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Dynamical polygonization below the cellular-bifurcation threshold
in thin-sample directional solidification
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We show that a polygonization of the crystal~formation of grain subboundaries! takes place during the
growth in thin-sample directional solidification of a transparent nonfaceted alloy at solidification rates lower
than the cellular-bifurcation threshold. We give experimental evidence that this phenomenon is due to a
dynamical coupling between the lattice defects intersecting the growth front and the diffusive modes of
instability of the front. We present a theoretical model of this process in two-dimensional systems.

DOI: 10.1103/PhysRevB.66.054102 PACS number~s!: 61.72.Mm, 47.54.1r, 81.10.Aj, 81.30.Fb
s

at

d

t
io
a
a

ar
f
ar
n-
,
an
c

ul
ee
h

in

b
he
c
-
ta
r

rm
n
al
an

h

ent

mall
in

o-
e

in-
we

ed
isms
ith
with

een
ing
a

l-
f
is
rifi-
of

ic
s

d
he

of
ree
-
tion

o-
ted
t.
-
. It

than

de-
ly
I. INTRODUCTION

In directional solidification, i.e., when solidification i
performed at an imposed rateV under an externally applied
unidirectional thermal gradientG, the growth front of a non-
faceted dilute alloy undergoes a morphological transition
threshold valueVc of V: the front is planar~parallel to the
isotherms! at V,Vc , and exhibits a periodically modulate
~‘‘cellular’’ ! shape atV.Vc .1 The physical factors at play
are the solute concentration gradient ahead of the front,
applied thermal gradient, and the solid-liquid surface tens
The first exerts a destabilizing effect on the front, where
the others tend to restabilize it. The exact nature of the tr
sition ~a bifurcation between different branches of station
states of the system! was clarified by the linear theory o
Mullins and Sekerka,2 and subsequent weakly nonline
analysis.3 Experiments performed by the method of thi
sample directional solidification~TDS! of transparent alloys
in which the growth front was observed in real time with
optical microscope, were specifically dedicated to the che
ing of these theories, and fully confirmed their validity.4

However, some phenomena connected with the cell
transition remain unclear, for instance, the interplay betw
deformations of the growth front and crystal defects. T
particular case of a high-angle grain boundary~GB! running
perpendicular to the front was studied in some detail,5,6 but
little is known about the coupling of dislocations and gra
subboundaries~SB’s! with the movements of the front.7

Some insight into this question was recently provided
Grangeet al.8 These authors visualized simultaneously t
dislocations in the solid and the growth front during a dire
tional solidification of metallic alloys using x-ray topogra
phy. They observed, among other things, that the crys
contained a relatively homogeneous dislocation netwo
which grew with the solid during solidification atV,Vc ,
and underwent rearrangements in response to the defo
tions of the front whenV was switched to a value larger tha
Vc . Phenomena of this type are very likely to occur in
nonfaceted systems, especially, in the transparent org
‘‘analogs of metals,’’ such as CBr4 and succinonitrile, that
are commonly utilized in TDS experiments.9,10

In this paper, we present an experimental study of a p
0163-1829/2002/66~5!/054102~10!/$20.00 66 0541
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nomenon, which, as we shall show, involves a rearrangem
of the dislocations in the solid during solidification atV
,Vc . This phenomenon, which was previously noted,11 but
not studied, consists of the repeated appearance of s
grooves along the front. We study it here in detail in th
samples of the alloy CBr4-C2Cl6, which, at low concentra-
tions, solidifies into a fcc plastic crystal. Our purpose is tw
fold: first, we wish to illustrate the fact that relatively fin
rearrangements of lattice defects can be easily, although
directly, observed using an optical microscope; second,
try to utilize this fact to cast light upon the above-mention
phenomenon, and thereby upon the elementary mechan
through which deformations of the front associated w
changes in the solute concentration field can be coupled
rearrangements of dislocations in the solid.

In recent years, the potential of the TDS method has b
greatly increased by the use of powerful data process
techniques. Nowadays, this method allows one to follow
several-millimeter-wide portion of a front over a severa
hour-long solidification time with a spatial sensitivity limit o
less than 1mm and a temporal resolution of 0.04 s. Th
technical progress played a decisive part in a recent cla
cation of old pending questions, such as the influence
interfacial anisotropy on the stability of cellular/dendrit
patterns12,13 and the nature of the morphological instabilitie
of lamellar eutectics.14 The application of the TDS metho
that we present here relies on the following simple idea. T
statement that the solidification front is planar whenV,Vc
is true only if the solid is perfect. Any local accumulation
defects in the solid near the front increases the local f
energy of the solid, lowers the solid-liquid equilibrium tem
perature, and hence creates a depression of the solidifica
front, which is potentially observable with an optical micr
scope. A well-known example is that of the grooves crea
by high-angle grain boundaries intersecting the fron15

These GB grooves are severalmm deep, generally. It is pos
sible to observe much smaller deformations of the front
will be seen that grooves no deeper than about 0.3mm, at-
tached to subboundaries of disorientation angles smaller
about 0.2°, can easily be vizualized.

The phenomenon that we study here can be briefly
scribed as follows. A portion of a front, which was perfect
©2002 The American Physical Society02-1
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FIG. 1. Three snapshots of the same portion of a solidification front. Undoped CBr4 . G5110 K cm21. In this, and the following figures,
the solidification direction is upward.~a! At rest (V50) prior to solidification. The deep GB groove appearing in this snapshot is in
process of migrating rightward as a result of the grain coarsening process occurring in the solid.~b! After a 30-min solidification atV
56.5 mms21 . Note the five shallow grooves that have appeared during solidification. The preexisting GB is still visible on the righ
side of the photograph.~c! After a V jump to 20mms21 . The first and the third intercell grooves from the left are without SB’s.
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flat before the onset of directional solidification@Fig. 1~a!#,
exhibits a number of small grooves after a certain time
solidification atV substantially lower thanVc @Fig. 1~b!#.
The existence of a cusp~visible at a larger magnification! at
the bottom of these grooves, and the fact that they do
disappear when the solidification is stopped, indicate t
they are attached to SB’s. It is shown below that these S
are the result of a ‘‘dynamical polygonization,’’ i.e., a rea
rangement of the dislocation network occurring duri
growth.7 Polygonization is commonly observed in ducti
crystals at high temperature, but the puzzling fact here is
it occurs with a certain regularity during the whole durati
of the solidification runs. Although the SB grooves are su
ject to a complicated dynamics, as will be seen, their aver
spacing remains fixed at a value of the order of magnitud
100 mm. This value, which is comparable to the spacing
the large-amplitude cells appearing atV.Vc @Fig. 1~c!#, sug-
gests that dynamical polygonization is a morphological
stability precursory of the Mullins-Sekerka bifurcation. Th
study presented below essentially confirms the validity
this view, but also shows that the details of the process
pend on the sample thickness, and several other geom
and crystallographic factors.

The existence of a dynamical polygonization belowVc is
of some importance concerning the cellular bifurcation its
When, after some time of pulling atV,Vc , V is switched to
a value larger thanVc , either directly or after a stop of th
solidification, the intercell grooves appear preferentially
the site of the shallow SB grooves created atV,Vc . Dy-
namical polygonization is thus responsible for a preselec
of the intercell spacing. Furthermore, the existence of a
intersecting the front near the bottom of an intercell groo
modifies the shape of the groove@Fig. 1~c!#. The perturbation
of the cellular pattern that this causes is generally, but
always, weak. For instance, it has been reported that, w
the cellular pattern is close to the ‘‘doublet’’ bifurcation,16

the presence of SB’s attached to the intercell grooves pla
major role in the selection of the pattern.17

II. EXPERIMENTAL METHODS

Details about the used TDS setup and the material c
stants of the CBr4-C2Cl6 alloy were given
elsewhere.12,13,18,19The samples are made of two paral
glass plates separated by two thin plastic strips. The us
space is 9 mm wide, 60 mm long and 6, 12 or 50mm thick.
We take the thickness of the foils from which the plas
strips are cut up as the nominal value of the sample th
05410
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ness. The difference between the actual sample thickness
this nominal value does not exceed a fewmm. The observa-
tions show that the effects of this error may be quite sign
cant in ~nominally! 6-mm thick samples, but are general
negligible in 12- and 50-mm-thick ones. In this study, we
preferentially use 12-mm-thick samples for reasons whic
will be explained later.

The alloys are prepared by mixing zone refined che
cals, but nevertheless contain a non-negligible amount of
sidual impurities. Two values ofG ~44 and 110 K cm21) and
various values of the molar fractionsC` of C2Cl6 are used,
but dynamical polygonization turns out to be qualitative
independent ofC` andG. The uncertainty onG is of about
610%. At G544 K cm21, the measured values ofVc range
from about 8mms21 in undoped CBr4 samples~due to re-
sidual impurities! to 0.8mms21 for C`58%.

The samples are filled by capillarity above the melti
point of pure CBr4 (Tm'92.5 °C), cooled down to room
temperature~the substance is then fully solidified! and
sealed. They are then put between two ovens regulate
different temperatures, and maintained at rest~i.e., at V
50) during a certain time before the onset of the pullin
Their coldest end remains in the solid state, and serve
solidification seed. This seed is a polycrystal, as revealed
the presence of deep GB grooves at the solid-liquid interfa
and is subject to a grain coarsening process.20 We started the
pulling after about 20 min at rest, at a moment when
grain size~i.e., the spacing of the GB grooves! was of about
500 mm. Between the GB grooves, the front was flat with
experimental uncertainty@see Fig. 1~a!#, any preexisting SB
having been eliminated by the lateral migrations of the G
during grain coarsening.

The stationary planar-front regime atV,Vc is reached at
the end of an initial ‘‘solute redistribution’’ transient,21 dur-
ing which the front recoils~in the reference frame of the
laboratory! over the distancel th5DTo /G ~thermal length!,
whereDTo is the difference between the temperature of
liquidus and that of the solidus atC5C` . During this tran-
sient, the actual growth rateW of the front progressively
increases from zero toV. Similarly, W decreases progres
sively from V to zero during the ‘‘final’’ transient following
the arrest of the solidification. The characteristic timetD of
these transients is equalD/V2, whereD ('500 mm2 s21) is
the diffusion coefficient of C2Cl6 in liquid CBr4.

At V.Vc , Mullins-Sekerka cells form during the initia
transient. For reasons which we need not to give here, t
actual spacing is generally significantly smaller than the t
oretical valuelc of the critical spacing.22 To a good approxi-
2-2
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DYNAMICAL POLYGONIZATION BELOW THE . . . PHYSICAL REVIEW B 66, 054102 ~2002!
FIG. 2. Binarized profile of a solid-liquid interface after a 20-min stay at rest.C` 51%. G544 K cm21. GB: high-angle grain boundary
SB: subboundaries; T: trough due to a smooth modulation of the dislocation density. The grooves have been truncated by the b
procedure so that their apparent depth is smaller than their real one.
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mation, the latter is given by (lc/2p)352dol th
2 /K, where

do5ao /DTo is the capillary length,ao5gTm /Lv (g is the
solid-liquid surface tension, andLv is the latent heat per uni
volume! is the Gibbs-Thomson capillary coefficient,K is the
partition coefficient. In CBr4-C2Cl6 , K'0.75 and ao
'0.086mmK.

During solidification, the growth front is continually ob
served with an optical microscope. The images are tra
ferred to a tape recorder, and digitized for further analy
Image processing was made with the public-domain N
Image software. Figure 2 shows the binarized profile o
front that has been maintained at rest for a certain time a
a solidification run atV,Vc . In this and the following fig-
ures, thez axis is parallel to the growth direction, and thex
axis to the isotherms. They axis is normal to the plane of th
sample. In Fig. 2, the profile has been stretched along tz
axis by a factor of 20. Three types of distortions due
crystal defects can be seen, namely, a deep groove due
GB, two shallower grooves of different depths due to tw
SB’s of different surface tensions, and a rounded trou
which is certainly due to a pronounced, but smooth ma
mum in the dislocation density, as will be seen below. T
trough is clearly visible although it is only about 0.3mm
deep.

III. EXPERIMENTAL RESULTS

A. Shape of GB and SB grooves

The equilibrium shape of the GB grooves has been s
ied in a number of transparent and metallic nonfaceted
tems with the aim of determining the solid-liquid surfa
tension.23,24The principle of the method is as follows.15 The
profile z(x) of a groove obeys the Gibbs-Thomson equat
relating the temperature, the solute concentration, and
curvature of the front. When the concentration is unifor
the Gibbs-Thomson equation is entirely similar to the eq
tion of a meniscus in a gravitation field. This equation
solved with the boundary condition that the slopedz/dx of
the front at the junction with the GB is fixed by Young
equilibrium condition betwen the surface tensions. In
presence of capillary anisotropy, i.e., when the surface
sions depend on the orientations of the interfaces, Herrin
version of the latter condition must be used. When the c
illary anisotropy of the solid-liquid interface is negligible
which is the case in nonfaceted systems, the following
mulas are obtained: letaGB5tan21(dz/dx) be the pinning
05410
s-
.
-
a
er

o a

h
i-
e

d-
s-

n
he
,
-

e
n-
’s

p-

r-

angle of the interface at the junction,hGB the depth of the
groove, andgGB the surface tension of the boundary; the
quantities are related to each other bygGB /g52 sinaGB and
hGB5A2dmsin(aGB/2), wheredm5A2ao /G is the meniscus
length. In the case of SB’s, these relations read

aSB'gSB/2g'A2hGB /dm . ~1!

Furthermore, SB’s fulfill the conditiongSB,2g and GB’s
the conditiongGB52g nearTm . The latter condition, which
we shall regard as a definition of the GB’s valid nearTm ,
means, roughly speaking, that GB’s are wetted by the liqu
Consequently, all GB’s have the same groove depthdm ,
while SB’s have groove depths smaller thandm . Further-
more, the capillary anisotropy of the GB’s is small, like th
of the solid-liquid interface, whereas that of the SB’s is ge
erally strong. Consequently, in equilibrium, GB’s cut th
front at a right angle, whereas SB’s may intersect it at
angle substantially different from 90°.

We have observed these distinctive features of the GB
SB grooves in our system. In this section, we focus on
shape of the grooves themselves, which does not depen
the capillary anisotropy of the grain boundaries. The pinn
angles and depths of the grooves were determined by fit
the theoretical formula for a semi-infinite meniscus onto
well-resolved part of the profiles. For the deepest groov
we founddm56.360.4 mm for G544 K cm21, correspond-
ing to g58.761 mN m21, in good agreement with previou
measurements.18 For the SB’s, the measured values ofhSB
ranged from 0.3mm to dm . Incidentally, we have considere
the possibility that the grooves created during growth, or
least, some of them, be due to tiny dust particles floating
the liquid.25 In fact, we observe, occasionally, small troug
due to particles of a size of 1mm or so, which are pushed
along by the front during a certain time before being e
gulfed by the solid, but these troughs are rounded, and m
over nonstationary because of the incessant motions of
particle in the liquid. More decisively, they disappear in
few seconds when the pulling is stopped. Thus no confus
between a groove due to a SB and a trough due to a par
seems possible.

The order of magnitude of the surface tension of a s
boundary is given as a function of the disorientation an
uSB by the well-known Read-Shockley formula, which rea

g5gmuSB/um@12Ln~uSB/um!#, ~2!
2-3
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BOTTIN-ROUSSEAU, AKAMATSU, AND FAIVRE PHYSICAL REVIEW B66, 054102 ~2002!
wheregm and um are semiempirical material constants.7 In
fcc crystals,um is close to 30° andGeb/g, which is closely
connected to the ratio of the energy of cohesion to the la
heat of melting, is of about 50.26 Using these estimates, w
founduSB'0.2° for hSB50.3 mm. The corresponding valu
of the pinning angle isaSB'4°. To a good approximation
the function ofu on the right-hand side of Eq.~2! can be
replaced by a linear function over a wide interval arou
0.2°. If the actual value ofGeb/g in our system turned out to
be, say, twice as large~small! as the above estimate, th
estimated value ofuSB for hSB50.3 mm would be divided
~multiplied! by 2.

The order of magnitude of the inter-dislocation spacing
a SB is ofb/uSB. In CBr4 , b5 1

2 ^110&'0.63 nm. Thus a SB
with a groove depth of, say, 0.3mm corresponds to about 5
dislocations piled up in the thickness of a 12-mm-thick
sample. The dislocation densitynd corresponding to a peri
odic array of SB’s of spacingl o is given by

nd'
uSB

blo
. ~3!

In our case,l o.50 mm andhSB'1 mm. Thus the disloca-
tion density contained in the dynamically created SB’s a
given pulling time is at most of 53103 cm22. A dislocation
density of this order of magnitude is usually found in a
grown crystals, and most probably exists already in the s
Whether or not this suffices to feed the observed polygon
tion process will be discussed later.

B. Process of formation of the SB’s

Figure 3 shows the shape of the interface at differ
stages of the process of creation of a SB in the vicinity o
preexisting GB in a 12-mm-thick sample. It is seen that
smooth depression appears at a relatively large distanl
'80 mm from the GB groove, and grows progressive
deeper until it suddenly transforms into a cusp-sha
groove, indicating that a SB has been created in the so
This occurs at the timet'150 s from the onset of solidifi
cation. A lateral drift of the SB groove, due to the surfa

FIG. 3. Profiles of a solidification front near a GB at the ind
cated times. Pulling was started at 2.15mms21 at t510 s. The
successive profiles have been shifted downwards by arbitrary q
tities. C`51%. G544 K cm21.
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tension anisotropy of the SB, should also be noted. A drift
the GB groove is also apparent, but it is due to the abo
mentioned grain coarsening occurring in the solid, and is
no importance here.

In other experiments, the solidification was intentiona
stopped at different stages of the process. It was obse
that, when the solidification is stopped a few seconds a
the appearance of a depression, a complete recovery o
planarity of the front is observed, whereas a stable roun
trough remains at the front when the solidification is stopp
a short time before the expected appearance of a cusp~this is
the origin of the trough T in Fig. 2!. This indicates the nature
of the considered process: a depression exists before
significant rearrangement of the dislocations has taken pl
this depression deepens, and becomes a well-local
trough as dislocations accumulate in it. The process end
the ‘‘nucleation’’ of a SB at the point where the dislocatio
density is the highest—probably when this density fi
reaches some threshold value. We also note thattD'108 s
andlc'105 mm in the experiment of Fig. 3. Thus the cha
acteristic quantitiest and l of the process are comparable
those of the diffusive dynamics of the front.

Figure 4 shows a spatiotemporal diagram obtained by
perposing binarized low-magnification snapshots taken
regular time intervalsdt and shifted along the growth axis b
the lengthVdt. Such a diagram displays the history of
portion of the front in the reference frame attached to
solid. In Fig. 4, the rectilinear portions of the front have be
erased in order to make the trajectories of the SB and
grooves appear more clearly. Several upwardV jumps were
applied during this particular run. The last value ofV was
larger thanVc . It can be seen that, atV,Vc , the trajectories
of the SB’s form a river pattern. The SB’s never appear
pairs, as they would if they were due to the nucleation
disoriented crystals. Three categories of events are obser
creations of SB’s at some distance of preexisting GB’s
SB’s, mergings of two SB’s, and abrupt changes in the late
drift velocity of the SB’s that are apparently not connect
with mergings of SB’s. We have not detected any signific
difference between patterns formed in different grains,
any global trend concerning the disorientation of the crea
SB’s. In a few cases, the merging of a certain number
dynamically created SB’s eventually gave rise to a GB,
this was probably a matter of statistical fluctuation.

The central fact revealed by the spatiotemporal diagra
is that dynamically created SB’s act as sites for the crea
of further SB’s in the same way as preexisting GB’s do. T
mechanism through which polygonization propagates al
the front is thus obvious. It strongly suggests that the pla
front is actually linearly unstable against dynamic
polygonization. A further indication of this is given by th
sets of three or more equidistant grooves, which appea
the profiles of the front when the lateral drift of the SB’s
not very fast~see Figs. 2 and 5 nearx5450 mm). These
configurations are similar to~although much less ample than!
those that transitorily appear near the GB grooves aV
slightly larger thanVc when Mullins-Sekerka cells begin t
form along an unstable planar front.11

n-
2-4
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FIG. 4. Trajectories of the SB and GB
grooves during a run performed at several diffe
ent values ofV. C`58%. G5110 K cm21. Tick
marks on the left-hand side indicate changes ofV.
The successive values ofV are 1.8, 2.15, 2.8, and
3.8 mms21 . The last value ofV is aboveVc .
Arrows: preexisting GB’s. Top: nonprocesse
snapshot of the front~the vertical scale is equal to
the horizontal one!.
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Quantitatively, the local features of the river pattern
not vary with time at fixedV. They are also practically inde
pendent ofV, except whenV approachesVc . It can be seen
in Figure 4 that the characteristic quantitiesl ~distance be-
tween creation sites and preexisting grooves! andt ~lifetime
of segments of the front longer than 2l ) kept the same orde
of magnitude untilV was switched to a value larger thanVc .
The sudden decrease ofl andt which was then observed wil
be considered later.

C. Lateral drift of the SB grooves

The orientation of the SB’s in the solid is revealed by tw
faint dark lines running along their intersections with t
solid-glass interfaces.27 These lines are due to shallow liqu
channels, which appear during solidification and subsis
certain time after the stopping of the pulling. We have o
served that, contrary to GB’s, SB’s are often tilted with r
spect to both the growth axis and the glass plates. The
portion of SB’s which are tilted with respect to the gla

FIG. 5. Profile of the same front as in Fig. 3 at rest afte
10-min pulling at 2.15mms21 .
05410
a
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plates increases with increasing sample thickness.
12-mm-thick samples, most of them are perpendicular to
glass plates, as revealed by the fact that they leave behi
single dark line in the solid~Figs. 6 and 7!.

Figure 6 shows a snapshot of a drifting SB groove sup
imposed onto its spatiotemporal diagram. The dark line
hind the groove coincides with its trajectory, indicating th
the SB remained immobile in the solid during solidificatio
It did not change orientation when the pulling was stopp
The complete immobility of the SB’s in the solid is als
illustrated in Fig. 7, where the SB’s obviously have out-o
equilibrium shapes. Thus the observed drift of the S
grooves is only due to the tilt of the SB planes with resp
to the growth axis, which is itself due to the capillary aniso

FIG. 6. Spatiotemporal diagram of a front near a SB groo
V53.44mms21. C`51%. G5110 K cm21. The time interval be-
tween the snapshots is of 44 s. Top: nonbinarized snapshot o
front.
2-5
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BOTTIN-ROUSSEAU, AKAMATSU, AND FAIVRE PHYSICAL REVIEW B66, 054102 ~2002!
ropy of the SB’s, as explained in Sec. III A. This implies th
the drift velocityVdri f t of the groove and the tilt anglef of
the plane are related by the equationVdri f t5V tanf.

The low mobility of the SB’s in the solid also implies tha
the observed SB planes only are materializations of the
jectories of the junction lines. In other words, these trajec
ries are determined by the sole condition that the You
Herring law is fulfilled at the junctions during growth
whether the SB’s left behind in the solid fulfill the equilib
rium ~Wulff’s ! condition in the solid or not. We have calcu
lated the stationary profile and tilt anglefst of a weakly
anisotropic SB groove as a function ofV in the linear~or
small pinning angles! approximation formerly used by Cori
ell and Sekerka. This calculation is not reproduced here.
find that, roughly speaking,fst is practically independent o
V ~and thus equals the Young-Herring equilibrium value
rest! whenV is lower than a certain value close toVc , and
decreases rapidly with increasingV above this value. This
result is in qualitative agreement with the observations,
illustrated in Fig. 7. This figure shows the trajectories of SB
during the final transient of a run performed atV.Vc . It can
be seen that the tilt angle of the trajectories, which is pra
cally equal to zero during the pulling, took a finite value
the beginning the transient, and then kept this value until
front came to rest. This may be explained on the basis of
above calculation by assuming that, during the final tr
sient, i.e., during the decrease of the growth rateW from V to
zero, the instantaneous values of the tilt angles of the S
were equal, or were close tofst@W(t)#.

This conclusion (Vdri f t is fixed by the anisotropy ofgSB)
implies that the drift velocity of a SB cannot change witho
the nature of the SB’s, i.e., the orientation of the adjac
grains, changing. This in turn cannot occur without a me
ing of the considered SB and another SB. However, ab
changes ofVdri f t , which are not connected with collision
between SB’s, are often observed in the spatiotemporal
grams~Fig. 4!. A closer examination of the experiments fro
which the spatiotemporal diagrams originate provides a
lution to this apparent contradiction. Figure 8 shows the p
file of a front near a SB, which is in the process of chang
its growth direction. The SB groove is in fact colliding wit
a rounded trough, which is too shallow to appear in the s
tiotemporal diagram. Most probably, this trough is due to
group of dislocations equivalent to a SB, i.e., carrying a

FIG. 7. SB’s left behind in the solid after the stopping of
pulling at 20mms21 . Undoped CBr4 . G544 K cm21. Tick mark:
position of the growth front when the pulling was stopped.
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nite long-range disorientation of the crystal lattice, so that
incorporation into the SB changes the nature of the lat
Most of the irregularities in the trajectories of the SB’s a
likely to be due to similar processes, although the reve
process~a SB losing some of its dislocations! is also con-
ceivable.

These remarks raise a question about the origin of
dislocations feeding the polygonization process. As m
tioned, the total number of dislocations involved in the pr
cess is not large, and could well already be contained in
seed. However, spatiotemporal diagrams show that a re
of the crystal, which has been swept by SB’s~or GB’s! sev-
eral times, still contains a sufficient density of dislocatio
for SB’s to be created. This persistent dislocation density
either left behind by the drifting boundaries or generated
some unknown mechanisms. Thermal stresses28 or dust
particles25 either floating in the liquid or sticked on the glas
plates, might be involved in these mechanisms, but this is
supported by our observations. Thermal stresses, if they w
important, would presumably cause a noticeable plastic
formation of the solid at some distance behind the fron29

Signs of the large increase in the dislocation density t
such a deformation, if any, would cause, should appear
ing directional remelting of the samples,30 but we observed
none. In fact, the directional-remelting spatiotemporal d
grams revealed exactly the same SB patterns as the ante
ent directional-solidification diagrams did. Thus, without su
prise, our study leaves the question of the multiplication

FIG. 8. Collision of a SB groove with a rounded trough. Belo
spatiotemporal diagram. Above: binarized snapshots taken at
times indicated by the tick marks on the left-hand side of the s
tiotemporal diagram.V51.85mms21. C58%. G5110 K cm21.
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FIG. 9. Solidification fronts after a long time of pulling in three samples of different thicknesses. Sample thickness:~a! 6 mm, ~b! 12 mm,
and~c! 50mm. In ~c!, the dynamically created SB grooves are indicated with arrows. Two of them are hardly visible because they cor
to SB’s that are strongly tilted with respect to the glass plates.V52.8 mms21. C58%. G5110 K cm21.
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the dislocations during growth open. Fortunately, this is
important as regards the qualitative nature of the polygon
tion process.

D. Three-dimensional effects.
Influence of the sample thickness

Up to this point, we have implicitly assumed that the d
namics of our system was purely two dimensional~2D!, i.e.,
that everything in the system, especially, the shape of
front, was uniform in the direction normal to the glass plat
In the remainder of this section, we consider processes
obviously violate this condition. It should be noted first th
the growth front is actually nonplanar atV,Vc even in the
absence of lattice defects because it is in contact with
walls of the container, and thus forms a meniscus in thy
direction. There is evidence that, in our system, the liq
wets the glass plates completely, i.e., that the pinning an
of the front at the glass plates is of 90°. Thus the front for
two grooves of characteristic widthdm along the junction
line with the glass plates. This explains that the optim
value of the sample thickness for the observation o
quasi-2D dynamics is of the order of magnitude of 2dm
~'12 mm in our case!.12–14,19 In much thicker samples th
dynamics of the system is intrinsically 3D, while in muc
thinner ones it is perturbed by a strong meniscus effect,
by the ‘‘noise’’ due to the irregularities of the glass plates
should be noted that some processes involve only len
smaller thandm , and occur at whatever sample thickne
This is the case of the above-mentioned liquid channels
ning along the junction lines of the SB’s with the gla
plates.

Figure 9 shows typical front profiles observed in samp
of different thicknesses solidified in otherwise similar con
tions. It is seen that the average number of visible SB’s
creases with increasing sample thickness. The proportio
SB’s that are tilted with respect to the glass plates, and
therefore difficult to detect in the micrographs, increas
with increasing sample thickness, as already mentioned.
effect is certainly partly responsible for the apparen
smaller density of SB’s in 50-mm-thick samples than in
12-mm-thick samples. Another important effect is connec
with the 3D character of the SB nucleation process. T
characteristic length of this process inside the solid (b/uSB)
is microscopic, but it is associated with the creation of liqu
channels along the glass plates, which is observable wit
optical microscope. Figure 10 shows that the nucleation
SB is often preceded by an oscillation, indicating that
configuration existing at the bottom of the rounded trough
metastable against SB nucleation. Concerning the phys
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origin of this effect, we are reduced to conjectures. It mig
be due to the fact that the dislocations actually accumu
near the walls of the container, more precisely, at the in
sections of the thalwegs of the troughs with the walls of
container. The x-ray topography observations by Gran
et al.,8 showing that the dislocations always emerge from
solid at points located relatively far behind the foremo
point of the front, lend support to this view. The creation
a SB would then involve a propagation from a nucleation s
located near a glass plate, and would be more difficult
thick, than in thin samples.

The large increase of the number of visible SB’s in t
~nominally! 6-mm-thick samples cannot be explained by t
above two effects. In fact, the average spacing of the GB’
clearly smaller thanlc in these samples, while the abov
effects can only result in a spacing larger than this value
the conclusions of Sec. III B are correct. The theoreti
model explained below suggests a solution to this appa
inconsistency. According to this model, atV,Vc , the ob-
served distribution of SB’s should reflect the structure of
predominant external perturbations. The observed differe
in SB spacing between 12- and 6-mm-thick samples could
thus originate from the fact that the predominant perturbat
is the Coriell-Sekerka deformation associated to GB’s~see
below! in the former case, and the irregularities of the gla
plates in the latter case, but this is not proven. Further stu
in samples of very small, accurately controlled thicknes
will be necessary to clarify this point.

IV. A TWO-DIMENSIONAL MODEL

Coriell and Sekerka showed theoretically that the fi
Mullins-Sekerka cells appearing near the GB grooves w

FIG. 10. Oscillations preceding the nucleation of a SB. Rig
spatiotemporal diagram. Left: snapshots of the front at the tim
indicated by the tick marks. The width of the field of view is of 14
mm. The duration of the recording is of 8.3 s.V52.15 mms21. C
58%. G5110 K cm21.
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BOTTIN-ROUSSEAU, AKAMATSU, AND FAIVRE PHYSICAL REVIEW B66, 054102 ~2002!
V is switched to a value larger thanVc result from the am-
plification of a long-range deformation of the front existin
already atV,Vc .5 This deformation is the response of th
ideal ~dislocation-free! system to the presence of a G
groove. The long-range tail of the deformation has the fo
of a damped sinusoid, the wavelength of which depends oV
~it increases fromdm to lc whenV increases from 0 toVc),
but is comparable tolc whenV is larger than about 0.5Vc .
The amplitude of the sinusoid also increases asV increases,
but remains very small untilV reachesVc .

We suppose that the smooth depression of the front
pearing during the early stages of the process of creatio
SB’s ~Fig. 3! is the first mimimum of the Coriell-Sekerk
damped sinusoid attached to the nearby GB or SB groo
This assumption is quite compatible with the observed v
ues ofl andt, and is supported by the fact that this depre
sion relaxes completely when the solidification is stopped
order to explain the subsequent amplification of the dep
sion, it obviously suffices to assume that the dislocations
the solid are subject to a dynamical constraint, which dri
them toward the bottom of whatever depression exists al
the front. These assumptions can be put in the form of a
continuous model. In this model, individual dislocations a
replaced by ‘‘elementary’’ SB’s~ESB’s! of an arbitrarily
small disorientationae oriented perpendicular to the glas
plates and the growth front~the anisotropy of the surfac
tension is neglected!, and immobile in the solid. The distri
bution of the ESB’s is described by a continuous dens
l 21(x,t). The other assumptions of the model are those
are usually made in the study of diffusive growth~no diffu-
sion in the solid, infinitely fast interfacial kinetics, no aniso
ropy of g, no convection in the liquid, linear temperatu
distribution imposed from the outside!. The aim is to perform
a linear stability analysis of the planar stationary states
this model. We shall content ourselves with an outline of
calculation.22

The unknown functions are three in number: the conc
tration fieldC(x,z,t) in the liquid, the profilez(x,t) of the
interface, andl (x,t). In the stationary states, the front is at
fixed positionzo , the ESB spacing has a uniform valuel o ,
and the concentration field is given byCo(x,z)5(K21

21)C`exp@2(z2zo)lD
21#1C` , where l D5D/V. The infini-

tesimal perturbation to be added to this state reads

dC5Cke
2qzeikx1vt,

dz5zke
ikx1vt, ~4!

d l 5 l ke
ikx1vt,

where k and v are the wave vector and the amplificatio
coefficient of the perturbation, respectively,Ck , zk andl k are
unknown coefficients, andqlD51/21A1/41k2l D

2 1tDv. It
is assumed thatL@ l o , whereL52p/k. The object of the
calculation is to find the stability spectrumv(L) at fixed
values of the other parameters. The planar front is unstab
there exists a range ofL in which v(L).0. It is understood
that the growth of the unstable modes will end by the c
lapse of the ESB’s into SB’s of a finite disorientation in t
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regions corresponding to the minima ofz(x) @i.e., it will lead
to a regular polygonization array#, but this is not included in
the mathematical model.

We need three independent equations at the solid-liq
interface for the three unknown functions. Two equations
namely, the mass conservation and the Gibbs-Thom
equations—are provided by the standard model. A th
equation must impose that the ESB’s draw nearer to
minima of z(x) during growth. In fact, this condition is im
plicitly contained in our model since the equilibrium cond
tions at the junctions impose that SB’s grow perpendicula
the local orientation of the front. A similar rule, calle
Cahn’s hypothesis, has been conjectured long ago for
interphase boundaries in lamellar eutectic growth, and i
well known that it leads to an accumulation of the defects
the troughs of the front.31 The equation that expresses th
constraint reads32

] l

]t
1 l oV

]2z

]x2
50. ~5!

It should also be noted that ESB’s of pinning anglesae and
spacingl impose an average curvature 2ael

21 to the front.
Thus the coupling between the lattice defects and the fr
appears in the form of an additional termDTe(x)5
22aoael

21(x) on the right-hand side of the Gibbs-Thomso
equation.

The thus-defined model is basically similar to the contin
ous Langer-Cahn model of lamellar eutectics.32–34In the lat-
ter model, we recall, the defects responsible for the curva
termDTe are the boundaries separating the two solid pha
It was shown long ago that, if this term is acting alone, a
if Cahn’s hypothesis is valid, the front is unstable against a
long-wavelength perturbation~long meaning much large
than l ).31 The mechanism of this instability is as follows
Suppose that, for some reason, a trough appears along
front. Cahn’s hypothesis implies that the defects will acc
mulate into this trough. The curvature term will thus becom
larger inside the trough, i.e., the trough will deepen, wh
will in turn accelerate the accumulation of the defects in
the trough. In the case of lamellar eutectics,DTe is counter-
acted by a solutal term, which stabilizes the front abov
certain ‘‘minimum-undercooling spacing.’’ Such a term do
not exist in the present model, so that it is clear, prior to a
calculation, that the stationary planar state of our mode
unstable for any value ofV. The following calculation per-
mits to specify the nature of the fastest growing mode, a
the variation of its amplification rate as a function ofV.

Injecting the perturbed solution into the interface equ
tions, and linearizing with respect to the perturbative term
one obtains a homogeneous linear system forCk , zk , and
l k , the secular equation of which gives the following implic
equation forv,

tDv22v@~12VcsV
212dol Dk2!~qlD211K !2K#

2beDk2~qlD211K !50, ~6!

where Vcs5D/ l th is the ‘‘constitutional-supercooling’’
threshold velocity,21 and be52aedol o

21 is a dimensionless
2-8
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DYNAMICAL POLYGONIZATION BELOW THE . . . PHYSICAL REVIEW B 66, 054102 ~2002!
parameter. Note that the arbitrary parametersl o and ae ap-
pear only through their ratio, which is approximately prop
tional to the dislocation densitynd . In fact, be52Cndbdo
@see Eq.~3!#, whereC5ue /ae is approximately constant in
the range of interest. Also note that one obtains the us
Mullins-Sekerka stability equation by settingbe to zero in
Eq. ~6!.

Figure 11 shows the stability spectrumv(L) calculated
for various values ofV and the indicated values of the p
rameters. The curvesv (p)(L) for an ideal crystal (be50)
are shown for comparison. The values ofdo (50.32mm),
and the other parameters are those of CBr4-C2Cl6 for C`

50.01 andG5110 K cm21. For this set of parameters, th
roots of Eq.~6! are real near the critical point as is also t
case in the underlying Mullins-Sekerka model.3 Only the
largest of the roots appears in Fig. 11. The value taken
be (431024) corresponds tond'53106 cm22. This value,
which is probably much above the actual value ofnd in our
samples~see above!, was chosen for the sake of clarity.

It can be seen thatv is positive for any value ofL andV,
as expected, but that a qualitative change occurs aV
5Vcs . Below Vcs , v(L) is a monotonic function which
decreases fromvo5beV/do for L→0 to zero forL→`. We
note that 1/vo is large compared to the usual duration tim
of solidification runs for realistic values ofbe . On the other
hand, a maximum appears at a finite wavelengthL f st ~where
‘‘fst’’ stands for ‘‘fastest growing mode’’! at V5Vcs . The
maximum valuev f st of the amplification rate increases wit
increasingV. At Vc ~i.e., at the value ofV at which, in the
absence of defects,v f st

21 would be infinitely large!, v f st
21 is of

about 1s, thus very small compared to experimental du
tion times. The reason for this change occuring atVcs is as
follows. In the absence of lattice defects, the stability of
planar front within the rangeVcs,V,Vc is due to capillary
forces, i.e., to the negative term proportional todo appearing
in Eq. ~6! ~note thatqlD@1 in the range ofL of interest!.
The presence of defects that are forced to grow normal to
front introduces a positive capillary term, which destroys
usual stabilizing effect of the surface tension.

Before comparing these theoretical results with the
perimental observations, we emphasize again that the m

FIG. 11. Calculated stability spectra for the indicated values
m5V/Vcs . The values of the other parameters are given in the t
The Mullins-Sekerka threshold corresponds tom51.68. Continuous
lines: with lattice defects (be5431024). Broken lines: without
lattice defects (be50).
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phological transition described by the model atV,Vc ~the
dynamical polygonization! is essentially different from the
cellular transition occurring atVc . Dynamical polygoniza-
tion consists of a rearrangement of a limited number of d
locations (nd) initially present in the crystal. It stops whe
all the dislocations have collapsed into subgrain boundar
It is true that the front eventually takes on a ‘‘precellula
aspect@Figs. 1~b! and 9#, but the amplitude of the ‘‘precells,’
which is nothing else than the depth of the SB grooves
bounded and essentially independent ofV @Eqs.~1! and~3!#.
This polygonized front destabilizes atVc , giving rise to
Mullins-Sekerka cells.5,6 Above Vc , the amplitude of the
cells is hardly affected by the presence of a polygonizati

It must also be emphasized that the observed behavio
a front depends not only on the instability spectrum but a
on the perturbations to which it is submitted. Some pot
tially important sources of noise in our samples~wall effects,
intrinsic fluctuations of the dislocation density! are ill
known, which forbids a really quantitative comparison b
tween models and experiments. However, the follow
semiquantitative predictions can be made:

~1! For V,Vcs , a destabilization will only be observed i
the regions where an ample external deformation~as, for
instance, a GB groove! is imposed to the front. Because o
the flatness of the spectrum, this localized deformation w
first amplify keeping an unchanged shape, and then pro
gate along the front.

~2! for Vcs,V,Vc , any small perturbation will suffice to
trigger a deformation of the front, which will tend to becom
a periodic modulation of wavelengthL f st whatever its initial
shape.

The first of these predictions is in agreement with t
numerous well-reproducible observations made
12-mm-thick samples atV substantially lower thanVc ~Sec.
III A !. It may also explain the difference in SB spacing b
tween 12- and 6-mm-thick samples atV,Vcs via the wall
effects, as explained in Sec. III D. The second prediction is
agreement with the rapid appearance of more or less eq
paced SB grooves that we observed to occur in response
jumps from a velocity lower, to a velocity higher thanVc
~Fig. 4!.

V. CONCLUSION

We have brought to light a mechanism coupling the d
locations intersecting the solidification front of a nonfacet
crystal with the long-range diffusive deformations of th
front. This mechanism leads to a regular polygonization
the crystal during directional solidification atV,Vc in 2D
systems. Furthermore, we have shown that the observed
eral drift of the junctions of the dynamically created SB
with the front can be explained by the surface tension ani
ropy of the SB’s. These two ingredients could serve a
basis for a 2D model, which, most probably, could expla
all the observations that we have made in 12-mm-thick
samples. An important experimental fact would however
cape such a model, namely, the sensitivity of dynami

f
t.
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BOTTIN-ROUSSEAU, AKAMATSU, AND FAIVRE PHYSICAL REVIEW B66, 054102 ~2002!
polygonization to sample thickness. We have attributed
sensitivity to the fact~proven in former studies! that our
system is quasi-2D only in a relatively narrow sample thic
ness window around 12mm. Since solidification is generally
performed in samples much thicker than this value, the m
interesting question opened by this study is that of
polygonization dynamics in 3D systems. The only, relative
obvious, prediction that can be made at present is that
namical polygonization is certainly more complex, less reg
lar, and globally less effective in thick than in thin sampl
because, in thick samples, the dynamically created SB’s
e
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not constrained to be perpendicular to the walls. Con
quently, they generally intersect, and merge into the pre
isting high-angle grain boundaries. Real-time observations
the growth front of thick samples are currently in progress
order to clarify this question.
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