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Tunneling with dissipation and decoherence for a large spin
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We present a rigorous solution of problems of tunneling with dissipation and decoherence for a spin of an
atom or a molecule in an isotropic solid matrix. Our approach is based upon switching to a rotating coordinate
system coupled to the local crystal field. We show that the spin of a molecule can be used in a qubit only if the
molecule is strongly coupled with its atomic environment. This condition is a consequence of the conservation
of the total angular momenturgspin + matrix), that has been largely ignored in previous studies of spin
tunneling.
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The problem of tunneling of a large spiif has received interaction due to the electrostatic crystal field vanish be-
considerable attention lately in connection with spin-10 magtween (f)+|J)) and (1)—|{)) tunneling spin state? In
netic molecules, Mn-12 and Fel8:1” High-spin molecules this paper we show that the decoherence is caused by the
have been proposed as qubits for quantum comptfiérss  oscillating shear deformation of the solid that accompanies
therefore important to understand the effect of the atomigthrough the conservation of the angular momentuhe
environment on spin tunneling and decoherence. Theeal-time coherent quantum oscillations &f The relevant
Caldeira-Leggett approattto the problem of spin tunneling size of the solid involved in that procesd js=c,/w., where
with dissipation due to phonons was outlined in the second; is the velocity of the transverse sound ang=A/#% is the
of Refs. 4. It has been applied in Ref. 20, though a generadscillation frequency. We shall see thal'=E,/#%
expression for the effective action has not been obtained. The hSZ/pIE’ emerges as the frequency scale that determines
correct formulation of the problem should account for thethe decoherence rate.
conservation of the total angular momentum: siplus the The imaginary-time action of the system consists of the
angular momenturh of the atomic lattice, as has been dem- action of the spin in a crystal field of the atomic lattice and
onstrated for tunneling induced by the magnetic field in athe action of the lattice. The spin action can be written as
biaxial spin system! In this paper we obtain rigorous gen-
eral solution of problems of tunneling with dissipation and hp
decoherence for arbitrary spin Hamiltonian. A remarkable |s[n]=|win]+fo d7E(n), (1)
feature of our answer for the decoherence rate is that it is
expressed in terms of measurable parameters: tunnel splitvherel,y; is the Wess-Zumino actiohE is the energy of
ting, speed of sound, and density of the solid. the magnetic anisotropy due to the crystal fiel,7)

To illustrate the significance of the conservation of the=S(7)/S, and 8= 1/T. The anisotropy is determined by the
total angular momentum, consider tunnelingSibetweenf} local atomic environment of the atom or molecule with spin
and | in the absence of the external field. Conservation ofS. The global symmetry of the lattice is less important since
J=S+L requires simultaneous co-flipping &f, which is  the wavelengths involved in the probleeee below are
possible only ifJ=0. This can be satisfied by an integer but always large compared to the atomic scale. For that reason,
not by a half integefS, which is another way to look at the and in order to simplify calculations, it is convenient to
Kramers theorem. The necessity to have S in the tunnel- choose an isotropit.g., amorphoyssolid that is character-
ing state results in the mechanical rotational enekyy ized by two elastic moduli onlyx and\, which determine
=(#S)?/2T whereZ ~ pl® is the moment of inertia of the velocities of the transverse and longitudinal sour,
atomic lattice;p and| being the mass density and the linear = (u/p)*?, ¢;=[(\+2u)/p]¥? Within linear elastic theory
dimension of the solid matrix containin§. This energy the corresponding phonon action is
should be compared with the tunneling splitting The con-
dition A > E, is needed for the tunneling state with=S, hp 1. A,

J=0 to be the ground state of the system, while in the op- hiul= fo de dSrrEPUZJrM(UiJ)ZJF Ui (2
posite case ofA < E, the ground state should bhe=0, J

=S, with S frozen along the anisotropy axis. This translateswhere u(7) is the phonon displacement field ang;

into a minimal sizd (typically of order 1-10 nhof a free = %(&iujJr&jui) is the strain tensor.

particle whose spin can tunnel between equilibrium orienta- We shall assume throughout this paper that the interaction
tions. In that respect, the decay of a metastable spin state @ the spin with its atomic environment is containeatirely
somewhat similar to the Misbauer effect. in the structure of the crystal field responsible for the mag-

The problem of the decoherence is even more subtle beetic anisotropy. For example, in Mn-12 the spin Hamil-
cause the matrix elements of the conventional spin-latticéonian is dominated by the uniaxial anisotrofys,=—D(e
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-S)? wheree is the unit vector along the anisotropy axes. valid in the coordinate system coupled to the local crystal
The conventional way to introduce the spin-phononaxes. The dynamical rotation of these axes by a phonon pro-
interaction** is to consider a small perturbation efby  duces, through the Larmore theorem, an additional effective

phononsde=[ 5¢x €], whereS¢p= 1V X u is the local rota-  field of Eq. (7). Thus the interaction betweehand the lat-

tion. This results in the spin-phonon Hamiltonian tice is contained, to all orders am in Eq. (7) and the an-
isotropy energye [ n]. In the absence of tunneling, this ap-
Hep=D{S,,S}w,x+D{S;,S/} 0y, ()  proach is equivalent to the conventional method of studies of

the spin-phonon interaction. To illustrate this fact, let us
compute, e.g., the width’; of the T=0 spin-precession
resonance foiH = —DSZ, that is the rate of the one-phonon
lerln]1=1¢[N]+1cn[N], (4)  decay|m=S—1)—|m=S), provided by Eq.3) and, inde-
endently, by Eq(7). After standard quantization af (see
elow for details Eq. (3) givest*2® T,=5(2S

where {S;,S;} is the anticommutator andwij:%(&iuj
—d;u;). The effective spin action,

should be obtained by computing the environmental actio

leny —1)?D%w312mhpc?, while Eg. (7) gives T}
lowln]| 1 L[u]  1imdn,ul =Shw3}/12mpc?, wherefw, is the distance between the
S :Z_| D L m=S and m=S—1 levels. Observing that this distance

(5) equals (B—-1)D, one immediately obtain¥,=T';. The
equivalence of the two methods can be traced to the equation
where of motion for the spin operatof,(dS/d7)=[H,S].
I[u] We now proceed to the computation of the Caldeira-
Z|= é 'DU(Y,T)GX% - T)

(6) Leggett action. In terms of phonon modes,
The conventional approat® is to choose Iy

— 1 ik-r
= [8Bd7H(n) with Hs, of Eq. (3) or similar. Then the u(r,m= N % e Tenui (1, 7), 9
integration in Eq.(5), though cumbersome, is Gaussian and,
in principle, can be performed exactly. As has been discusseld andl; become
above, the problem with such an approach is that the tunnel-

: _ hp 1 . .

[‘%r of S from theﬂ_state atT——oo. tol the | statg atr ||[U]=f dTE _M(ufk)\uk)\"_wﬁ)\ufk,)\uk)\)v

= + o0 must formally involve the co-flipping df, that is, the 0 2

change of the mechanical rotation of the solid from clock- (10)
wise to counterclockwise. In a fixed coordinate system the C(hB .

corresponding instanton involves large dispacements lindlu,n]=—i Jo dT% N- Cip Ui

which are difficult to work with.
The difficulty mentioned above can be avoided by switch-where
ing to a coordinate system that is centered at the spin and is
firmly coupled to the local anisotropy axes. It rotates in the )
presence of the time-dependent shear deformation. In such a Ckx:mhs('k)x%v 1D
coordinate system the magnetic anisotrdpyn] remains
unaffected by phonons and the tunneling of the spin is ace, , are phonon polarization vectoms, y , - &, = ), M is
companied by small lattice displacements only. The newhe unit-cell mass, antll is the number of unit cells in the

term appears in the energy, though, lattice. The result of the integration over phonon variables in
) Eqg. (5) can be presented as a sum of the local and nonlocal
E.=-#4S Q, (7 terms,
= Sh=1 y i i -
where Q= 8¢=3V Xu. This can be considered as the con |env[n]:|gm[n]+ |2|m[n], (12)

sequence of the fact that rotation is equivalent to the mag-
netic field. In the rotating coordinate systdiy, in Eq. (5)  where the local part is given by
becomes

h2S? (hB

[ _ "2
| ® len[N]= 12aV. o drn<, (13

) a1
Iim=—|ﬁ8f dm|=VXu
0 2

=0 and the nonlocal part is

where we have integrated by parts to move the time deriva-
tive to n. Consequently, Eq5) is again a simple Gaussian 9#252 (B o
I = j de dT/f(wE|T—T'|)

integral on phonon variables.

Equations(7) and (8) can be mistakenly taken for a
parameter-free spin-phonon interactiont is important to S a2
understand that they are the consequence of the fact that the XM_ (14)
spin Hamiltonian due to a particular crystal symmetry is |7— 7|

e
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Here V,=M/p is the unit-cell volumewh=c,/VY?is the where
Debye frequency for the transverse phonon branch, and

. Q= (0| Q[k\). (21)
X r
f(x)= Ef dx'x'3e . (15  Here
0
The typical scale of the time derivative in Eq43) and o= E[VXU]r:fi[VXﬂ(f,U]r:o (22)
(14) is set by the instanton frequenay;, which also deter- 2 2p

mines the temperatur@,.~# w;, of the crossover from su- ~ . .
; . and II(r,t) is the momentum of phonons in terms of the

perparamagnetism to quantum tunnelingSfThe scale of . I

. 9 . al o operators of creation and annihilation,

T. is set by E/S” It is easy to see thatlg,/lepl

~ (T./Tp)?. This ratio is small as long as the energy of the i P

magnetic anisotropy is small compared to the elastic energy,  fi(r,t)=— — > \/—=[a, e, —H.c]. (23

which is normally the case. The relative effect of the atomic W iR 2p

environment on spin tunneling is given by the raltig, /1,

which is of the order oEg/uV,. For a molecule of spits,

rigidﬁly imtg)edded in a solid matrix, this ratio is typically o 1

10°-10"". On the contrarya Ioos_ecoupllng_ of the_ mag- Qp=—i\ /WCK)U Co=——ikXe,. (24

netic molecule with its atomic environment is equivalent to 2\/N

n — 0, which must result in a drastic increasd gf; and the

corresponding exponential decrease of the tunneling rate.
The advantage of our method becomes apparent when one - A

wants to compute the rate of the decoherence for quantum TA)== D =5 ® G d(A—Fwy). (25

oscillations ofS between(l and|. Here we assume that the 2. M

tunneling splittingA has been already renormalized by the 1o spectral function ig= 1T J(A)], which gives

effects studied above. i is small, the problem can be tran-

cated to the spin-1/2 problem with only two states: the a 2

ground statel0)=(1/y2)(|1)+|l)) and the excited state, JA)=5 % (M)(W) hd(A—tiwy).  (26)

|1)=(1/y/2)(I1)—]l)). At T=0 the decoherence occurs due

to the transitior)1)—|0) via spontaneous emission of a pho- The summation over phonon modes yields

non of energyA = w.. Such transitions seem to be absent

for the conventional magnetoelastic coupling that one ob- AS

tains by considering thadiabaticrotation of the electrostatic J(A)= W

crystal field[see, e.g., Eq.3)]. To compute the decoherence mhopCy

rate, one has to take into account thenamicalnature of the

phonon?* This can be done by switching to a rotating coor-

dinate system coupled to the local crystal field.

This gives

Consequently, Eq.20) becomes

(27)

Substituting Eq(27) into Eq. (19) we finally obtain

.3 . SZAS hSZ
The general formula for the transition rate is = = (28)
) 127TﬁApC;5 127Tp|(5:
v ~ ~
I'=— ; (VIDIVED S(Ei—E)). (16)  for the decoherence rate. Here we have introdutgd
7 =c;/w.. The generalization to finite temperatures is trivial.
Substituting herd/=—#S5- Q, we get It results in the multiplication of the zero-temperatureof
Eq. (28) by the factor coth{/2T). Note that the form of Eq.
I'=2#(0[§1)[I(A)](1]50), (17)  (28) is independent of the form of the spin Hamiltonian as

) ) ) long as the crystal field is the only source of the spin-lattice
Where_J(A) is the spectral function of the environmental coupling. The dependence & on the parameters of the
coupling, crystal field is absorbed intA=7%w,. It is easy to see that
al' ~ L?/2Z,, whereL=#S is the angular momentum asso-
J(A) =7, (kN ©]0)(0|QIkN)S(A—hw,,). (18  ciated with the spin and, ~ pl2 is the moment of inertia of
K\ the volume of spatial dimensions.?

Computing the spin matrix elements, one gets If the magnetic molecule is to serve as a qubit, the fre-
guency w. should be sufficiently high, in the ballpark of
['=2#S2J(A). (190  10°-10" s 1. Our study shows that it is possible only if
the molecule is rigidly coupled to a solid matrix. This is
To compute the spectral function, let us consider contrary to the widely accepted view that the decoupling
from the environment should be beneficial for the work of
j(A)=7r2 QF @ Q) S(A—fwy), (20) the qubit. In fact,any effort to make a loose connection of
kK the spin with its atomic environment, by, e.g., having a mag-
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netic molecule on some kind of a molecular leg, will most(28) establishes the lower bound on the decoherence rate.

certainly decrease the tunneling spittidg

The rigid coupling to the atomic environment is also nec-

Other effects unaccounted here, like interaction with nuclear
spins, with free electrons, etc., can bring the decoherence

essary to provide a small decoherence rate. According to Egate up.

(28) the softening of the solid matrix with respect to shear

deformations, that results, e.g., in the decrease ;0by a
factor of 4, increase$’ by a factor of 1000For S=10 and
c,~10° cm/s, one obtains from Eq28) I'~10 2 s ! at
w,~100 s and I'~10° st at w,~10" s 1. These
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