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Amplification of ultrasonic waves by a moving vortex structure
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The interaction of a longitudinal ultrasonic wave with a moving vortex structure is considered for high-Tc

superconductors. It is found that this interaction contributes to the attenuation coefficient and the velocity of
this wave. Expressions relating these contributions to the vortex structure velocity are derived. As the velocity
of the vortex structure exceeds the wave velocity, the contribution to the attenuation coefficient is found to
change its sign, and, hence, the wave can be amplified. This effect can be observed relatively easy in a periodic
superconducting film structure when the electric current is passed through the film in the presence of the
surface acoustic waves. Values of the current required to observe the amplification are estimated for selected
ultrasonic frequencies.
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It is well known that ultrasonic waves propagating in
semiconductor can be amplified by applying dc elec
field.1 This effect results from the interaction of mobi
charge carriers with the ultrasonic wave. The dc electric fi
causes the interacting charge carriers to drift in the direc
of wave propagation faster than the sound velocity. Ther
a rationale to suppose that a similar effect can occur in
high-Tc superconductors~HTS!. This is based on the follow
ing specific features of HTS:~i! These materials have a rela
tively high vortex mobility, which is seen in an observab
giant flux creep. This high mobility is traced, on the o
hand, to a short coherence length, which leads to a s
activation energy for pinned vortices and, on the other ha
to high values of the superconducting transition tempera
Tc . ~ii ! A direct current can drag the vortex structure with
required velocity along the ultrasonic wave propagating
the materials.

A purpose of this work is to show that the above effe
can appear in the type-II superconductors placed in an ex
nal magnetic field. The conditions for this effect to appear
the superconductors are determined by two factors: the
bility of a vortex structure and the strength of interacti
between an ultrasonic wave and a moving vortex struc
~sound-vortex interaction!.

Previously, the sound-vortex interaction was conside
for the case, when the vortex structure does not move
whole.2–19 Meanwhile it has been shown2–6 that an ultra-
sonic wave can drag the vortex structure in the supercond
ors. This phenomenon has also been obser
experimentally.20–22 In the present paper, we discuss an a
ditional phenomenon related to the mobility of the vort
structure in HTS. Namely, we consider the interaction o
moving vortex structure with a longitudinal ultrasonic wav
and show that the moving vortex structure can amplify
wave. This phenomenon is a result of specific interaction
the longitudinal waves with the vortex structure moving a
whole. To the best of our knowledge, such sound-vortex
teraction has not yet been considered in the literature.

It is important to note that the proposed effect does
depend on the particular nature of the interaction between
vortex cores and the ionic lattice of the superconductor,
kinds of such interactions~e.g., centers of pining, deforma
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tion interactions, etc.! are taken into account using the ph
nomenological coefficient of viscosityh. The viscosity coef-
ficient h may depend on a speed of the vortex struct
motion ~see, for example, Refs. 23,24!. In the further consid-
eration,h is not assumed to be independent of the spe
and, hence, all derived expressions are valid, even ifh is
speed dependent. The proposed theory may thus be use
experimental measurements of the dependence of the vis
ity coefficient on the vortex speed.

In order to describe the motion of the vortex structure in
superconductor, we derive a system of equations descri
the interaction between a vortex structure and an ela
continuum.6 All equations are written here in the laborato
reference frame. In this case, the first London‘s equation
the form25

L
] j s

]t
5E2Bv3Ẇ, ~1!

where L5m/nsq
25lL

2m0 ; m,q, and ns are the mass,
charge, and density of the superconducting charge carr
respectively;lL is London‘s penetration depth,E is the
electric-field strength in the laboratory reference frame;Ẇ
denotes the local velocity of the vortex structure,Bn is the
magnetic induction produced by the vortex structure in
superconductor. The superconducting current can be
pressed in terms of the total electric current in the system
the ionic current

j s5 j1qnsU̇, ~2!

whereU is the deformation vector of the ion lattice of th
superconductor. Here we neglect the normal componen
the current. Substituting expression~2! into Eq.~1!, applying
the operator“3 to both sides of Eq.~1!, and using Maxwell
equations

“3E52
]B

]t
, ~3!

“3H5 j ~4!

after simple manipulations we obtain the expression
©2002 The American Physical Society11-1
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]

]t S 2lL
2¹2B1B1

m

q
“3U̇D5“3~Ẇ3Bv!, ~5!

which, in the harmonic approximation, gets the form

B2lL
2¹2B52

m

q
“3U̇1“3~W3Bv!. ~6!

Note that, if the vectorU in Eq. ~6! is equal to 0 meaning
that the ionic lattice does not move, after simple manipu
tions, Eq.~6! coincides with Eq.~11! Ref. 26.

Now we write the local equation for motion of the vorte
structure~neglecting the inertial mass of the vortex!, which
results from the condition of balance of the forces:Ff r

5FL , where FL5Js83Bn is the Lorentz force andFf r

5h(Ẇ2U̇)2h̃(Ẇ2U̇)3Bn is the friction force of the vor-
tex structure acting on the crystal lattice of the superc
ductor,Js8 is the current density in the local reference fram
attached to the vortex structure. Taking into account thaj s8

5( j s2qnsẆ), we obtain the equation of motion of the vo
tex structure

h~Ẇ2U̇!2h̃~Ẇ2U̇!3Bn5~ j s2qnsẆ!3Bn , ~7!

where h and h̃ are the longitudinal and transverse coef
cients of viscosity of the vortex structure, respectively. F
thermore,h̃5(q/h)h8, h8 is the transverse coefficient o
viscosity~introduced in Refs. 27,28! for a single vortex, and
h denotes the Planck‘s constant. The discussion of the mi
scopic nature of this coefficient can be found in Ref. 29. F
a complete description of the motion of the vortex struct
under the action of the ultrasonic wave, it is necessary to t
into account that the density of the vortices is identical to
distribution ofBv in the superconductor, and their local v
locities are not independent quantities, but coupled by
continuity equation. The continuity equation for the vort
structure is

]Bv

]t
52“3~Bv3Ẇ!. ~8!

The Eqs.~6! and ~8! completely describe the motion of th
vortex structure under the action of ultrasonic wave.

To take into account the inverse effect of the vortex str
ture motion on the crystal lattice, we write down the elast
ity theory equation, which describes the ultrasonic wa
propagation in a superconductor

rÜ5rct
2DU1r~cl

22ct
2!graddivU2qnsU̇

3B2qnsE1Ff r . ~9!

Herer is the mass density of the superconductor,cl , ct are
the velocities of the longitudinal and transverse waves in
absence of a vortex structure. The third and fourth terms
this equation describe the effect of electric and magn
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fields on the ionic lattice of superconductor, and the fi
term describes the effect of friction. In Eq.~9!, the effect of
ultrasonic attenuation in the absence of vortices is not ta
into account, because here we are mainly interested in
additional attenuation due to the sound-vortex interacti
Thus to describe the mutual motion of the elastic continu
and the vortex lattice, the system of Eqs.~6!–~9! has to be
solved. These equations are valid for ultrasonic waveleng
that are much larger then the intervortex distance.

Now we turn to the interaction of a moving vortex stru
ture with a longitudinal ultrasonic wave. For definiteness,
consider a uniform and isotropic superconductor placed
the external magnetic fieldB0, directed along the negativez
axis, while the longitudinal ultrasonic wave is assumed
propagate in the positive direction along they axis and takes
the form U5U0 exp(iky2ivt), whereU is the deformation
vector of the ionic lattice of the superconductor,k and v
denote the wave vector and the oscillation frequency, resp
tively. The vortex structure is supposed to move with t
velocity V along the ultrasonic wave propagation directio
Here we consider the dirty superconductor and assume
the Magnus force is balanced by the transverse visco
force: qns2h̃50. This problem is solved here in the linea
approximation taking into account the terms of a first-ord
infinitesimal in the amplitude of the ultrasonic wave. Takin
B5B01DB andẆ5V1Ẇ8, whereB0 is the uniform com-
ponent of the magnetic induction of the superconductor t
coincides with the external field andDB is the magnetic
induction oscillation due to the oscillation of the vorte
structure, and assumingB0@DB, one can modify Eq.~6!
with regard to Eq.~8! as follows:

B2lL
2¹2B52

m

q
“3U̇1“3~W83B0!

1
1

2 iv
¹3~V3DBn!. ~10!

Solving Eq.~10! for B and using the Maxwell‘s equation~4!,
we find the total current in the superconductor as

j5
k2

m0@11~lLk!2# FW83B01
1

v S ~W82U!k

12
V

cl

D ~V3B0!G .

~11!

The equation of motion for the vortex structure then tak
the form

ivh~W8- U!5Dk2W81
~Dk21 ivh!k~W82U!

vS 12
V

cl
D V.

~12!

Solving Eq.~12! simultaneously with linearized Eq.~9! and
Eqs.~2!–~4!, we obtain expressions for the relative veloci
1-2
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shift Dcl /cl and for the excess attenuation of the longitu
nal ultrasonic waveDa due to its interaction with the mov
ing vortex structure

Dcl

cl
5

1

2 S 12
V

cl
D S 122

V

cl
D v2

rc
l

2

D

S 122
V

cl
D 2

v21X2

,

~13!

Da5
1

2

v2

rc
l

3 S 12
V

cl
DD

X

S 122
V

cl
D 2

v21X2

, ~14!

whereX5Dk2/h, D5B0
2/m0(11lL

2k2), D'C11 (C11 is the
compression modulus of the vortex structure30!. If V50,
Eqs. ~13! and ~14! coincide with the Pankert’s result.7 We
suppose at this point thath coincides with the coefficien
G21 introduced by Pankert to describe the interaction of
trasonic waves with vortices because of pinning in the TA
regime. As seen from Eq.~14!, an increase in the vorte
structure velocity leads to a decrease in the wave attenua
induced by the interaction with the vortex structure. As t
velocity V exceeds the velocity of the ultrasonic wave, t
attenuation coefficient changes its sign, and hence, the
plitude of this wave is increased. Note thatDcl /cl goes to
zero at velocityV5 1

2 cl . This is due to appearance of th
new vortex mode having velocity equal to 2V, which could
be easily seen from Eq.~12!, if the interaction between the
vortex structure and the superconductor lattice is neglec
The details of this effect will be considered elsewhere.

To observe the amplification effect experimentally it
necessary to accelerate the vortex structure to the ultras
velocity. This can be achieved by passing a strong cur
through the superconductor. However, this is supposed
produce a large amount of heat that causes the problem
heat removal. In order to simplify the experimental obser
tions, we suggest to use slow harmonics of the perio
structure of elastic medium. In the simplest way, the eff
can be observed with surface acoustic waves~SAW!. A
scheme of the proposed experimental setup is shown in
1. The superconducting film 1 is fabricated in the form o
periodic structure deposited on a piezoelectric substrate.
structure consists of superconducting strips of widthl 1 and

FIG. 1. A scheme of the proposed experimental setup. 1 an
are interdigital surface waves transducers, 3 is a complete per
strip structure, 4 is a SAW absorber,B0 is an external magnetic
field.
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uncovered substrate strips of widthl 250.1l 1. We can thus
define a unit cell of the structure with the widthd5 l 11 l 2.
Two interdigital surface wave transducers 1 and 2~IDT! are
placed on the surface of the substrate. Depending on
direction of the dc current in the periodic structure, a sig
can be detected either at IDT 1 or at IDT 2. These IDT’s c
be also used to measure the attenuation coefficients. In
periodic structure, SAW can be amplified~or generated!, if
the direct current passing through the sample reaches a
ticular value. We estimate this value within a on
dimensional model in which the proposed geometry is c
sidered as the one-dimensional periodic structure made
with two types of strips described above. In this case,
dispersion equation takes the form31

cos~ k̃d!5A; A5cos~k1l 1!cos~k2l 2!2
1

2 S c2

c1
1

c1

c2
D

3sin~k1l 1!sin~k2l 2!,

wherek1,25v/c1,2, d5 l 11 l 2, andc1 , c2 are the ultrasonic
wave velocities in these strips, respectively. Solving t
equation fork̃, one can find the velocity of ultrasonic wav
harmonicsC(n) in this periodic structure

C(n)5
p

2
c1

f

f 0
S 11

l 2

l 1
D 1

a12pn
.

Heren is the number of harmonic,a5arccosA, f 05c1/4l 1.
For the sake of definiteness, we consider a LiNbO3 substrate,
because it is a widely used and available material. Using
values c153.483103 m/c and (c22c1)/c152.4131022

reported forYZ cut of LiNbO3,32 and setting the frequenc
of the generated~attenuated! ultrasonic wavef 510 MHz,
we obtain the velocities of space harmonic forl 2l 150.1:
c(1)593 m/c, c(2)547 m/c, c(3)538 m/c. Next we esti-
mate the value of the currenti which is required to pass
through a single strip, to speed up vortices to the fir
harmonic velocity. In this case,i 5 js, wheres is the area of
the strip cross section. The current density has to bj
5(Vh)/B, whereh5(BBc2

)/r n ,33 r n is a resistance in the

normal state of the superconductor,Bc2
is the second critical

field. We set the external fieldB050.01 T, and considering
the YBaCuO strips, use the values ofBc2

52.39 T andr n

56531028 Vm. In this case, for the frequencyf 0
5100 MHz, the width of the strips should be 10mm and,
assuming the thickness of the film to be 0.1mm, the value of
the current is 0.1 mA. For the entire strip structure consist
of 100 strips the total current amounts to 10 mA that is
quite reasonable value in terms of the experiment. As follo
from above, passing the current of 10 mA through the p
posed periodic structure, one can obtain amplification~or
generation! of SAW of 10 MHz. It should be noted that thi
is the maximal magnitude of the current, in the case
higher spatial harmonics, the amplification~or generation!
starts at lower current.
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Thus, we have shown that a moving vertex structure
amplify or generate the longitudinal ultrasonic wave due
friction on the crystal lattice, if its velocity exceeds the v
locity of ultrasonic waves. This effect can be observed wi
out great difficulties with surface acoustic waves by mea
of the space harmonics of the periodic structure.
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