to quantum tunneling ofS. The scale of
Tc is set by Es /S.9 It is easy to see thatuI env

nl /I env
l u

; (Tc /TD)2. This ratio is small as long as the energy of t
magnetic anisotropy is small compared to the elastic ene
which is normally the case. The relative effect of the atom
environment on spin tunneling is given by the ratioI env /I s ,
which is of the order ofEs /mVc . For a molecule of spinS,
rigidly imbedded in a solid matrix, this ratio is typicall
1026–1023. On the contrary,a loosecoupling of the mag-
netic molecule with its atomic environment is equivalent
m → 0, which must result in a drastic increase ofI e f f and the
corresponding exponential decrease of the tunneling rate

The advantage of our method becomes apparent when
wants to compute the rate of the decoherence for quan
oscillations ofS between⇑ and⇓. Here we assume that th
tunneling splittingD has been already renormalized by t
effects studied above. IfD is small, the problem can be tran
cated to the spin-1/2 problem with only two states: t
ground stateu0&5(1/A2)(u⇑&1u⇓&) and the excited state
u1&5(1/A2)(u⇑&2u⇓&). At T50 the decoherence occurs du
to the transitionu1&→u0& via spontaneous emission of a ph
non of energyD5\vc . Such transitions seem to be abse
for the conventional magnetoelastic coupling that one
tains by considering theadiabaticrotation of the electrostatic
crystal field@see, e.g., Eq.~3!#. To compute the decoherenc
rate, one has to take into account thedynamicalnature of the
phonon.24 This can be done by switching to a rotating coo
dinate system coupled to the local crystal field.

The general formula for the transition rate is

G5
2p

\ (
iÞ j

^ i uV̂u j &^ j uV̂u i &d~Ei2Ej !. ~16!

Substituting hereV̂52\Ŝ•V̂, we get

G52\^0uŜu1&@J~D!#^1uŜu0&, ~17!

where J(D) is the spectral function of the environment
coupling,

J~D!5p(
kl

^kluV̂u0&^0uV̂ukl&d~D2\vkl!. ~18!

Computing the spin matrix elements, one gets

G52\S2J~D!. ~19!

To compute the spectral function, let us consider

J~D!5p(
kl

Vkl* ^ Vkld~D2\vkl!, ~20!
05441
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Vkl5^0uV̂ukl&. ~21!

Here

V̂5
1

2
@¹3u̇# r 505

1

2r
@¹3P̂~r ,t !# r 5o ~22!

and P̂(r ,t) is the momentum of phonons in terms of th
operators of creation and annihilation,

P̂~r ,t !52
i

AV
(
kl
A\vkl

2r
@ âklekleik•r2H.c.#. ~23!

This gives

Vkl52 iA\vkl

2M
ckl , ckl5

1

2AN
ik3ekl . ~24!

Consequently, Eq.~20! becomes

J~D!5
p

2 (
kl

D

M
ckl* ^ ckld~D2\vkl!. ~25!

The spectral function isJ5 1
3 Tr@J(D)#, which gives

J~D!5
p

6 (
kl

S D

M D S k2

4ND dltd~D2\vkl!. ~26!

The summation over phonon modes yields

J~D!5
D5

24p\5rct
5

. ~27!

Substituting Eq.~27! into Eq. ~19! we finally obtain

G5
S2D5

12p\4rct
5

5
\S2

12pr l c
5

~28!

for the decoherence rate. Here we have introducedl c
5ct /vc . The generalization to finite temperatures is trivi
It results in the multiplication of the zero-temperatureG of
Eq. ~28! by the factor coth(D/2T). Note that the form of Eq.
~28! is independent of the form of the spin Hamiltonian
long as the crystal field is the only source of the spin-latt
coupling. The dependence ofG on the parameters of th
crystal field is absorbed intoD5\vc . It is easy to see tha
\G ; L2/2Ic , whereL5\S is the angular momentum asso
ciated with the spin andIc ; r l c

5 is the moment of inertia of
the volume of spatial dimensionsl c .25

If the magnetic molecule is to serve as a qubit, the f
quency vc should be sufficiently high, in the ballpark o
1010–1011 s21. Our study shows that it is possible only
the molecule is rigidly coupled to a solid matrix. This
contrary to the widely accepted view that the decoupl
from the environment should be beneficial for the work
the qubit. In fact,any effort to make a loose connection
the spin with its atomic environment, by, e.g., having a m
2-3
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netic molecule on some kind of a molecular leg, will m
certainly decrease the tunneling spittingD.

The rigid coupling to the atomic environment is also ne
essary to provide a small decoherence rate. According to
~28! the softening of the solid matrix with respect to she
deformations, that results, e.g., in the decrease of ct by a
factor of 4, increasesG by a factor of 1000. For S510 and
ct;105 cm/s, one obtains from Eq.~28! G;1022 s21 at
vc;1010 s21 and G;103 s21 at vc;1011 s21. These
numbers show that magnetic entities can, in fact, be prom
ing candidates for qubits. It should be emphasized that
,
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~28! establishes the lower bound on the decoherence r
Other effects unaccounted here, like interaction with nucl
spins, with free electrons, etc., can bring the decohere
rate up.
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